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i IIpaBuna auddepesunpoBanus ! TouKu MaKCHMyMa M TOYKM MUHUMyMa
(cuY=cu'
(u+v)=u'zv fx)=0,ecimx=x, man x = x, WK X = X,
(uo)=u'v + uv’
u u'v- uv .
(#= filay T + M
. y=Ff(x): ™= % = 4 x, x, _w¥ X
t @opMyanl JudpepPeHIPOBAHMS Yoo Yo Yo
=0 () = nx" ' (\[;)*.L
{¢ — nocrosauHada) * nx 7 ox yl
/
Mexauunyeckuit (GusnuecKuit) CMLICH TPONIBOSHOM y=1f(z) flap------ T ~. /
/o .
v(tu) = sr(tu) \\ f(xs) - -""""""" : """""" ?
I'eoMeTpHUYECKHH CMBIC] IPOUIBOZHOM \ . E i
k =tga = f(x,) \ le 0 %, X x
vh ¥ =1(x) YpaBHEeHME KACATEJILHOR ¢ --fx)
K rpadurky QyHRLUN
y = f(x) B Toure (x,; f(x,))
uMeeT BHXN
¥ = f (x)(x =~ x) +f(x) Iepsoobpasnas (F(x))'= f (x)
T. €. :
y = I x)x + flx) - flxa)xs )
npu k = tgo - f(x,) m dyaraua f(x) k x ax+b P x"
b = f(x,) — x, [ (x,), nonyuaem
y=hx+b lleproobpasHasn F(x) | kx+C i2-|-C 94-{+bx+c —l+C x +C
2 2 x n+1

e
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OT ABRTOFOB

B 11-M xJacce Bkl NOIHAKOMHATECH C OUEHBL BAXK-
HBIM NOHATHEM IPOMIBOAHON (YHRUMH H Y3HaeTe,
KaK ¢ NOMOIIBI0 IPOH3BOAHON MOXKHO YCTAHOBHTH
HeKoTophle cBolicTBa dyHKnuE. Bol Gyaere mayuaTh
TaKKe TPHIOHOMEeTPHYCCKAE BHPASKEeHUs ¥ TPUTOHO-
MerpEdeckne GYHKIHH, Haobpaxars rpadmen dya-
Kuouil, pemars TPUNOHOMETPHUYECKWe YDABHeHAd R
HepaBeHCTBa,

® ¥k w

YVupaxHesHA 8 9TOR KHHIre HYMepyIOTCH 1O I'ia-
BaM. Uncsio nepen Toukolt obozHAYAET HOMED AR,
YHUCAC NOCHe TOYKH — HOMEp VIDa)XHeHHA B aToi
raase. Hanpumep, 1.15 — sr0o 15-¢ ynpamuenue
#a l-it caapLl. AHAAOIHYHO HYMEDPYIOTCA H HYHKTHI
reopuH. IIynrr 3.7 obosmawaer 7-# nMyHKT M3 3-#
TJIABHRI.

Cpean yupakHeHEH:t BCTPeUalOTCa HOMEPA ¢ KpyiK-
KoM (HampuMep, 2.20°), HomMepa cO 3Be3f0uKoH (Ha-
npumep, 1.113%) n moMepa Ge3 Bcaknx obosHaueHMI
(nanpumep, 2.38). KpymxouxKoM oTMedeHBl YOpaKHe-
HUA, KOTOPEe NOKHEL YMeTh PellIaTh BCe YUeRUKH,
JKeJlalolnye YCIepaTh N0 MaTeMATHKe XoTAa O Ha
5—6 Gannor. Cpeau ocTAAbLELIX 3ajanuil manbosee
TPYAHBIE OTMEdYeHH! sBeagouxoit. MHorme H3 TaKkmx
yapasxkHeRH# moMemienr B cOOpHMKe 3a7aY%; TaM Ke
NMpegIAaraloTca 3a0AHMA AJA IOBTOPEeHHA Kypca aJ-
re6put 11-ro Knacca.

TMoacHenna K Npeolpa3oBaHMAM, KOTCDEIE AAIOT-
¢ Mo XOAY PEDIeHHA OpAMepa, PasMelneHB MeXAy
JIRYMA BEePTHKAILEBIMH oTpenxaMu (|..| wmm 1.1);



Ot anTopor

HAllpaBjIeHVMe CTPeJOK LOKASKIBAET, KAKOe HMEHHO
npeobpasoBamne MOACHASTCH.

OxoHuaHue AOKAZATENILECTEA  TeOPeTHHeCKOro
YTBepxAeHHA ofo3nadaerca ceeTynim KBAZDATHKOM
¢ auarovanamu X. Teopernuecknis MaTepHan, Buife-
JIGHHBIA TPEYTONBHHKAME A, A7pecoBaH YYAIHMCS,
HIYHAIOIIHM MATEeMATHKY HA TNOBLIIICHHOM YDORHe,
OcobennocTu Teopernueckoro MATepHAJIa, HA KoTo-
PBI¢ HANO OOPATUTL BHUMSHAE, OTMEYeHE! BOCKJIMOA-

TeIBbHBIM 3HAKOM

Becur ! HBPACOBAHLI TAM, I'AEe €CTH BO3MOXK-

HOCT: CDABHHBATL BADHAHTH PEINCHAA NJIH AOKa3a-
TeALCTERA.

HMcropuueckue cpenenns, KOTOPEIE BCTDEYAITCH
B KHHTE, OTMEYEHE! 3HAKOM &J

Marepnan Aa DoBTOpeHMe OTMeEYeH 3HAKOM QJ

Ilocne xaxaoro nymkra TEOPHN NPeRNOMKeHRL
BONPOCET TMOJ SHAKOM lj Omn nomoryr nosroputs

HOBBITT MAaTepPHAN M BRIACIHUTL B HEM TInaBHOe,

fmasa 1

MpoussoaHas
1.1, ®dyuxnusa

% l H;mounnu oopegeneare (GYHKIUH W HEKOTOPBIE CBOMN-
cTBa QYHKIWH.

Onpepnenenue. Oynxyuel, 3azanuoii Ha MHOxecTBe D,
HASHIBAETCA 3AKOH, I0 KOTOPOMY KAaXA0MY 3HAYCHHIO X H3
MuO0EecTBa D CTABUTCAE B COOTBETCTBHE OJHO ONpeReNeHHOe
m;?n“:wi.u X HASHIBAIOT He3aGUCUMOU nepemennoil, HIH
apzymenmom, y — 3asucumol nepemennod, LI Qynrxyuel
om x, MuEOKecTB0 D — 06racmovio onpedenenur Hynxyun.

Byrem ofoseauaTe GyaruMo xaxkoifi-HuOyAaes Oykeoil, cua-
weM f, a ee 3HaYenne B Touke x GymneM oboanavaTe f(x) (durTaer-
en «3h) om urcs).

IIpu rakux o603HaAYEHHAX APTYMeHTA N GYHKIHH TOT daKr,
wro y ABNgeTcS byHKROWel oT X, 3ANNCHIBAETCA B BHje DaBeH-
erBa y = f(x), a dynxnuio f HasuiealoT eme «dbyHKIAA f(x)» HAR
«pyrrnua y = f(x)». lInooyT Taxxe ylx). -

3aMeTnM, uTO ANg 0603HAYCHMA QYHKIHM MOMXKHO ymorped
NITh ¥ Apyrue OYKBEI, HanpAMep £, A H T. 1.

PacecMOTPHM HECKOJbKO NPUMepoR HyHKIMA. ,

Mpamep 1. Jna oyaxoma f, sananso#t dopmyroid y=x°,
riaMBOA [ O3HAUYaeT BO3BEJeHHMEe BAPTryYMEHTA B KBAJApAT, &
flr)=x% ) 1

Mpumep 2. lna pyuxnuu f, sagaasoit dopmynoi y==>
tuMeosx [ o3Hadaer OTHICKAHHE 4HCla, OOPATHOTO apryMeHTY, a
flx) =Jl;

NMpamep 3. Mna bynrenun f, sagasnoit hopMmynoit y:J;,
ruMBoJ f O3HAUAET H3BJIeUYeHNE APM(PMETHYeCKOro KBAAPATHOIO

HOPHA U3 apryMedTa, a f(x)=\/;-



IIpoussoxuan

Ob6nacts onpegenenus Gpysxkmuu f o6ozgavaeTcs D(f).

_Ll ' Ecau dyuxuus f sagana popmysoi y=f(x), a ee 061acTn
® Omnpe/leJleHUs He yKasaHa, TO CYUTAETCA, YTO OOJACTH
onpenenenusa D(f) coctour M3 Tex 3HaveHMi X, IPH KO-
TOPBIX BEIpa)keHue f(x) umeer cmeica. Korma s 3ama-
HUM Tpebyerca Haiitm 00JacTh onpejeeHus byHKEIIIH
i y=[f(x), To uMeeTca B BUAY, UTO HAZO YKA3aTh MMEHHO
€CTeCTBEeHHYIO 00J1aCTh ONpeZie/ieHus BhIpaXkeHUs f(x).

Tax, B npumepe 1 o6racts onpenenenus D(f)=R; B npume-
pe 2 obaacts onpeznenenns D(f) = (—oco0; 0) U (0; +00); B mpumepe 3
obnacts onpeaenenus D(f)=[0; +00),

HamomuauMm, uT0o MHOMKECTBO Bcex BHAUYEHWI, KOTOpEHIe

MOKeT NPUHUMATE QYHKIUSA, Ha3kiBaeTca obracmovio (MHo-
YHcecmeom) anavenull pynryuw.

Obsacte (MHOKECTBO) 3HAueHMH (GYHKIHU f obosmauaer-
ca E(f). Tak, B npumepe 1 obsacts 3HaveHMt E(f)=[0; +o0);
B npumepe 2 obaacts 3HadeHuit E(f)=(-oco; 0) U (0; +00); B npu-
Mepe 3 obnacte sHauenuit E(f) = [0; +00).

I'pagurom pynkyuu f HasbIBAETCA MHOKECTBO BCEX TO-
4ek (x; f(x)) Ha KOOPAMHATHON MJIIOCKOCTH, T/e X & D(f), T. e.
MHOXKECTBO BCeX TAKMX TOUEK, abCIMCChI KOTOPhIX — 3HaAYe-

HHA apryMeHTa, a OPAMHATBEl — COOTBETCTBYIOI[AE UM 3HAUe-
HUA QYHKI[HHA.

Takum obpasom, npu msobpa-
) f(x)=x2 JKeHnH rpaduka GpyErumuu y = f(x)
_______________ * f-2)=f2 Ha KOOPAMHATHOR ILJIOCKOCTH OXxy
13 [} oTMeuarT Touku (x; f(x)).

Ha wkamaom us pucyskos 1,
2, 3 wusobpakeH rpadux QyHK-
uMu y=f(x) CcoOTBEeTCTBEHHO
AN cayuaes: f(x)=x% f(x)=1;

fx)=+x. :

DO - g

|

L *

&)

— :

Rl et .
|

Puc.

DynKIHAA !
YA
. : vA
f(x)=% 34
2+ =\
| 21 s
% f2)y----- i ; _ 1t
Qe 2 i S
X
H=2)=—1(2) 1 2 3 4 5
Puc. 2 Puc. 3

Onpenenenune. DyHknua [ Ha3piBaeTcid 603pacmaro-
weli Ha HeKOMOPOM NLPOMeNYmKe, eClIH Ha dTOM NPOMEKYT-
e GONBIIeMy 3HAUEHHIO APIyMEeHTa COOTBETCTBYeT Goibinee
anauenne QYHKIMH, T. €. €CIH X, > Xy, TO f(x3) > f(x,).

dynxuus f Ba3siBaerca ybviearowell Ha HEKOMOPOM nNpPo-
Mexcymice, CIM HA ITOM NMPOMeKyTKe GoJblieMy 3HAYSHHIO
APrYMEHTa COOTBETCTBYeT MeHbNIee 3Ha4YeHWe (QYHKIHH,
T. €. €CIH X, > X4, TO f(x2) < f(xy).

Tax, B npumepe 1 pyHxnusa [ — yObiBaomas Ha IPOMEKYT-
ite (~o0; 0] 1 Boapacraomas Ha npomexyrke [0; +00); B npuMepe
2 (yuxnus f — ybbiBalomas Ha npoMeskyTke (—00; 0) m ybnisa-
wiaa za npomeskyTke (0; +00); B mpumepe 3 QyHKIHS f — BOB3-
picraponias 8 obaracTyu onpenereHUA.

. TlIpu uccnenosanuu (GyHKIMEA Ha BO3pacTanue U yObIBa-
' J HHEe NPHUHATO YKAasblBaTh IPOMEKYTKH BO3pacTaHUsd H
NPOMEKYTKHM yORIBaHMA HanbOJbLIEH AJIHHBI.

Onpenenenne, ®yaxuua [ HaspiBaeTcsa YemHuoil, eclIu
st nroforo 3HaveHnsd X U3 ee 00J1acTH onmpeesieHHA 3HaAYe-
HHe —X TaK/Ke NMPHUHANJEKHT 00JaCTH ONpeAeeHHA U BepHO
|NIB(3HGTBO

f(=x) =f(x).

' Takum o6pasom, 06JacTh ONpefeNeHNs UYeTHOH (QYHK-
.J UM CHMMETPHYHA OTHOCHTENIbHO HYJA.



8 . IIporanonsan

®yernua f(x) =1 wermas, Tak Kak 0BNACTH OIpeXeICHUS
D(f)= R cuMMeTpNYIHA OTHOCHTEIBHO HYJA K IIPH 3TOM AJNSA JIO-

Goro x € D(f) f(~x) = (~x) = & = f(x).

Ilo oupezenennio 2eTaol PYHKIIMHU TOUKH ee rpaduKa ¢ mpo-
THROTIONOKHLIME abenuccaMu (x; f(x)) u (—x; f(-x)) uMeloT onHY
A Ty Ke opAWHATY. 3HAYHT, 3TH TOUKH CHMMETPHYHEI OTHOCH-
TENLHO OCH OPAMHAT, H, CJAeA0BATEJbHO, rpadur deTHOM PynK-
OMH CHMMETPUYEH OTHOCHTEJILHO OCH OpAMHAT (cM. puc. 1).

Ounpeaenenue. OyERUHA [ HA3LIBACTCHS HELemMNoOi,
ecnu aad moboro x u3 ee obaacTH ompeneNieRNd 3HAUeHHe
—X TARXE NMPHHALICAMT O0JACTH ONpelelieEUA W BePHO pa-

HEHCTRO 1(~%) = ~1(x).

Taxkum ofpasoM, of61acTs onpejeseHUA HeyeTHON QYHK-
IUH CHMMETPHIHA OTHOCHTENLHO HYJA.

PyrrIAa f(x)=% HedeTHAd, TAK Kak oDIacThL onpegeneHHA
D(f) = (—o0; 0) U (0; +00) cHMMeTPHYHA OTHOCHTEALHO HYNA W OpH
aroM auaa nwboro x € I(f)

f-x) =2 =L ==,

Ilo onpesenenuso HeueTHO GYHKIUM TOYKHU ee rpadura c
IPOTHBOIONOMHEIME abenuccamu (x5 f(x)) u (—x; f(—x)) uMeloT
OPAHHATAMH HPOTHBONOJIOMHEIE

7l l yACcaa. 3HAUYMT, 3TH TOUKH CHM-
1 METPHYHBEI OTHOCHTEJBHO HAaYa-
Ja KOOPAWHAT, H, CACJOBATENDH-

=

4 <+ Ho, rpadux HedeTHOl PyHKUHRA
CHMMEeTPHYeH OTHOCUTEJILHO HA-
2 948 KoOpAHHAT (cM, puc. 2),

Ipn wszobpamennnm rpadu-
Ka 9eTHOil (HeueTHOH) QYHKIHNHK
4.3 6 ZOCTATOYHO INOCTPOMTL CHAYA-

H | Jia 9acThk rpadmka ¢ HeoTpHuIa-
Pue. 4 TeNbHBIMHM 3HAUCHHUAMH Aapry-

1

il |

DyHRIEA e e e e ——

—§-5-4-8-2-10| 1

||

-
AN
1
8

Pre. b

MeHTA ¥ 3aTeM OTOOpPA3HTbL NOCTPOSHHYIO 4ACTh CUMMETPHWHO
WTHOCHTeALHO och Oy AXS VeTHOH PYHKIHK (cuMMETPHYHO OT-
HOCATEABHO HAYAJAA KOODAHHAT AJA peuerno#i gyaxunn). Tak,
wernonbL3ysa u3obpakeHme Ha PHCYHKE 4, monyunnu naobpaxce-
nna rpaduka deTHOR PYHKIUM (puc. B) W HedeTHOH QPYHKIHH
(puc. 6).

®yarnua f(x)= Jx He smnAerTcs HY MeTHOH, HA HeuyeTHOH,
ik KAK ee obaacT, orpelefeHHsA He CHMMETpUYHA OTHOCH:
renpao Hyas (D(f) COREP:KHT TOIBKO HEOTPHUNATENLHEIE quena,

vm, puc. 3).

[uy

...
N
b
o
.
"

@

%

|-
ch

Puc. 6



10 Iponssoanas
N ) O
i ! H64— : |

| | | _._.| |

LIZNA T
AT T
|/ | - .

| T 1]
T -l"““—‘. =
] :z_aE 4 5 § x|

L]
|

| J | I r__.._lL___r._. _F
Puc. 7 B S 3 IS T [ 1]
Ha pucynke 7 uzobpaken rpaduk (DyHKIHH CHMMEeTpPHY-
HOW OTHOCHTENBHO HYJsA 00JaCThIO OIpeJeeHus. Opmako ara
(byHKUHs He obiazaeT HM CBOMCTBOM YeTHOCTH, HW CBOMCTBOM
HEYeTHOCTH, TaK KaK ee rpaduK HEe CUMMeTPHYEH HHU OTHOCH-
TeNbHO ocu opauHAT Oy, HM OTHOCHTENIHHO HAYAIA KOODAHHAT.

al OGosnauenue f(x) ana npoms-

BOJIbHOU (yHKIuu B 1734 r. BBeu
JI. Diinep (1707—17838).
Kpynreiimuit yuensiit XVIII cro-
perus Jleonaps Ditnep pommiacs
B IBelmapckom ropoje Bagsese.
B 1727 r. on npuexan B Pocecwnio,
rae ¥ nposeJ DONbIIYI0 YaCTh CBO-
el TBopueckoii xusuu. Jleonapia
dilnepa COBpeMeHHUKH HA3bIBA-
au O6IMM yuuTeNeM M TNepBHIM MaTeMATHKOM MHpa,
a XVIII BeK B MCTODMM MATEMATHKH 9ACTO HABZBIBAIOT
BeKoM Jilnepa. B paborax Jitnepa oxBaueHs! Bee obaac-
TH MareMaTuku. Umenem Dilnepa nasBaHbl pasinyHbBIE
(popMysisl, ypaBHEHUSA, TEOPEMEI, METOMIEI.

DdilJlep NOCTOAHHO HMHTEPECOBANCH MW MNPAKTHUCCKUMHU
IPHJIOKEHUAMH MaTeMaTUKU. Cpeau ero npousBeeHHi
eCTh TPYALI O I'MAPaBJIHKe, KapablIecTpoeHUIo, apTui-
Jiepus, reoMeTpUYeCKOi ONTHKe, TEOPHH MY3BIKH; ACTPO-
HOMHH, MEXAHUKE TBEDAOTO Tejd, HeGeCHON MeXaHUuKe.

METHODUS

IFP AN R ERY

11
DyHKums

f 1. Céhopmyaupyiite onpenesenue GyHKIHH.

ﬂ 2. Yro uassiBaercs rpaduKoM QyHKIHM f?

3. Moer nu rpadur (PYHKIHH MMeTh HECKOJBKO TOYEK Iie-
peceuenns ¢ oceo Ox? C ocero Oy?

4. Kax obosuauatores 061acTs onpeaenenus u obaacTs (MHO-
sKeCcTBO) 3HAUeHMH QyHKIHU f?

5. Cchopmynupyiite ompezenesne (QYHKIMH, Bogpacraiomeit
(vbBIBaoMIeil) HA HEKOTOPOM IIPOMEIKYTKE.

6. ChopmyaupyiiTe OlpefeseHHe HeTHOH (HeYeTHOH) dJYHK:
nun. Kaxosbl ocobennocTy 0GJacTH omnpejeseHns TAKOH
dyEKIUH?

7. KakoBsl cBoiicTBa rpaduxa dveTHOW (HedeTHOH) QYHK-
nun?

YunpaxHeHud

1.1°. Ha KaKoM M3 PHCYHKOB 8 (a—e) JMHUS CHUHEro IBera Mo-
JKeT CAyKuTL usobparkenueM rpaduka HeKOTOpO# (yHK-

nun y = f(x)?
a) yj 0) yA 6) ylk ;
N 7/ N ,f/ J
L N vl
0 f: x 0 x / (9] x
1.7
2 yh A y) °
~.
(0] e —
o x 1 i ’
\ .
/ \
/ \
Puc. 8



12 Ilpoussoanasn

1.2°, na pynxuun f, sagansoit rpadukom (puc. 9—12), yraxwure;
a) obrracts onpegenenus D(f);
6) obnacTs (MHOMeCTBO) 3Havennit E(f);
B) HYJIH;
I') KOOPAMHATHI TOYKH [EepPeceueHus rpaduKa ¢ 0Chio Oy.

YA yA |

4N T

S

\ Y | -"# (0] 1 ;=
\ 1T
Pue. 9 — Puc. 10
L T T [yk [ T [ T 1ok ]
N ]
ERECE: N EEAELEEE
o] 1 x
\ / 1

By BN

I——l - b I___""\___

Puc. 11 Puec. 12

1.3. Hcnonbays wusobpaxenue rpaduka (QyHKIHH y=f(x)
(puc. 13—16), yraxkure n1a Hee: )
a) IPOMEKYTKH BO3PACTAHUS; || _I_Jﬂl_t |
6) mpomekyTKH yOBIBAHUA; { T i N
B) HanboJiblllee 3HAUEHUE; | l |
T') HauMeHblllee 3HaYeHUe; |

.
PPN

1) HyIH; T i ol 1 =
€) IPOMEKYTKH  3HAKOIOCTOSH- T_ B
CTBa; 7T PH;'.—I-3

(DyHKIMA 13

wh T T T T T L Iuk

1
p

| |
pyasnsvalinscysaliozaneg
VITTUIN ] PN BRE
4|4‘_'_L_ |l_ L 1 1 ! .
Puc. 14 Puc. 15 Puc. 16

) KOOPJAMHATHI TOUYKH mepecedeHus rpaduka ¢ ocsio Oy;
3) KOOpPAMHATEI TOYKH IepeceyeHus rpaduxa c oceio Ox.

1.4. Vramure obnacTh onpegesieHUA QYHKIIUA:

1) f(x) =5+ 10x; 2) f(x)= 6 —24x;

3 _ x+8 : 4 — 3x-21 s
) F(x) V|9+8:::—.1:2 ) 1) .||4(Jl—3x—.\:2

a5 T
_ yx-25x _ Jx-dox
8) f(X) =" B) fx)=— o

1.5. Hailigure Hyn1u QYHKIHAH:
1) f(x)=|x-5|-1;
3) f(x) = |x*+8x|-4;
5) f(x) = (x - 3)*~ (x*-9);

1.6". Ucrions3ysa rpabuk Gyskumu y=f(x), ykaxure Aad 3TOM
(DYHKIMH IPOMEXYTKH Bo3pacTanusa (yObIBaHMSA), €CJu:

2) f(x)=|x+4|-8;
4) f(x)= | x* +11x|-12;
6) f(x)=x*-8x*—-4x+12.

1) f(x)=x+3;  2)f(x)=-3x+6; 3) f(x)=2;
Df@=-5; 5 f)=x% 6) f(x)=x*
) f(x) = %] 8) f(x)=—=".

1.7. Yka)kure NpOMEIKYTKH 3HAKOIOCTOAHCTBA QYHKIIUH i
1) f(x)=—3x%+ Tx; 2) f(x)=-5x>+12x;
B ()= S5-1; 1) f() =15 +2;

x+3
B \f(x)=8~ 5J2-x; 6) f(x)=4-3V6—x.
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1.8°, Yraxure,

IIpoussonnas

Kakue U3 QYyHKIUH,
(puc. 17), ssasoTes:

1) yerHBIMHA; 2) HeYeTHBIMH.

a)
v 7y
\ o ¥
[5) x /1o x
[
2 7]
Yy 9y
\ 4 A A
0 N \ /[ [\ / -
A .:-C_ ‘\_O / -J-:_ \O/ \ ,J'E-_
Puc. 17
1.9. 1) Ussectrno, uro bysrknua f(x) ¢ obracreio onpegeneHus

[-4; 4] aBnserca yeTHOM. YacTh ee rpaduka n3obparkeHa Ha
pucyukax 18 u 19. U3obpasure rpadpur pysxonu y= f(x).
2) MsBectHo, uTo hyHKIUA f(x) ¢ 06aaCTHIO ONpegeNeHUA
[-4; 4] asnserca HeuerHo#. YacTs ee rpadura usodbpake-
Ha Ha pucyHkKax 18 m 19. HUzobpasure rpadur QyHKIIAH

y=[(x).

AT [

=
“

\

.._.,___
45

RY

-
—_'J____-'-"
e

Pgel19y 1\ l 1

3aflaHHBIX rpadHKOM

(Dynkousa 15

1.10°. 1) WsBecTHO, uTO (pyHKIUA [ ABASETCHA gerHoi u f(2)=35,

1Ly

f(-10)=-8, f(7)=-9,3, f(-4)=0. Haigure f(-2), f(10),
f(=7), 1(4). )

2) WassectHo, urTo GyHKuuA [ ABIAETCA HEYETHOM U
f(-5)=2, f(16)=1, f(-1)=2,5, f(-3)=-4. Haiinure f(5),
f(-16), f(1), /(3).

. Jloxaxwure, uTo QyHKNUA [ YeTHAH, €CIH:

1) f(x)=i"'};

2) fxy= " l‘*
3) f(x) = \22° —4x® +| x|+ xf_l,
4) f(x)= Jx'+4x*+4 -

5) f(x) = \5x°— 3 +/3x*-5;
6) f(x) = |8x" - me —8x* \

. Ilokaxkure, uro QyHKUUA [ HEUeTHAH, eClu:

(x—1)(x- 1)(x +1)

a
1) f(x)= x%. 2) f(x) =

3) f(x)=x"- %ﬁﬁ; 4) f(x)= (£*) +

3 11)3 ’
X
10
5) f(x) = xy/25x" —%;
= ___3___
wiile x\/x N x*+10x%+ 25

.Dyaxnua f 3aAaHA Ha MHOXKecTBe @ u ABJAETCHA BO3pac-

raomeit B obnactu onpejenennsa. CpaBHurTe 3HAUYEHHA
(W YHKOHUHA:

1) f(5) u f(=2);

0 1(3) n 12

o), f(2v2) mfN1L);

2) f(-8) u f(8);

0 f-4) w 1)
f(3\f§ ) u f(\/ﬁ?- )
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1.14°, ®yrxnns f 3agaHa Ha MHOXeCTBe Q | ABIACTCA YORIBaKOm el
B obnacru ompefeneEnd. CpasHHTe SHAYCHHA (DYHKILHE:
1) £f(29) u f(30); 2) /(-100) u f(200);

oY Atk (2 (L)

1.2, ¥raosok koadpdunument npamoit
Hzobpasum Ha x0opAUHATHON mockoetn Oxy NpAMYIO
y=kx+b. a

¥TAOM HAKOHA 9TOH NpAMOi K ocm Ox HA3LIBAETCA Yroa o,
OTCYHTHIBAEMEI OT HOJIOMKHTEILHOTO HAMPABICHKS ocH OX Hpo-
THB XOZa Y4cOBOH cTpenku (puc. 20, ¢, 6). Ecam npamas (1) na-
pannensHa ocx Qx, TO Yrojt HAKMOHA CINTAETCA PABHBIM HYJIIO.

a) yh ) yk
Y s y

-

( \
N
o
o -
O x O X
L Prc. 20 .

Kax mn1 sHaeM, npamad (1) me mapannensua ocu Oy (mo-

fICHHTE IIoYeMy), HOaTOMY a#=90° 7. e. 0°<a<90° mmm
90° < a. < 180°,
Ipamas y = kx + b napannensHa opamoit y = kx (puc. 21),
M3 tpeyrompauxa M PO (£ P = 90°) Buauo, aTo
po _ MP

%o ——(—)F=tgo..

17

KoaddunmestT £ B ypaBHeHMH y=Rx+b Ha3eiBaeTca y2a0-
s Koadduyuenmom npamoi.

Mprmep 1. Hanucarrs ypasEeHne npaMoil ¢ YrIOBKIM Koad-
pungenToM 3, npoxogameit yepes Touxky T(-2; 1).

Pemenue, Ilyers iy = 3x + b — ypaBHEeHHe HCKOMOM IPAMOI,
[logeTaBUB B HEro KOOPAHHATH ToOuKH T', mosyanM ypasHeHHe

1=8(-2)+b,
vrkyda Badizem b="17.

OrBeTr: y=3x+ 7.

IMpamep 2. HanucaTs ypaBHeHNE IPAMOIL, npoxoaanieil ye-
w3 TouRyM M(-2; 9) n P{4; -3).

Pemenwue. IIyers y = kx + b — ypaBHeARe HCKOMOMK npaMoii.
[logcTaBMB B HEro KOOPAUHATH ToueK M u P, BOJYYHM CHCTEMY
ypasHeHUIt

9=-2k+b,
{-—3 =4k+b.

PemuB 57Ty CHCTEMY YDAaBHeHWH, HaiiaeM:
k = _2, b = 50

OrBer: y=—2x+95.
A Ecau npamasa (1) mpoxoaur depes TOUKY (Xq3 Yo), TO Gyaer
CPHEIM PABEHCTBO
Yo=kxy+b. (2)

Ecnu KoOpAMHATH HEKOTOpPOH TOUKH (X3 Y) YIOBAETBOPAIOT
ypapHeEHI0 npamoit (1), To oHM GyAYT YAOBASTBODATL M YpaB-
NEHKIO

¥-Vo=k(x-x), 3)
nosydedsoMy U3 papeHcTea (2) m ypaBHenus (1). Beprno u 06-
pivrHoe yreep:kZeHne, TakuMm ofpasom, ypapHermam#d (1) u (3)
injlaeTcd OJHA W TA Ke npamad. Ho no ypasHenuio (3) cpaay
WHAHO, 9TO AAHHASA NpAMAas NPOXOAHUT depe3d TOUKY {(Xq; Yo) (mo-
nenuTe KOYEeMy).

YpapHeHUe ¥ - lo=R(x — x;) HAIBIBACTCA JPasHeHUEeM nNpA-
moii ¢ y2noewm xoagpduyuenmom k, npoxodnugell uepes moy-
ny (*4; Yo)-

tAaehm, 11 kA, .
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IIpumep 3. Hanucars ypapHeHHe NPAMOH ¢ YTJIOBEIM Koad-
¢punnenrom 2, opoxoaaimeit sepea TOUKy (3; -1).
Pemenue. Cnocof 1 — cM. pernense npumepa 1.

Cnoco6 2, B ypaenenne (3) moacrasum k=2, x,=3 u
&I Yo=—1. Torga moxyuum ypapHeHmMe npaAMoii:

y+1=2(x-3), T.e. y=2x-17.
OrseT: y=2x-17.

Mycrs npamas (1) mpoxoant depesa Aee TOukH: (X3 y,) #

{x3; ¥;); TorZa HMeeM ABa BEPHRIX YHCJIOBLIX PABEHCTRA:
Yi=kx +b, yo=kx,+b.
OTryna nosyuaeM TakKe BepHOE DABEHCTRO (TOACHUTE KAK)!
Y2 — Y1 =R — x,).
Tar xax npamas (1) e napaanensa ocu Oy, To X, + X, (Io-
ficHuTe nodemy). CneAoparenbHO, HMEeEeM
R=H2"40H 4
Xy — X )
Or0 Qopmyna yzr06020 koipduyuenma npamoi, npo-
xo00Rwel wepes dee dannvie mouxu.
ODpumep 4. HanucaTs ypaBHeHWe npamoii, mpoxoadmett qe-
pes Touxn (-1; 7) n (2; 4).
Pemenue. Cnocof 1 -— cM. pemienne npumepa 2.

Croco6 2. ¥raoBoit xoosdpdunuent opamoit naftnem mo
& dopuyie (4):
_4-7_=3__
k=gmi=3 -1

3anmunieM ypasHEHHe NpAMO ¢ YPAOBHM KosdhdHIMeHTOM

-1, npoxopameii uepes Toury (-1; 7):
y-7=-1(x+1), T.e. y=—x+86.
OrBer: y=-x+6.
TlorATHO, ¥TO MOXHO GLUIO 3anmKUCcaTh ¥ YpPaBHeHHe HPAMOR ¢

yraosuM koshdnomenTom —1, npoxoaameit yepes Toury (2; 4).
Ionxyaman 6u Takoii e pesynsTar (IPoBEphTE 9T0). A

19
Viopoit KoodpHRITHEHT npamo#t

Cipop! yiiTe Ox.
onpegetenne yriaa HAKIOHRa mpamMoii K ot
y 2 oo Pro eHTOM NpaMoi?
2. Yro HASKIBAETCA YIIIOBHIM roadduIH: ol
. HeMm peu yraoeoft KoadpALACHT IPAM ]
i* 3:11:";’;“ ypasHeHHE npamoii ¢ YrJIOBHM roadpbruned
roM k, npoxoAsiieil uepes TOUKY (xo; Yo)-
5% Banumure (opMyay YTJIOBOTO KoaqHbAIIHEHTA npamoi,

npoxoanmiedi Yepes Ase AAHHEE TOYKH.

¥npaxHeHHA
1.15". YraxuTe yraoro#l xoadpunment npAMOoit:
1) y=3x+8; ) y=12x-T; 3)y=5-1,5x;
—g_x
4)y=4+%x; 5)y=¢ -4 6)y=9-15

1.16". YraskuTe yraosof KoappUIEEHT npamoit, #306pAKEHHOMN

1a pucyHke 22.

0) y
1) y
N
\ —— —t—
‘ol 1 2 * L 2r
5 AN
a) y 2) yt(z
3
+1
T 2 -1 |
14 0 1 2 *x
_1.-
nnd ,__|_.____...—-—|-—Il—-
0 1 x
i y1 €) 91
Yol 1 2 = 2 LO 1 *
» -1¢

Pac. 22
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1.17. Maobpasnre mpamMyio, OPOXOAAIRYIO uepes TOUKy F(2; 6),
¢ yriaoBuM Koaddbunnentom k, ecan:
1) k=4; 2y k=-4;

Hk=-1 Hr=02
1.18. Hanummnre ypaBHeHme OPAMOHR ¢ YTJIOBHM KoahpHDHeH-
TOM k, mpoxopaieil wepes TOURY M(xo; y,), ecou:
1
1) k=-1, M(-1;-2); 2) k=2, M(7; -1);
3) k=121, M(2; 6); 4) k=-J100, M(-4; 1).
1.19. HaommnuTe ypaBHeHMe TIpaMoii, npoxopameii Yepes TOTKH
A n B, econ:
1) A(1; -2); B(-3; 2); 2) A(2; 5); B(3; 0);
3) A(-4; -5); B(2; 1); 4) A(-6; 3); B(-1; -1).
1.20°. HagoBuTe Mapsl OapANIeNbHBIX NPAMEIX:
y=4x-9; 2)y=5x-1; Ny=4-x;
4) y=38+4x; 5) y=+25x +1; 6) y=(-1)"%x+38.
1.21. CocraBsTe ypaBHeHHe IIPAMOIA, OPOXOAALIEA yepes TOUKY
P(x; y) u napanneasroit npamoit i =—x + 5:
1) P(2; -8); 2) P(-5; -1);
3) P(4; 1); 4) P(-1; -1).
1.22. CocraBbTe ypaBHeHMe OpPAMOIL, IPOXOAAWEH Yepes TOURy
P(-5; 2) u napansensroit npamoi:

Hy=7-1 2)y=6-3

3)y=5-0,7x; 4) y=+n +0,1x.

1.23. CocraBhTe ypaBHeHHe npAMOIi, KoTopas NapajiaejlbHa
npamoii 4(x + 2y) - 8 = 5x — 2 m npoxoguT Yepes TOYKY He-
pecedeHNA MPAMBIX:

Vy=2xuny=x+38; Dy=4xuy=x-3;
Ny=2x-3nx=9; 4)y=4x+6m y=-2.

1.24. CocrasbTe ypaBHeHHe IPAMOL, NPOXoAAINeil Yepea TOYKY
R(3; 1) n nmepeceraromeit ock Ox nox yriaom o, eCJIH:

1) a = 30°; 2) a=60°; 3) a=120°.

Hpupamenne PyHKINA 21

§.258. CocTaBLTe ypapHeHHMe mpamoil, nepecexalonieit ocs Ox mop yr-
gom 30° ¥ npoxogAaInell depes TOUKY HepecevdeHws IPAMBIX:
Ny=b-xny=x-3;

Dy=1-2xuny=2x-38;
3)2x+11y=15n110x-11y=9;
4) x+3y=-Tn 2x+ 15y =-11.

1.26. 1) Hafigute yriomoit koodypuuuerT npamMoii y=kx+35,
ecay OHa mepeceraercs ¢ mpamoii y=-0,0x—-1 B Touke ¢
abconcecoii, pasHoit —0,8,

2) Haitaure yruosot KoaddunueHnT mpamol y=kxr-1,
ec/IM OBA TIepeceKaeTes ¢ mpAMoH ¥ =8x + 2 B Touke ¢ abe-
nuccoit, pasHoi —0,2.

1.27* ITox xaKmM yraoM mepecekaeT ock Jx npaMad, OpPOXopd-
mwadg vepes Toukn M u N, ecan:

1) M(-1: 2) u N(-4; -1); 2) M(1; 2) u N(b; -2)?

1.3. Ilpupamenne GyEKUHA

lpoMexcyTn Buga (a; b), (—o0; a), (a; +0°) HABKIBAIOTCH UN-
Mepaaramit.

(OxpecmHOCMbI0 MOYKY X, BA3EIBACTCH moboit HHTEPBAJ, CO-
Apjpaniuit 9Ty TOUKY.

l{anpuMep, OKPeCTHOCTHI0 TOUKH -1 ABAAETCA HHTEPBAX
{ 2 0), OKpecTHOCTHIO Touku 3 — uHTepBana (-1; 10), a oKpecr-
oo Touxs 5 — uHTepsan (0; +o0) (puc. 23).

UGy . — HLULLGYILI, . ek S e
2 -1 0 * -1 3  10% 0 5 *
Puc. 23

tnceMoTpuM byERnE0 ¥ = f(x). Ilyers x, — GRKCHPOBAHHAA
win u3 obIacTH onpeAeNnenns 3Tod GyHKIHH, X — IIPOH3BOJb-
WHN TouKa U3 HEKOTOPOH OKPEeCTHOCTH TOUKH X, MPHIEM X # Xo.

PasuocTh X — X, HASHIBAETCA RPUPAIEHUEM apPzyMenma B
foNKe X

PaoeTs f{x) — f(x,) HasEIBaeTCH RpUpaUjeRuUeM QYHKYUYU B
FHY R Xo.
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Ilpupamenue aprymeHTa B TOYKe X, o6o3Hauaercsa Ax (umura-
ercs «desbma uKc»), npupamnenue QyHKIUA B TOUKe X, 0603Ha~
yaerca Ay (uutaercs «feabma uepex»). Takum obpazom,

Ax =x — xy, OTKyJa x = X, + Ax;
Ay = f(x) —1(x) = f(xo + Ax) = f(x,).
leomerpuueckuit cMbICT IpupaneHui Ax u Ay BUJeH HA pH-
cyHKe 24.

yA '
f(xy+Ax) :'
Ay i
f(x,) j

@/ O x  pp Totax b x

Pne. 24

3ameTuM, UYTO TaK KAK X, — (pUKcHpoBaHHAA TouKa (T. e.
Xy — KOHKDEeTHOe YHCJIO), TO paBeHCTBOM Ay = f(x,+ Ax)— f(x,)
3afgaHa QyHKUMA OT AXx.

Ilpumep 1. Haiitu npupamenne dysrmuu y=f(x) B TOY-
Ke X,, COOTBETCTBYIOIIee IPUPALIEHUIO apryMeHTa AX, eciu:

a) f(x)=3x-1; 6) f(x)=x%;
B) f(x) =13 )* f(x)=+/x.
Pemenmne,.

a) Ay = f(xo + Ax) - f(xp) = 3(xo + Ax) -1 — 3x, + 1 = 3Ax.
6) Ay = f(xo + Ax) — f(x0) = (xg + Ax)? — (%0)° = 2xpAx + (Ax)?.

B) Ilyers xy+ Ax # 0, Torga

o= -t i

A r) ITycrs x,+ Ax = 0, Torma

Ay = f(xo+ Ax) - flx0) =[x, +Ax — [, =

(Jxo+ax—wfg)(\j'xo+Ax+\}};]= X tAx—xy _ Ax A
Jxo+Ax +xg VEg RAZ# (g | oA+ {/xg

23

Hpupaiiesne QyHKIUA

1l —3 :
() 11562 3
Puc. 27

llpumep 2. Burauciurb 3HAUeHWs MOpUpaleHuil dyHKIAN
Wi npumepa 1, ecmm xp=1, a Ax =0,5. UzobpasuTs nmpupanienue
w0l na dyEKIUR Ha rpa@uke.

Pemenne. a) Ay=3Ax=3+:0,5= 1,6 (zpﬂc. 25).

0) Ay = 2xAx + (Ax)?=2+1-0,5+(0,5)*= 1,25 (puc. 26).

4Ax _ —4-05 4 ue. 27).
W AY = thx) - 1(1+05) 3 (p )

0) Ay = %o + D% —\[%o = J1+0,5-V1=4/1,5 -1=0,22 (puc. 28).
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f ‘, | 1. Yro HA3BIBAETCA OKPECTHOCTHIO TOUKHM X7
H 2. Yro HasplBaeTcs NpHpallleHUeM aprymeHTa (QYHKIUU B
TOYKe X;7

3. Yro HaseiBaeTcs nmpupanieHneM Gpysruuu [ B Touke x,?

4. Kak obosnauaercs npupamenue aprymenra? IIpupamenue
byHKIEU?

5. Tlouemy mpupaienue yHKIUE Ay B TOUKE X, MOYKHO CUH-
TaTh QYHKIUEH OT Npupauesns aprymenra Ax?

YnpaskHeHHUun

1.28°. IIo pucyHKY 29 3anuimmTe UMCJIOBBIM TPOMEXKYTKOM 3a-
IITPUXOBAHHYIO OKPECTHOCTH TOUKM:

1) 5; 2) 0,5; 3) -6; 4) -8,

1.29°. YkakuTe TPHU pasiuyHbIe OKPECTHOCTHA TOUKU:

1) 2; 2) T; 3) -12; 4) -25.

1.30°. YkakuTe TPH TOYKH, IIPUHAIJIEKAIINEe OKPECTHOCTH:
1) (12; 15); 2) (-13; -11);
3) (-o0; —100); 4) (31; +o0).

1.31°. ITo pucysky 30 yka)kuTe mpupalleHue aprymesra Ax B
TOUKe X, U npupamenue GpyHknuu Af B TOuKe X,.

1.32°, Haiigure npupamesue Gpysxnum y = f(x) B TOUKe X,, COOT-
BEeTCTBYIOIlee NIPHPAIEHNIO apryMeHTa Ax, eciu:

1) f(x)=5x-3; 2) f(x)=1~3x;

ﬂ'):

Hpupanesne QyHKOMA ) 25
[T T Toh T 1|
[ =f( ) A= | l!___
TN
— eSS
-;--ixul'mxi | rt1r——!:‘
i i 4 S A
| .
N 0
_I, o (- | RN
T [ Teh [
. k | ] et
il |
T /}i

(i

EZanuEnus

L,

| =
f/T:, I X | | O XotAX . d ‘

Puc. 30
3) f(x)=x*+1; 4) f(x)=2-x%
5) f(x)=1; 6) f(x)=2 +4.

Haiigure npupamenue Ay QyHKIUH y=[(x) B TouKe X
u usobpasure npupameHue QYHKINA f Ha ee rpaduke,
eCcaH:

1) f(x)=4 - 8x, xo=-1, Ax=0,4;
2) f(x)=5x+2, ¥,=0,2, Ax=0,5;

3) f(x)=2x2+1, x0=%, Ax =-0,8;
4) f(x)=4-8x% x,=5, Ax=-0,6;
5) flx)=-2, x9=1, Ax=0,6;

6) (60) 7 2 =1, %= -2, Ax=—-0,9.
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1.34. HaiiauTe npupamesue aprymenTa Ax npupaniesne HyHK-
uuu Ay B TOUKe X, €CJIH:

1) f(x)=i+8 xo=-4,9, x=-3,4;
2) f(x)=5~- . x=-2,4, x=1,2;
3) f(x)=x+2x x3=2,1, x=-1,3;
4)f(x)--— x, X=-1,8, x=0,4.

1.35% Haitnure npupamenue GyHKnmAn y = f(x) B Touke x,, coor-
BeTCTBYIOLIee IPUPAIIeHNI0 apryMeHTa AX, ecJiu:

1) f(x)=x -1; 2) f(x)= 2Jx +3;
3) f(x)=Vdx— 4) f(x)=2-J2x+3.

1.36. 1) Cpasuure npupamenns Gyuxmmii f(x)=3x> u g(x)=
=5x+25 B Touke x=1, ecium mpupameHue apryMmeHTa
Ax=-0,1,

2) CpasruTe npupamenus Gynxnuii f(x)=2x2-3 u g(x) =
=-2x-10 B TOuKe X =2, eciM NIpUpALIEHHE APIYMeHTA
Ax=0,5.

1.37. 1) CocraBbre ypaBHEHHE OpAMOH, NPOXOAALIEH yeped
Touky FE(1;-2), ecsim M3BeCTHO, YTO HpHpalIeHue dyHK"
uuum Ay=-0,3 cooTseTrcTByeT NpHpAllEHHI0 APTYMEHTA
Ax=0,1.

2) CocraBbre ypaBHEHHe IIPAMOI, npoxoasiiei ugeped
104Ky P(-4;3), ecim M3BECTHO, YTO MpHpAIEHUe bynr-

uur Ay =1,5 COOTBETCTBYET NpPUDAIIEHHIO ApPTYMEeHTA
Ax=-0,4.

1.4. IIpoussoaHas

Pacemorpum dysknmo y=f(x), rge f(x) = x*. TIpupamenno
oTOM (DYHKIMM B TOUKe X, (cM. 1. 1.3, mpumep 1, 6) passo

Ay = 2x,Ax + (Ax)>.

Paccmorpum orHOmeHMe npupamenus GyHKOIUM K IIPUpAIe-
HHUI0 apryMeHTa:
Ay

K;:2xo+Ax. _ (1)
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ByaeM mpuaaBaTh NpUpanleHNIo Ax 3HAYEHHUA, BCe MEHBIIE U
MelbITIe OTAWYAIONIAEcs: OT HyJs, HO He paBHbIe HYJO. DTO 3a-
nnenipaercs Tak: Ax — 0 (uuraercs «Ax cmpemumca K HYJLo»).

Tak KaK 3HaYeHWe 2x, MOCTOSHHO M HE 3aBHCHT OT Ax, TO,
iKorga AX BCe MEHBIE W MEHBIle OTJM4Yaercda OT HyJd, CyMMma
2x, + AX Bce MeHbIIEe W MeHbIIEe OTIMYAeTcs OT umena 2x,. ITO
NIMCBIBAETCA TaK:

2x,+ Ax — 2xo npu Ax — 0 (2)

(niraeres «2x, + Ax cmpemumes K 2x, npu AxX, cmpemMauemca K
o).
M3z (1) u (2) cnexgyer, 4TO
Ay | .
e 2x, ipn Ax — 0.

A
Jro unAcao 2X;, K KOTOPOMY CTpeMUTCS OTHOMIeHUe Ey upu

o 2
Ax -0, HazsIBaeTCSA NPOU3EOTHOU PYHKYLUU Y =X~ 6 MOUKE X,.

Onpegenenue. [Tpouseodnoi pyrnryuu y=f(x) 6 mow-
ke x, Ha3bIBaeTCH YHUCA0, K KOTOPOMY CTPEMHTCH OTHOIIIeHHEe

::’_ npu Ax, cTpeMsiieMcs K HYJIIO0.

IIponsBogras pyErouu y=f(x) B TouKe X, OOO3HAUaeTCH
['(x,) (unTaeTca «3h wmpux om Xy»).

"y p— 2 -

MakuM obpasoM, aas GyEROUM f(X)=X" MBI TOJYIHIH TPO
WianoJIHYVI0 B TOYKE Xj:

/(o) = 2.

Ilyers dyERIUA y = f(x) AMeeT TPOM3BOAHYIO B KaXA0N TOU-
We i HexoToporo npoMerxkyrka. IlocTaBuB B COOTBETCTBHE KarK-
oMy umeny x gmeno f'(x), MBI HOJYYMM HOBYIO (PYHKHOHIO, KO-
Yopny naseiBaeTcs npoudeodnoil pyuxyuu f v obosuazaercs f',
Wi '

T, aas yaxmun f(x)=x® 1a MHOXKecTBe R MbI MOJy4YHIH
ipoasoaayio f(x) = 2x. Mumuyr Takxke (x°) = 2x.

Hpumep 1. HaliTu 1pOM3BOAHYIO JIMHEMHOU PYHKINH

y=hkx+b.
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Pemenwue. 3necs f(x)=kx+b. Haitnem Ay — mpupamenue
¢yEKRIUN f B TOUKe X,
Ay = f(xo+ Ax) — f(xg) = (B(xo + Ax) + b) — (kxy + b) = kAx.

. A
Haiinem oTHOIIEHHE ?i— (manomuuM, uTo Ax # 0):

Ay _kax_ g
Ax  Ax )

A
OrHoleHUE % He 3aBHCHT OT Ax; IpH J000M 3HAUYEHHH AX

OHO PaBHO k. 3HAYMT, U IPH AX, CTPEMAMEMCA K HYJIH, 3TO OT-

HOIIeHWE PaBHO k. A pas Tak, TO MOYHO CKasaTh, 4TO OHO CTpe-
murtceda K k. Urak:

Ay -k
anel . ich I e
- pu Ax — 0,
T. e. f'(xg)=Fk.
ITockonBKY X, — 9TO IPOM3BOJIBHAS TOUKA M3 0OJIACTH ompe-

AeneHUsA QYHKIHUH, TO U Boobie f'(x)= k.
OrBer: (kx+b) =k,

' B wacrroctn, mpu k =0 noxyuaem b' =0, 1. e. npoussod-
° HAA NOCMOAKRHOUL PA6HA HYNIO.
IIpumep 2. HafiTu Npou3BoHYIO KBaAPATHUIHOH GYHKINN
y=ax®+bx+e.

Pemenue. 3mecs f(x)=ax’+bx+c. Haiigem Ay — npupa-
ueHue QYHKIMY B TOYKE Xt

Ay = f(xp + Ax) — f(x,) =
=a(xo+Ax)® +b(xo+ Ax) + ¢ — (axg + bxy+c)=

= 2ax,Ax + a(Ax)® + bAx.

. A
Haiigem orHOmIEHNE —=-:

Ax
Ay  2axpAx+ a(Ax)? + bAx
T T =2ax,+aAx+b.

A
Ecnu Ax — 0, To Ey — 2ax,+b, 1. e. f'(x) =2ax,+b.

IlockonbKy X, — NMpou3BOJIBHAA TOYKA U3 OGJIACTH OIpPEese-
HuA GYHKIUHU, TO U Boobime f'(x)=2ax +b.

Otrser: (ax’+bx +¢) =2ax +b.

I lpousBogHAS 29

HUSA IPOM3BOAHON HyHKIMHA Y = f(X) B TOUKe X, HYXKHO:

) PerteHHble NMPUMephl MOKA3bIBAKT, YTO AJIA BbIUMCIIE-
LI
1) naiimu Ay — npupaujenue Qynrxyuu [ 6 moixe xo;

7 A
2) nalimu omnoulenue ;

3) nHatimu, ¥ KAKOMY HUCLY CMpPeMUmcsa OmHoulenue
i—y, k0zda Ax cmpemumca K HYIO.
X

3ameTuM, YTO IpHUpalleHHe (PYHKIHUH [ MOMKHO 3amMUCATH U
s Af.

BrraucseHue TPOU3BOAHOM QYHKIMM HasbiBaeTcs Juddepen-
Wuposanuem GYHEYUL.

Ilpumep 3. Haiitu npousBoAHYIO QYyHKIHA

flx) =3

Pemenue. IlyeTh X, — NPOM3BOJbHAA TOYKA M3 00JACTH
nipeerernsa Gyaxmuu D(f) = (—oo; 0) U (05 +00).

1) Beibepem Ax Tak, 4TOOBI BBhIpaXKeHHE f(x,+ Ax) umeso

—4A
(MLICT, T. €. Xo+Ax#0, Torga Ay:f(xﬁAx)—f(%Fm‘iF)

{om. n. 1.3, npumep 1, B).
Ay,
Ax’

2. =4 (3)
Ax ~ xg(xp+Ax)
Ay

3) HajizeM, K KaKoMy YHCIy CTPEMHMTCH OTHOIIEHHE -,
Worn Ax erpemurcs K Hymato. IIoHATHO, 4TO

2) Haiigem oTHOILIEHHE

Xy + Ax — xo ipu Ax — 0.
JnaunT, 3HAMEHATE b Apo6u B mpaBoil yactu paseHcTBa (3)
2
rpeMuTea K X,.
2
xo(x +Ax) — x5 mpu Ax — 0.
A TAK KAK YMCJIUTeNb 3TOH Apodu paBeH —4 mpu Ji000M 3HA-
wonnn Ax, To AUMeeM:

——-—-—_4 —_ j = 4
oy e v npu Ax — 0. (4)

i (3) u (4) crepyeT, 4TO
Ay —4

—= 5= ppu Ax— 0.
sx g2 P
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!
Taxum obpasom, (%) =4 (noc:—:o.nmcy X, — NPOMU3BOJILHASN
X

TOYKa obnacTu onpenenerus: Gyarnun f(x) = %)

. ¥ 4
OTger: (%) ==
IIpumep 4* Haiiti npoussogayio Gyaxuun f(x)=1/x.
Pemenue. ITycts x4 > 0.
1) BeiGepem Ax rak, uTOObI BeIpakeHue [(x,+ AX) UMesO
CMBICI, T. €. X+ Ax =0, Torna

Af = f(xo + Ax) = f(x,) :"\/ﬁf (cm. m. 1.3, mpumep 1, r).
0 To

2) Hatigem oTHOmEHUE %x’::
A 3
AxX  [xg +Ax +\[xg
3) Haiifem, K KAKOMY YHCIY CTPEMUTCH OTHOIIEHME 2x—f, KOr-
na Ax crpemurcs K Hymwo. Umeem:

VX +Ax +\x, — 2,/x, mpu Ax — 0;
1 — 1 n —50-
\]xo +Ax +,/xg 2,/x, pu Ax *

Af 1
— ——+— npu Ax — 0.
Ax 2\||x[| p

Taxum obpasom, (Vx| = 2—}; (mockomsky x, — mpomaBoME-
HadA ToYKa obracTH onpezeneHusn byHknum f(x)= Jx )
" T
OrBeT: (\/;) =ous A noboro x > 0.

Boobmie pynaxnmua MoxKeT U He MMeTh IIPOU3BOJHON B NaHHOMN
TOYKe.

' Hanpuwmep, B Touke x =0 npoussonuas pysxnun f(x) =
L

=Jx me CYIIleCTBYeT.
2]

HKax unraercs u uro osHauaer sanucs Ax — 07?
Y0 Ha3bIBaeTCA NPOM3BOAHON (DYHKINH Y = f(x) B TOUKe x,7
Kax obosnauaerca nponasonnas pyuxkuuu y = f(x)?
Yemy paBHa NpoM3BOAHAA JUHEHHON HYHKLIMM
f(x)=kx + b7
5. Yemy paBHa NpPOM3BOJHAA MOCTOSHHONH?

Ll
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6. Yemy paBHa NPOM3BOAHAA KBAAPATHYHOH QYyHKIUH
flx)=ax®+bx +c?

7. YeMy paBHA NpOM3BOAHAA (DYHKIMM:

a) f(x) = %: 6)* f(x)= Vx?

YnpaxHeHHA

A ;
| 48", BeiuucnuTe OTHOLIEHUE Ef B TOYKE X, €CJIH:

1) f(x)=4x-6, x,=2, Ax=0,5;
2) f(x)=12-3x, x,=4, Ax=0,1;
3) f(xX)=2%+1, x,=5, Ax=0,2;
4) f(x)=6x>, xo=1, Ax=0,4.

A
1,40 K xakoMy 4YHCIy CTPEMHUTCHA OTHOIIEHUe A7

npu Ax — 0, ecnu:
1) f(x)=3x-1, x,=-2; 2) f(x)=0,5-5x, x,=10;
3) f(x)=2x2-1, x,=1; 4) f(x)=1-38x2, x5=-52

Ilonnaysick  ONpejieJlIeHMeM IIPOM3BOJAHON, HalauTe 3HayYe-
e npousBogHol GyaknuA y = f(x) B Touke a (1.40—1.46).

B TOYKE X,

1407, 1) f(x)=3, a=10;
3) f(x)=n, a=-4;

2) f(x)=-6, a=1;

4) f(x)=8, a=-5.

2) f(x)=-bx,a="T;

4) f(x)=-4,2x+3, a=-6;
6) f(x)=2+3—4’£, a=1.

1417, 1) flx)=4x,a=1;
3) f(x)=-2,5x-2, a=-2;
) f(x)zl——-‘zi, a=0;
142" 1) f(x)=4x% a=0;
3) f(x):{- +2, a=-2;
148, 1) f(x)=x*+38x-1, a=0,25;
2) f(x)=x*-x+2,a=0;
3) f(x)=£65-0,2x+8, a=3;

) fa)=2- X1, a=-1;

2) f(x)=~Tx", a=0,5;
4) f(x)=3-%, a=3.

5710
f]" f(x):g_x__%afﬂ, a:—-z;
2
6). flx)= 8=02-12¢" o 8

6 ?
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1.44. 1) f(x)=(8 +x)? a=-2;
2) f(x)=(4-x)%, a=-1,5;
3) f(x)=x(x+2),a=0,1;
4) f(x)=x(x-4),a=1;
5) f(x)=x*-(x+2)% a=-0,5;
6) f(x)=(x-1)*-x% a=2,5.

_Iponsnoxuan

1.45. 1) f(x):%, a=0,1;
8) fx)= - +1,a=-1;

2) f(x)=_'6_’ a :'_0’1;

X

4) f(x)=3 -%, a=-0,5;

5) f(x)=2 + 2%, a=5; 6) f(x)=x+1, a=0,2.

1.46. 1) f(x)= Jx, a=0,01;
3) f(x)= —-J0,01x, a=100;

1.47. ®yuruus y=f(x) — nuneiitnas win KBaaparuunaa. He-
NoNb3yA usobpakeHue ee rpaduka Ha pucynxe 31, usob-
pasure rpa@uK MPoOM3BOAHOMN ¥ = f'(x).

2) f(x) = Vax, a=0,04;
4) f(x)=9x +1,a=1.

1.48% Pemure ypasuenue f'(x) = 0:
1) f(x)= % x* - 4x;
3) f(x)=(x - 4)%

2) f(x)= g— X%+ 2x;
4) f(x)=(2-x)* - 4.
1.49*. Pemmure uepasenctso f'(x) < 0:
1) f(x)=5x2+x+2;
8) fx)=%;

2) f(x)=-x%+4x-1;
9 =28

+13

5) f(x) =12 6) f(x)= 2.

1.50. YkaykuTe TOYKHM M3 OBJACTH OIpeHesNeHus byl f, n
KOTOPBIX Npou3BoAHas GYHKUMYU [ He CYIeCTBYeT, ecin;

1) f(x)=\/x+2; 2) f(x)=—-{x-6;
3) f(x)=4,8+x; 4) f(x)=9 +./x+1.

MexnHiYeCKHH CMBICT NPOU3BOAHOM 33
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101, BanaitTe GyHKIUIO (GOPMYJIOH, ecau IPOMU3BOAHAA ATOH
()YHKIMH paBHAa:

1) 2; 2) —6;

3) 2z 4) —x;

h) x+ 13 6) x—2;
1 .92, g4--L.

) 2Jx +4; ) VX
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, e Nponsrogaan
1.5. MexanHUeCKHIl CMEICS IPOM3BOAROE

Byaem pacemaTpuBaTh npaMonnHEeiHOe NBMIKEHEE TesTa, Kax-
,u;omzr MOMEHTY BPEMEHH ! MOCTABMM B COOTBETCTBHE OYTh s(t)
uponAeHHbIH TesoM 3a BpeMs ¢, Toraa nyrs, Opoi e HHLE *re.nou.
38 OTPE30K BPEMEHH OT i, /o {,+ Al, paBeH s(f, + At) - 8(t,) = As
A Bg;:a, 38 KOTOpOe MpPOiACH 3TOT OYTL, paBHO Af. ’ .

AHAA CHOPOCTL Tella HE OTpesKe ;
onpegenAeTCs KAK OTHOMIEHHe npoﬁnp:nnommnis [:coo’ ;';):::!
HH At, 38 KOTODOe 3TOT NYTH Npoiien:

< As
Uep = A5 (1)

Koraa npomesxyrox spemenm At cTpemmres HYJIIO, TO 3HA-
"eHne CpeAHeH CKOPOCTH U, CTDEMUTCA K HeKOTOPOMY 4HCITY
?T?Bmcno CYHTAeTCA 3HAYUCHHEM CKODOCTH B MOMEHT Bpeuem;
o (B MEXaHWKe €e HA3KIBAIOT MTHOBeHHOMN CHODOCTE:
b ey POCTBIO) U 00O3HA-
Uep = U(3,) ipu At — 0.
A 1o onpexeneHMio
NpOH3BONHOM
e ) byHKOUR 3(f) B TOUKe ¢,
i " 8'(8o) opu At — 0,

Taxum obpasoM, pu At, cTpemamemes K HYJIO, JIEBAH YACTh
paBencTBa (1) crpeMurea k v(Z,), a npasas — kK 8'(tp). Buagnmr,

(to) = 8'(¢0)- 2)

m B paBeHcTBe (2) 1 saxmouseTcH Mexanuweckun (roeo-
PAT emle QUBNIECKRH) CMBCA RPOUIBOOROU.
Ero obue0 dopmynupyor Tak: CKOpOCIYL ecmb npous-
600148 om npoiidernnozo nymu no epemenu.

IIpumep 1. Teno Gpomeno BepTUKANBHO BEEDX ¢ HAYANBLHOMN
CKODOCTBIO Up. eMy PABHA €ro CKOPOCTH B MOMEHT BpeMeHY 1,7
Pemenmne. 3axon asusxenns rena, 6poluieHHOr0 BepTHKANL-
HO BBEPX ¢ HAYaNLHOH CKOPOCTBIO Uy, 3ajiaeTcs GopMyaok
h(t) = vyt - %
Hcenonb3ya MexaHWYeCKHE CMEBICH
npousBogHol n Gopmyay
NPON3BOAHOK KBagpaTWYHON byHKmAN (cM. m. 1.4), moayusem:
v(to) = h'(to) = vo — gt,.
OTBe T U(to) = vo - gto-

Mo X HIIECK U CMbICH IPON3BOAROR . ... 8

11pumep 2. H3BecTHO, YTO 3aKOH ABMKEHUA TeJNa, épomien-
W10 BEPTHKANLHO BBEPX € HAUAJBHOH CKOPOCTHIO Up= 70 o> %ar
nwerea dopmyaoii A(E) = vef — %i Kaxyio cROpocTs OyAeT UMeTb
rran Ha BeicoTe 240 M oT NoBepXHOCTH eMan?

Pemrenme. Henoabp3ysa MexaHHuYeCKHH CMBICHT ITPOM3BOAHON
W pPMYTY TPOU3BOZHON KBaAPATHUYHON PYHKIUH (cm. . 1.4),

WO TTM:
v(tﬂ) = h,(to) =V — gto =T0- 10:0.
[lockoxbky h(t,) = 240, To uUMeem YpaBHEHHE

2
240 =70t~ 10, 7. e. 515 141+ 48=0.

Pemas ero, HaxoauMm: t,=6 wan t,=8.

lpu £, =6 noayuum v(6)="70- 10-6=10, a npu ;=8 noay-
nium o(8)=T70-10-8=-10.

Takum ofpasoM, Ha Bricore 240 M OT TOBEPXHOCTH 3emim
yoro GyAeT EMeTH cKopocTs 10 7. SHAK «MHHYC» IOKA3HIBAET,
wro 1a 8- cexyHpe Teno GyAer y:Ke NmajaaTh BHH3, A HA 6-i1 ce-
uyljle — emie JeTeTb BBEpX.

Orser: 10 3.

; Ymes nepsoii monosure XVII B, dpannysckuii maremMa-
:‘_j tuk ITbep PepMa YMes HaXOAHTL MPOASBOAHEIE OT IPOC-
Tefimux PyEKOMHE — MHOTOWIEHOB. Ho cmcreMaT9ec-
Koe MCIIONL30BaAHNEe IPONIBOAHEIX DK PeNIeHHY Pasand-
HBIX 38249 QUSHKHM H MATEMATHKH HAYAJOCH C CO3AAHHA
maTeMaTuueckoro asanusa Mcaakom Heioronom n Tor-
¢dpugom BunsresnbMom Jlefibruuem. B xeEmre HeoToHA
«MaTeMaTUGecKNe Havana HarypaxbHOR Gmiocodumns
JMOKA3AHHI GCHOBHEIE 3aKOHBHI ABHKeHHs HeOeCHBIX Tel.
B cBomx TpyZax <«PaccyskaeHns 0 KBAAPATYDe KPHBAIX»
u «Mertox duioxcum u GecxoHeyHHX paAgos» Hrioron
paspaboTajl OCHOBHI MATEMATHYECKOIO AHAXN3A, AN pe-
IIeEHe TAKMX BONMPOCOR, KAK HAXOKAEHHE BKCTPEMYMOB
$yHKIRA#, ToUeK Ieperuba, YPaBHEHUA KACATENLHEIX K
KPHBEIM, BHYHMCACHHE AJHH KPHBHIX, Iwiomajei, orpa-
HUYEHHBIX KPHUBBHIMM, B JAJK METOAB pelleHnd npocreii-
mux sudibepeRIHANTBHAIX yPaBHeHUH,
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T T

g : 1. Kar onpegenserca CPeRHAA CKOPOCTh TeNa Ka OTpeske
» }i BpeMenw [1,; £, + At]?

!

f 2. B ueM 3axaouaerca MeXaHNYeCKRi# (drsudaeckuit) cMulen
: NPOA3BOAHOE?

YopaxHeuns

1.52°. Tlo rpaduxy (pue. 32) maliagure cpeamiorn CKODOCTHL JABU-
HKEeHUs! MOTOUMK/INCTA HA OTPE3KE BPEMEHH:
1) [0; 2]; 2) [2; 5];
3) [2; 6]; 4) [5; 9].

MM W LTS

(9, MR-

“800-4-11H 28

Lt e

_$ 1

" ]

HE o

CA00 T T

L I H pirt
Ol Hrr e T T
AL TR T i 1y -t |- H

Puc. 32

1.58. Ha orpesxe spemenn [tos %o+ At] HaBignre cpeamoto cko-
DPOCTE TeJa, ABMMKYIMIEroca OPAMONKHEHRHO o BaKOHY:
1) s(t)=12t+9; 2) s(ty=5—44;
3)s(t)=3+1; 4) 3(t)=6- £2,

1.54°, Touxa Aswixerca npaMoiuHEHHO mo 3aKOHY s(1) =242 —
-8t--9 (s — oyt B MeTpax, t — BpeMA B CeKyHAax). Brr-
HHCANTE CKOPOCTE ABHKEHNA TOYKH B MOMEHT BPeMEHw:
1) t=5¢; 2)t=12¢; 3 te.

1.55°. [Ipmixenne TouKn IponcxoauT no 3aKOHY 8(#) =t + 4t + 2. B

KaKO# MOMEHT BpeMeHH CKOPOCTb ABMAKEHUS TOYKH paBHa:
1) 6; 2) 0; 3) 127

1.56. Haitaure cropocts B VEASAHHBEIA MOMeHT BpeMenH ! Tou-
KA, ABHXYINedcs npaAMoIuHRelino no 3aKoRYy s(t):

1) s(t)=1t2+ 2t +1, t=3: 2)s(t)=212-3t+4, t=2,

- Hpon3roxuasn

Mexaguyeckmil ¢CMBICK Opou3BogHO .. .. 87

o

1.57. MaxoBmK BpamaeTcss BOKPYP OCH U0 3aKoHY @=1 -1
(¢ — yroa epamieHns B pajuaHaXx, { — BpeM#A B CeKyH-
nax). Ha#aure yriaoByio cKOPOCTHh BPAILlEHNS MAXOBHKA ®
B MOMEHT BpeMeHH:

Dite 2)2c¢; 3)8c.

1.58. ITyTh, npoiifeHALIN KJIeTHI0 MOABEMHON MAIGHHBL, ompe-
genfdercA M3 ypasmenmnsa s=06+8¢ (s — nyre B MerTpax,
t — BpeMA B CEKYHJaX). YKaKuTe CKOpOCTh JABMKEHUS
KneTH B Mo0oit MOMEHT BpeMeHH {.

1.59. 1) /Ipe MaTepuansHple TOYKH ABHKYTCA NIPAMOJINHEHRO 11O
3aKOHAM 8, =2,5¢* -6t +1 ;m 5,=8,5¢2+ t - 12 ({ — Bpems
B CEKYHAAX, 8 — NYTH B MeTpax). B kakoil MOMeHT BpeMe-
HH UX CKOPOCTH PaBHHI?
2) JIse MaTepuMaJbHBE TOYKH ABIMMYTCA NPAMOJIHHEHO

2
Mo 3aKOHAM s,=%+5t~13 H 8;=1-Tt-4¢> (¢t — ppema

B CEXyHAAX, § —— IOYTh B MeTpax). B Kaxoi MOMEHT BpeMe-
HM BX CKOPOCTH DABHBI?

1.60. 1) Ipe MaTepHANBEEIe TOYKH JBIIKYTCA NPAMOIHHEHAHO IO
3AKOHAM 8, =12 —8f+4 u 8, =512 -4t -9 ( — Bpema B ce-
KYHAAX, § — IIYTh B MeTpax). B KaKoil MOMEHT BpeMeHH CKO-
POCTE HePBOil TOYKY B TPH pasa BONbINe CROPOCTH BTOPO#H?
2) lpe MaTepHAJLHBIE TOYKM ABMIKYTCA NPAMONHHEHHO 110
gakoHaM $,=9f- T u $,=0,5¢°+8t+1 ({ — BpeMH B CeKyH-
Aax, § — IyTe B MeTpax). B xaxoii MOMEHT BpeMeHH CKO-
POCTh IepBOiA TOYKH B ABA Pasa MEHbIIe CKOPOCTH RTOPO#?

1.61. TempepaTypa Tena B 3ABHCHMOCTH OT BpPeMeHM 33/la€TCA
doprynoit T =0,3t* (T — TeMmmeparypa B rpagycax, ¢ —
BpeMa B cekyHAax). C Kakoil CKODOCTBIO N3MEHAETCS TeM-
NepaTypa Tejia B MOMEHT BpeMeHN:

1) t=5; 2 t=4; 3)t=1?

1.82, 1) Teno GpomeHO BEPTHKAJNBLHO BBEPX M ABIIKETCA IO
sakoHy h(f)=4+8t-5t2 (M), Ha#igure cxopocrs Tena
B MOMEHT CONPHKOCHOBEHHS C IOBEeDXHOCTBIO SeMJH.

(Yclcopenue g cuuTaTh paBHMM 10 e%)
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2) Teso GpomieRo BePTHKAILHO BBEPX U ABMMKETCA IO 3a- 2) Touxa ammxerca no napabone y=4x*+2 Tax, 4To ee

KOEY h (£) =6 + Tt — 5¢% (M). Haiigure cKopocTs Tena B Mo- afcnycca M3MeHAETCA IO 3AKOHY x=0,5Jt (x — nyrs B

MEHT CONPHKOCHOBEHHS ¢ NOBEPXHOCTBIO SeMiTH. (Ycrcope- MeTpax, { — BpeéMA B CeKYHAAX)., YKaXXUTe CHOPOCTD U3~

HUe & cunTaTs paBHEM 10 _E‘é_) MEeHeHHH OPAHMHATH TOYKH Yepes 2 ¢ mocsle HA9&JA JBH-
N SKEHHH.

88 IIponassoanan T'eoMeTpHEIeCKHIT CMEIC/ [IPOM3BOAHON 89

1.63%. Teno GpomIeHO BePTHKANBHO BBEPX ¢ BRICOTH 20 M OT mo-

BepxHOCTA BeMan ¢ HAaYANBHOM CKopocTbio 50 X, (Ycrco- 1.6. TeoMeTpHYCCKHI CMBIC] NPOHIBOTHOH

PeHHe g CYHTaTL PaBHREIM 10 l‘f.) Mu1 3HaeM, 4TO KacarTeJbHas K OKPYKHOCTH — 2TO MpAMad,
c

HMEIONIAA ¢ OKPYXKHOCTHIO eAUHCTBeHHYIO obiyio Touxy. Ho Ta-
Koe OompeAeNeHne KacaTeNbHOR FOAUTCH JANeKO He AAd BCAKOM
npamoit. Hanpumep, u ock Oy, 1 och Ox MMEIOT efHACTREHHYIO
obmIyi0 TOUKY (HAUAJO KOOPAMHAT) € napaGonoii y= x?, HO 0OCh
Ox aBaserca KacaTeabHOli K mapaGore, a ock Oy He ABIHETCH K

Heit racaTensHoil (puc. 83, a). A npamas AB R:acae-rca xpHaEBOil
B Touxe M (puc. 83, 6), HO HMeeT ¢ 9TOH KPHBOH He ONHY, & ABe

1) B xaKoif MOMEHT BpeMeHH CKOPOCTH OpoIneHHOro TesAa
6yzaer pasHoit HymIO?

2) Haiipure seicoTy Tena Hag OOBEPXHOCTRIO 3eMJH B MO-
MEHT BpeMeHH, PacCMOTPeHHH B 3amannm 1,

1.64. Homenenue cuant Toka I B 3aBHCHAMOCTH OT BpPeMeHH f 3a-
havo ypasHenuweM I=4t*-9¢ (I — B aMnepax, £ — B ce-
KyHzax). Haitqure ¢cKopocTh M3MEHEeHUsS CHJILL TOKA B MO-

of1gHe TOYKH. a) y
MeHT BpemenHu ¢ =10 c. Yroful A8Th ONpPeAcIeHHe Ka- .
1.65. Marecrno, 4To Teno maccoii m =6 Kr geumkerca OpAMOSK- caTeAbHON K AaHHOH# KpHUBOH B
HeliHO 0O 3akoHY $(¢)=3t*- 14 (¢ — Bpema B CeKVHHEax, rouxe P, (puc. 34), Bo3bMeM Ha \
8 — nyTs B Merpax). Halijure KMHeTHueCKylo sHepruio aToll KpUBOii eme OAHY TOUKY P u Nl -
TeNIa Yepes 4 ¢ Mocie HaYaAa JBUIKCHU, npoBeaeM cexymyio PoP. Bynem 0 -ox

nepeMemAaTh Touky P mo KpuBoil,
npubmmxas ee HeorpannuesHo X  0)
rouxe P,. Toraa cexymasa PP 6y- A M N. B
€T MOBOPAYABATLCA BOKDPYT TOY- 4

ku P, Ecanm nmpH aTOM ceryllas

Syner cTpeMHTLCA K HEKOTOPOMY

HpefeALHOMY TOJIOMEeRHMI0 — P~ Puc. 33

1.66. 1) Teno Maccoil m =4 Kr aBmKeTCH OpAaMoOAHHeHO o 3a-

KoHY 8(t)=4¢*-5t -1 (s — myTs B MeTpax, ¢ — Bpems B
cexyugax). Haliaure exopoers Tena u ero KHHETHICCKYIO
SHEPTHIO Yepes 4 ¢ mocJle HAYANA ABHMKeHus, Kakasa cuia
AEHCTBYET HA TENO B 3TOT MOMEHT BpemeHn?
2) Teno mMaccot m =1 kr ABMIKeTCA NpAMOANEEHHO TIO 3a-
KOHY 8(¢)=2+6¢-2t* (8 — nyTs B MeTpax, ¢ — BpemMsa B
cekyanax). Haligure ckopocTs Tena u ero KHHETUYECKYIO
SHEPTHio Yepes 3 ¢ mocae Hadaga ABMKeHMs., Kakas cHiaa
AEMCTBYeT Ha TeJ0 B 9TOT MOMEHT BpeMeHn?

1.87. 1) Touxa peu:xercs mo mapatone y=16x - x2 Tak, uTo ee

abcnucca M3MEHAETCA IO 3aKOHY x =2t (x — oyTe B
MeTpax, ¢ — BpeMA B CEKYHAAX). YKa’XKUTe CKOPOCTb M3-
MCHEHHA ODAWHATH! TOUKU depes 8 ¢ mocse Hawaaa ABm-
IKEeHN, -
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vk p moit P,T, 1o ata npamag P,T u
0 HA3BIBAGTCA KACAMEABNOU K

xpueoil 6 moyuxe P,
daMeTMM, 4TO B TOouke P,
KPHBaag MOXeT M He HMeTh Ka-

: caTeJsHOH (puc, 35).

9 x II

9 \ YCTE Tenepb PacCMATPHBAC-

Puc. 35 Mas xpuBada (puc. 36) aprderca

rpadpuKoM HeKoTOpol GYHKIHH

¥ =[(x). Pemum sagauy: naiimu yzaosoit Kospuylienm kaca-
mexvrol xk zpagury smol pyrryuu e moure Py(xys f(x,)).

¥ron maknona xacareasHo#t PoT x ocm Ox 0603EaunM ¢.

BoanMeM Ha KPHBOH eme 0OZHY TOuKy P (xp + Ax; yo + Ay) 1 po-

BeZieM ceRymym PoP. Yroa HakJoHA cekymei k ocu Ox 0GosHa-

auM ¢ (puc. 36). H3 tpeyroasunra P,PK (£K =90° sugmo, uto

tgu=ﬁ-, T. €.

RBK
tga= 2L, 1)

Korzga Ax cTpeMHTCA K HYJIO, To9Ka P, ABHrasch mo KPHBOIH,
HeorpaHMYeHHO OpHGAMKaeTcHd K Touke P,. IIpu srom cexymas
PP, nosopaunBaich BOKPYT TOUKH P,, CTPEMHTCA SaHATH mO-
Joxenne KacaredbHo#t PoT. Ho Torpa BenmuumBa yria o cTpe-
MUTCA K BeJUYMHe yria ¢. CleJoBaTenbHo, B tgo CTpeMHUTCA

K tge, T. €.
tgo— tgo npu Ax — 0.

Y ) \.5,\

Pl +a; 3, +4y)

W10 A i bE
! b
) t
/A '
o ! '
¢ 1 Ax " o
Puc. 36
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A 1o ompeAeaeRHI0 NponsBoaHoN QyHKmuM f(X) B TOUKE X,

HMeeM:
% — f'(xo) mpm Ax — 0.

TaxuM o6pasom, P Ax, CTPEMALIEMCA K HYJIO, JeBadA 9acTh
paBercTBa (1) cTpeMutcsa K tg, a npasag — K f'(xy). 3uaunr,

tg o =f'(x)- 2)

BamernM, uwro tg¢ — 8ro yriaoBoil koadpdEuHEeRT Kaca-
TeabHOH.

B pasercrBe (2) u 3sakJIOuaeTCH 2eoMempuuecKul
E] cMuica npouseodnoii. Ero popMynaupyror Tak:

Y2080l KOIPPUUUEHM KACAMERbHOL K 2pauiry PYHE-
yui 8 mouxe ¢ abcyuccolt X, pasen nPou3sodnoi amot
dynKyuu 8 MoyKe X

HunmMu caoBaMu:

npou3eodnas QynKyuu 6 mouxe c abcyuccoll x, ecmsv
MAHZEHC YeAQd HAKAOHA KACAmMenRbvHoil, nposedennoi x
zpagury amott pynryuu e mouxe (xy; f(xp)).

NMpumep 1. YeMy paben yriaosoil KoadpunuesT xacarennb-
Hoii k rpadmKy QYBROMHA ¥ = % x% + 2 B TouKe ¢ abemuccoit x, = 27
Pemenue. O6o3nauuM yriaosoit KoadxbanmeHT KacaTeaAbHON
6ykpoit k. Toraa, HMCHONLIOBAB IeOMETPHYECKHH CMBICA MpoO-

A3BogHOM H GopMYJaYy HOpom3BofHOM KBagpaTHYHOM GYRKIHUH
(cm. 1. 1.4), momyanmM:

k=f'(x0)=2‘%xo=%xo-
Tak Kax x,=2, To k=1.

OreeT: 1.
A Mpumep 2. 3anucars ypaBHeHHe KacaTeJLHOH X rpadm-

Ky QYHKIHH ¥ = %xz +2 B Touxe ¢ abciEecoi xo= 2.

Pemenue. Yraosoit koshdbunmenr kacarensHo#ft k Ml Ha-
[IAH B OpeAbIAYINeM npuMepe: k=1,
HaiiaeMm opAUHATY Yy TOUKH KACAHHA:

yo=%x§ +2=38.
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Ocraerea Bocmons3oBaThes Gpopmysnoii us . 1.2 ana ypasme-
HEA OpAMOH ¢ yrnioBrM Koaddunuentom k, npoxopame# sepea
TOUKY (Xg5 Yo):

¥ (503 ba) Y~ Yo=k(x — x,).

Ilopcrapasas B 31y popMysy sHaveHns k, X, ¥ y,, noAyyaeM:;
y-3=1(x~-2), T.e. y=x+1,

OrBeT: y=x+1.

AHANOTHYHLIMU PDACCYNACHMAMH MOXKHO HOONYYHTL ypaB-
HeHHe KacaTeNpHOH K rpadury ¢yrxmum y=f(x) B TOuKe
(%03 fxo)):

e Y= (x0)(x - xg) + f(xo).

(Y0eauTech B 9TOM CAMOCTOATEALHO.) A

Tordppua Buasreapm Jle#iGunny (1646—-1716) — senn-

__A_J Kuii HeMelKmil yueHslli. Ero TBopuecTB0 GHII0 UpesBhl-
4yafiHO MHOTOTPAHHBIM; OH GLLIT AKILIOMATOM, SARMMAN-
ca dunocodneii, 0pucopyaeHnueit, MaTeMaTHRON],
CBOW OTKDRITHS B 0ONACTR MaTeMATHYECKOrO AHAJM3E
Jleiibunn onybimkosan B asyx paGorax: «Hosrili MeTon
MAKCHMYMOB H MHHHMYMOB, & TAKKe KacaTeJILHbIX.,.»
1 ¢0 CRPBITON reOMeTPHH M aHAJHMIE HeNeJMMEIX H Gec-
KOHeuHHIXs. B 3Tmx pafioTax B MaTeMaTHKy BBeAeHLI
TePMUHLEI H 0003HAYEHHA, KOTOPHIMA MBI TOALIYEMCH
A0 cHX mop: abcmmeca, OPAMHATA, KOODAMHATA, PYHEK-
uad, TPOU3BOAHASA, AATOPUTM, AuddepeHuan, nudue-
PeRIHANBHOS HCYHMCACHAE B T. [,

‘, 1. Yro Taxoe xacaTeapHad K KpHBoOH B TOUKe Py?
4 I 2. Yemy paseH yraoeo#i KoadpeOomeHT KacaTesbHON K rpa-
¢dury dyuknun B Touxe ¢ abenuccoit x,?
3. B yeM 3aRmouneTcs reoMeTPHYSCKHI CMEIC Tpon3BOXHOH?
4* Kax noayunrs ypasHeHHe KAcATENbHOH K Kpusodt y = f(x)
B TOUKe Xg?

Y¥opaxHeuusn

1.68. Hsofpasure rpadux dyuxnmm y = (x ~ 2)2 + 4 u nporeauTe
¥ HeMY KacaTeNbHYI0 B TOuKe ¢ afcoucceoll, paBHOIM:

1) 0; 2) 2.
VKaKATe 3HAK YIIOBONO KOXDOHIIMEHTa KacaTeabH0MH,
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1.69.

1 070.

S o —— - s aprtatiel.

Hzo6pasure rpaduk QyHKIMH y=ﬁ+1 U NPOBeRUTE K
HeMY KacaTeJrHYIO (eciH OHA CYIEeCTBYeT) B Touke ¢ abe-
muccoit, paBHOMN:

1H-1; 2)o0.

VKaxuTe 3HAK YIVIOBOrO KoadnpuilHeHTa KacaTeabHOMH.

ITo pucyaxy 37 ompezesurte 3HAK YDJIOBOro Koaddpwuu-
eHTA KaXKJAON M3 KACATEJbHHX, TPOBEAEHHEIX K rpadsxy
$YHKOUH B TOUKAX c afcumccaMu Xx,, Xp, X3, €CIu 3Ta Ka-
CcATeIbHAA CYIIEeCTBYeT.

a) ] i o) | u
PN \ L\\
D = =
/1 ixh Ol/hd) ' Xl x Jlo .1:71 x|
2
8 BZan A
/ N4 \
[ f: [
x,0] 1 x. e 2 011 1.4 x
REANEY A L ARS I,
AL
Puc. 37
1.71. 1) HaiiguTe sHauenue NpOH3BOZHON (yHrnum y=x°+2 B

TouKe x =-1,

2) Yemy paBeH tga, rae o — yroJ HaKJOHA, oOpasoBaH-
BBl KacarenpHoit, HpoBegeHHo# K rpabmHry GYRKUIHH
y=x*+2 B Touxe ¢ abeouccoit x,=-1, ¢ ocsio Ox?

3) MagecTHO, 9T0 Yroosoil xosdbdulmenT KacaTenpHod K
rpadbuky PysEKounm B Touke ¢ abeumcco#t x, pasen 0,42,
Haiiaute sHadenre OpousBogHOH GyHEKIMY B 9TOH ToUKe,
4) Kacatensuaga x rpadpuxy OysEruum y=f(x) B TOuUKe
¢ abcmuecoit x, obpasyer ¢ ocklo Ox yronm HaxkaoHa 45°.
Hatianre f'(xg)-
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1.72. HaitauTe TAHreHC YIJIA HAKJAOHA, O6GDA30BAHHOTO Kaca-
TeJILHO#l, npoBefeHHON K rpaduky GyHKnmm f(x) B Touxe
¢ abenuecoit x5, ¢ ockio Ox, ecnu:

1) f(x)=4x"—6x, x,=2;

2) f(x)=x"-2x, x,=3;

3) f(x)=3x*-8x+7, x,=1;
4) f(x)=8x ~4x% + 20, x,=-2.

1.73. Kaxoii yroa naxsiona (ocTphlit mum Tymoit) obpasyer ¢ OCBIO

Ox xacaTenvHas, NPOBEACHHAA K rpadMKy QyHKIHM:

1) y=(x - 4)* B Kax0it n3 ToueK ¢ abemuccamu 0; 8; —5;
2) y=-(x-1)* B Rampno#H U3 Todex ¢ abcumccamn 0; 1; 27

1.74% CocTaBbTe ypapHeHHe KACATeNbHOH XK rpadhmxy GyBKIMA
¥ =f(x) B Touxe ¢ abcmuccol x,, eciaH:

D) =x*+1, 2=2;  2) f(x)=2"-1, x,=3;
3) fle)=2, xo=-2; 49 fxy=-1, x,=-1.

1.75*% CocraBbTe ypaBHeHUe KacaTenbHOH K rpabuxy QyHKDER
y=7(x) B Trouxe P. Hsobpasure rpadux aroit GyHKuuM B
KacaTeJlbHYIO K HeMY B TodKe P, ecau:

1) f(x)=x*+3x + 4, P(1; 8);
2) f(x)=x*-2x+5, P(2; 5);
8) f(x)=4x-2x?%, PQ1; 2);
4) f(x) =38x - x%, P(0; 0).

1.76* CocraBbTe ypaBHeHHMe KACATEALHOM K rpadmry GyHKmHN
¥y =f(x) B Touxe M. Haobpasure rpadpux dbyHrnouu f 1 Ka-
CaTeJILHYIO K HEMY B TOUKe M, ecnu:

1) f(x)=x*+5, M(-1; 6);

2) f(x)=x*-38, M(-2; 1);

3) f(x)=(x -8, M(2Z; 1);

4) f(x)=(5- x)?, M(6; 1);

5) f(x)=(x+4¥° -7, M(-4; -7);
6) f(x)=(x+1)* + 2, M(-3; 6).

1.77* 1) HaiinaTe TOURY NepecedeBHs KACATENBHBIX K IpaduKy
dyrxnun f(x)=x°-4x+3, oAHA M3 KOTODHIX KacaeTcH
rpadpura B Touke ¢ abcumecoit, pasHo#t 3, a gspyrag — B
TouKe ¢ afemmccoit, paenol 1.
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T

2) HalianTe TOYKY NepecedeHHs KACATENBHEIX K rpadury
dyuxoum f(x)=8—x? - 2x, ofHA H3 KOTODHIX Kacaercs
rpaduKka B TOuKe ¢ aGecnmccoil, pasroit 2, a Apyrad — B
Toure ¢ aGcmuccoit, paBEOI —4.

1.78. 1) CocraBpre ypaBHEHHe KacaTeAbHON, DapanielbHoil ocH
abemnee, ¥ rpadury dyakmun f(x) = 3x - 2%,

2) CocTaBtTe YpaBHEHWE KACATEJNLHOH, MepHeHAUKYJIAp-
"ot OCH OpAMHAT, K rpadury dyExmun f(x) =2 + 4x.

1.79. B kako#i Touke rpadpnka dyErnun y = f(x) KacaTeJbHad,
TMpOBeAeHHAA K HeMy, HAKJIOHeHA K ocH abcmuce nox yr-
JIOM (., eCJIN:

1) f(x)=x2+4x + 3, =45

2) f(x)=—-4x%+3x+ 2, a =45

3) f(x) =1+ 22% +/3x, = 60°

4) f(x)=-3x%+2/3x +6, a=60°
5) f(x) = Vx, a=60%

6) f(x)=x, a=30°?

1.80*%.1) KacarenbHad K KpuBoH y= 5x%-4x+3 napaynenn-
Ha npaMoit y=6x +13. Ha#iaute KoopavHATH TOYKH Ka-
CAHMA.

2) KacarensHag K kpueoil y=2x*+x-1 % napasiens-
Ha npamo#t y=-4x+ 5. HaltauTe KOOPAHHATH TOYKH Ka-
CAHHUA.

1.81*.1) K rpadury dyuknun f(x)=2x%-8x+ 1 nposegera Ka-
caTenbHasA, Dapaanensaaa ocu abemuee, Hafigure Koopau-
HATHI TOYKH KACAHHAA.

2) B kaxoit Touxe rpapmka Gymxumu f(x)=-x>+4x-3
KacaTeJbHAA K HeMy napajjeabsa ock aGenmec?

1.82* 1) CocTasbTe YPaBHEHHMS BCEX KACATENBHBIX K IPadQHKy
dyExnux y = —x°, mpoxoaaummux depes Trouky M(1; 0).

2) CocrabbTe ypaBHEHEMA BCEX KACATENbHLIX K rpacgu-
Ky ¢GyERmun y=x’-3x+1, NPOXOAAMMX depes TOLKY
K(2; -2).
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1.83*% 1) Haiizmpre TOURY mepecedeHNs KACATENbHBLIX, IPOESAEH-
HEIX K rpadury byexomm y=212-5x+9 B ero Toukax ¢
abenueccamu 4 1 —4.

2) HaligaTe TOUKY OepecedyeHHA KACATENILHEIX, IPOBEJeH-
HBIX K rpadury QyHRIUU y=x2+ 7 —4x B ero TOYKAX ¢
abennccamn 3 1 —3.

1.84% 1) Ilpr xaxux 3HAYCHHAX & UpAMaA Y= 3x — 2 aBaseTcA
KacaTenbHO! K rpadury dynrnun y=x*+ax + 22
2) IIpn xaxkoMm sHAdYeHWMH a npaMas y=3x+a ABAAETCA
KacaTeNpHON K rpadury byakmma y=2x% - 5x + 17

1.7, TeopeMbI ¢ BHIYHCACHHH IMPON3BONHBIX

@OYHKIEYE I A U, KOTOphIe PACCMATPHUBAIOTCH B 3TOM IYHKTE,
HMEIOT NPORZBOAHKIE HA HEKOTOPOM NPOMEKYTKe, X, — TOoUKa
M3 3TOrC NPOMEXYTKA. MH BhIBeieM IPABMIIA BRITHCIEHHR NpO-
H3BOAHON CYMMEI, IPOM3BeAeHAA, YACTHOrO GYHKIUER U & v,

Teopema 1 (0 npousaodnoli cymmut). Ca,
(w+vy=u+v. TR

Sra TeopeMa KpaTKO GOPMYTHPYETCH TaK: NPOUIGOOHAR CYM-
Mbt PAGHA CYMMe NPOU3BOIHBLY CAR2AeMbLX.
AlloxazareascTro. 1)Iyers y=u+v. IT0 3HAUHT, 4YTO
y(x)=u(x) + v(x). Hatizem npmpamenme ¢yakumum y(x) B TOY-
Ke Xg:
Ay = y(xo + Ax) — y(x,) = u(xy + Ax) + v(xp + Ax) —
— (u(x0) + v(x0)) = (u(xp + Ax) — u(xg)) + (V(xg + Ax) — V(%)) =

3aMeTHM, 4TO u(Xy+ Ax) - u(xy) = Au,
v(xg + Ax) — v(xg) =Av

= Au+Av, T. e. Ay=Au + Av.

2) Haitgem oTHOIDEHUE :i:
Ay _Au Av
Ax ~ Ax ' Ax®

3) Ilyers Ax — 0. Torga
Ay Au

¥ L
—_— = + 24 .
¥ us;

Ax Ax

TeopeNhl ¢ BHIACACHAEN TPOHIBOXHEIX . 47

Ay _Au | Av
Hrar, nesast 4acTh pABECHCTBS K% =ar T &y CTPEMHTCA K v,
anpaesasg — R u' + v,
3naunrt, y'=u'+v'. Xl A

Teopema 2 (0 npoussodnoii npoussedenusn).
(wvy=u'v+uv'.

A Noxaszareasereo, 1) Iycre y=wuv. 9T0o 3HAYUMT, YTO
y(x) = u(x) v(x). Haiinem npupamenue GyHKnun y(x) B TOUKE X,
Ay = y(xp + Ax) — y(x0) = u(xo + Ax) V(X + Ax) — ulx,) v(x) =
= {u(xg) + Au) (v(xy) + Av) — ulxg) v(xo) =
= u(x) U(xy) + Auv(xy) + u(xe) Av + AuAL — u(xg)v(x,) =
= Auv(x,) + ulxg)Av + AuAv,

Taxunm ofpasom,
Ay = Auv(xg) + ulxg)Av + Audv.

2) Haiinem oTHOlIeHMe %x-:

A
Ey = ﬁx—“ v(xp) + () % + ﬁ"; Av, (1)

3) Ilycres Ax — 0. Toraa

2w yfy By A0 s Ay 0,

Toaromy
22 p(xg) + (%) 42 + 4L Av —
= W(XgJu(xo) + u(xo)V'(20) + U'(%,) 0.
Ilpasaa =wacTtk parernctsBa (1) crpemMmTca X u'v+uv’, a Je-
Bafg — K ', Snauur, o ]
y=uv+uv'.
A TAK KaK y=uv, TO
(woy=uv+ur'. X A

Teopema 3 (0 sbineceHuUU NOCMOARKOL 3a 3HAK NPOU3-

aodnoli).
{cu) =cu'.
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ITa TeopeMa GOPMYIUDPYETCA TAK: NOCMOARHLIL MHONCUMENL
MOJNCHO 8bLHOCLMb 34 3HAK NPOUIBOFHOIL,

A ToxazareJbCTBO NPOBEAUTE CAMOCTOATEABLHO, BOCIOJIB3O-
BABINHCE TeopeMoil 2 # reM, uro ¢' =0 {cM. . 1.4). A

Teopema 4 (0 npouzeodnoit vacmmnoz0).

(E)F= upv_uvr
v e

A TorazaTenbcTro. OBosHavyum y=%. Toraa u=yv, u
o TeopeMe 2 rONyYuM
u'=yv+yv.

Brrpasum u3 9Toi GopMYIBI i, 8 38TEM BMECTO J TOJACTABKM % :

v ow-Yy

’ 2
_ —_ o — -
y " " .

A TBK Kak y= %, TO

(g)'_ uuv uv’ X A

4]

Teopembl 1—4 Ha3RIBAIOTCA Bpasusamy Juddeperyuposanun.
NIpumep 1. HaiiTe npousBoARYI0 QYHRKIHH

f(x)=ax®+bx+ec.
Pemerue. Bocnonssyemca Teopemamu 1 u 3
Fi(x)=(ax® +bx+c) = (ax®) + (bx) + ¢’ =alx?) +bx' +¢'=
¢ 3HAA, UTO (:cz)r =2x, ' =1, ¢’ =0, nonyuum ¢
=aq'2x+b*1+0=2ax+0.

OTtrerT: f'(x)=2ax+b.
IIpumep 2. HaliTy opoussoauyio QyEKOMM:

a) f(x)=x% 6) f(x)=x".

L
Pemerwne. a} Buas, uro x'=1, (x*}) = 2x, u wenomssysa reo-
pemy 2, noayuyaem:

fix)=(x*) =(x-2*) =2' - x?+x - (x*) =

=1-x%+x-2x=x%+2x%=3x°
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6) fr(x)=(x') = (xx*) =x' - x*+x-(x*) =1 %%+ x3x%=
=x%+3x% =443,

Orser: a) f'(x) = 3x% 6) f'(x)=4x>.

IIpumep 3. HaiiTy nponssoARYI0 GyARIUN:

a)fxn)=1; 6 fy=5.

Pemerue. Vcnons3ysa TeopeMy O NPOM3BONHOM HACTHOIC U
H3BecTHLIE HAM (OPMYAL! AJIA BHYKCICHHA [POH3BOAHLIX, HO-
ay4aeMm:

&) f(x) ( )' 1- xle x _0 xle 1_ —:?s
, o8 _8y2
) fix)=(L) =Ll 88

OtrserT: a) }"(:nc)_—-l—2 6) f(x)—__

PaccMaTpHBas De3yJbTATH, NONYYEHHAKE OPHY pemeAud Ipu-
MepoB 2 u 3, JIEFKO 3aMeTUTh, YTO ANH Ni000Te HATYPAABHOTO N
BePHEI (BOPMYEBL:

f-1

(x") =nx"% (x™Y =—nx™"1.

DTy 3aKOHOMEPHOCTS MOMXHO COPMYJHPOBATE M MO-MHOMY.

Teopema 5 (0 npouseodnoii cmenenu). Ina nwoboro ne-
aoro k pepHa dopMyna ,
(x*) = ket L,

IIpumep 4. Haiftu npousepoauyio GyEKIAN:
a) f(x)=2x*—x*+5x - 3;

6) F(x) = %° - 7z

5) f(x)= 1725,

Pemenue. a) f'(x)=(2x" -x2° +5x-8) = (2x*) +(-x*) + {5x) +
+(-3) = 2x*) - («*) + 5x’ + 0=
Y  BocmoznmayeMcs Teopemodt 5 +
=2-4x*-8x*+5=8x"-3x%+ 5.

6) 1x)=(x* - %) = () - (5] =2x+ &.

4 Anarebpa, 11 wa.
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B) f'(x) = (sz- 31)' s

n (8x2 -8)(x® -1)—(x®-3x)2x

IIpoussonuasn

~3x)(x®2-1)-(x*-3

x)(x® 1) _
(x%-1)

-1

3x —8x%-8x%+3-2x1 +6x2 xt 43

Orser: a) 8x°
" 1;
® l 2.

3. ChopmynupyiiTe TeopeMy O BBIHECEHHWH IIOCTOAHHON 3a

4.
5.

(x? -1)2 212

~8x%+ 5; 6) 2% + x%; B)

T2 -17
x'+3
(=*-1)*"
Chopmynupyiite TeoOpeMy 0 IPOU3BOAHON CYMMBI.
CdopmynupyiiTe TeopeMy 0 IPOM3BOAHON MPOU3BEJCHUA.

3HAK IPOM3BOJHOMN.
ChopmynupyiiTe TeOpeMy 0 NPOU3BOAHONW YACTHOTO.
Chopmynnpyiite TeopeMy 0 IPOH3BOJAHON CTENEeHH,

YnpakHeHHUSHA

Haiiagure nmpousBoanyio dyaxkuuu [ (1.85—1.92).

1.85°1) f(x)=x%;
4) flx)=x"";

2) f(x)= x“;
5) f(x)=—+

3) f(x)=x%
6) f(x) = ;}@.

1.86°.1) f(x)=8x®-2x%+1;
2) f(x)= 2x -3x+T;

3) fx)=2x -gx —2x+3;
4) f(x)=0,5x" -3 x*~1,5x% + 6.
1.87°.1) f(x) =3 2*-Jx + %; 2) f(x):JZ-x4+ LI
3 f0)=75 +2x -V12; 4 f(x)=—5 -4z + 5.
1.88. 1) f(x)= (Vx -4 2) f(x) =(1~JE)2;
3) f(x)=(Vx +2)2+%. 9) fx)= (4-x) - 2
5) f(x)=(Vx) + x4 19; 6) f(x)=(Vx+5) —x2+m.

1.89°. 1) f(x) =% +x;
3) flx)=—+4x;

2) f(x)=%+x:

4) f(x):-gxm}.

ey

TeopeMbl 0 BEIYHCIEHUH IPON3BOJHBIX 51

1.90.

1.91.

1.92.

1.93.

1.94.

1.95.

1) f(x) = (x* + 2x)(x + 3);
2) f(x) = (x* - 5x)(x - 4);
3) f(x)=(x*-x+1)(x*+x-1);

4) f(x) = (x--x )(xt - 4x%).

1) f() =321, 2) f(x)=322;
3) f(x) x +2x+3, 4) f(x)=2x2x_f;_l'
1) ()= 55 2) f(x) =427

) f(x)=25 14 9 fx)= 115,
5) )= 23221, 6) f(x)= —"-’f—f

Bepno Jsm, 4To:

1) f'(0) < g'(0), ecnu f(x)= x?—6x u g(x)= xz(%x - %),
2) £'(0) > g'(0), ecau f(x)=x*+3x u g(x)= xz(%x + %)?
HaiiqnTe 3HaueHns MpoM3BoAHBIX GyHKIMI f(x) u g(x) B
TOYKe X = a, ecJu:

1) f(x) = 5x* + 3x® - 15x, g(x) = a=0;

2+x

2) f(x)=x*— 3x% +2x2, g(x)—3_+£ a=0;

3) f(x) =

1+6 ] g(x)_ 2! a=1;

4) f(x)=5x*Jx, g(x)=§_—’;, a=9.

Pemmure ypasuernue f'(x)=0, ecau:
1) f(x)=2x® - 6x + 14; 2) f(x)=x*+3x*+3x+2;
3) f(x)=f_+4, 4) f(x)= x_+2£,

6) f(x) =%

5) f(x)=x(x - 2);



52 IIpoussoanas
1.96*. Pemunre ypaBHeHue:
1) f'(x) - f(x) =0, ecin f(x)=x%
2) g'(x) + g(x) =0, ectm g(x)=—x%
3) f'(x)=4g'(x), ecmm f(x)=x*+4 u g(x)=(x+1)(4x - 3);
4) f'(x) - g'(x) =0, ecmu f(x)=x"-3 n g(x)=(x - 2)(3x + 2).
1.97%*, Pemnre HepaBeHCTBO:

1) f'(x) < g'(x), ecu f(x)=5x+3 u g(x)=2x (x+%);

2) f'(x) > g'(x), ecnu g(x)=4x -5 u f(x) = %(2 - 6x).
1.98. 1) Ilpm kakux 3HAYEHUAX X TPOU3BOAHAS DYHKIHUHM f(x) =
2
= L;x-—ﬂ orpunarenbaa?
X =X
2) Ilpn kaxux 3HAYEHHAX X IPOU3BOAHAA DYHKINH f(x) =
_ 2+x+1 9
==5~"= oTpuuarejbHa?
X +x

1.99. B kakux Toukax rpaduka GyHkmuu y=f(x) KacaTems-
HasfA, NMPoBeJleHHAA K 3TOMY rpaguKy, HAKJIOHEHA K OCH
abcruce mox yriom o, ecaH:

1) f(x) = —an— 3/3x +3, a=60°

2)f(x)=———x 3 ‘%5“1 o =30°7?

1.100%. 1) Touka ABMMKETCH NPSAMOIMHEHAHO MO B3aKOHY S(t)=
2t +1
== (s — nyrs B MeTpax, { — BpeMs B CeKyHIax).

Jokaxwure, 4TO CKOPOCTH ABUIKEHUS TOH TOUKH He IIpe-
Bocxomut 1 —l‘g

2) Touka ABMIKETCH NPAMOJIMHEHHO 10 3aKOHY S(1)=

3t +1
=ﬁ (s — myTe B MeTpax, ¢ — BpeMsa B CeKyHAax).

Hokaxure, 4T0 CKOPOCTH ABUKEHUS TON TOYKM He IIpe-
BocxoauT 2

1.8. Bospacranue u yosiBanue (pyHKIMH

C nomomipio NPOM3BOAHON M3YUalOTCA PA3JNYHBIE CBOMCTBA
Gyaxnui. IlokaxeMm, KaK OHa HCHIONB3YETCH AJIS HAXOMKACHUS
IPOMEXYTKOB Bo3pacTaHusa u yoeiBanuA. CHavasa chopmyaupy-
eM NpHU3HaK BO3PACTaHUA M NPHUSHAK yObIBAHUA (DYHKIHH.
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1. Ecau B Kaxa0ii Touke x HeKoToporo npomeskyTka f'(x) > 0,
To pyHKIMA [ BO3pAcTaeT Ha 3TOM NMPOMEKYTKe.

2. Ecam B KaK/A0# TouKe X HeKkoToporo npomexyTra f'(x) <0,
to hysHkuus [ yObIBaeT Ha 3TOM NPOMEKYTKE.

A [laqum HarasgHOE reoMeTpuYyecKoe WCTOJNKOBaHHUE NpH-
3HaKa BospacTaHusa (PYHKIUH.

Ilyers @ 1 b (a < b) — fABe TOUKM M3 IMPOMEMKYTKA, HA KOTO-
pom f'(x) > 0. Yepes rouku A(a; f(a)) u B(b; f(b)) nposesem npa-

myio (puc. 38). Ee yriaosoit kosddunuenr tgo = ﬁb) ﬁa}

b

0e ---——-

X  Puc. 38

Ha nyre AB mnaiiferca Takada Touka C(c; f(c)), 4To Kacarens-
Has K rpaduky QyHKIUM B 2TOH TOYKe MapajijesbHa NPAMOIL
AB. Vraosoit koahdunuent kacarensnoit tgo = f'(¢) (em. m. 1.6).

CiieioBATEIBLHO, Fb)=H(a)
=Jjla) _ pr
o =t s

Tak xax f'(¢) >0 u b—a >0, o f(b)-f(a) > 0.

Takum obpasom, Korga @ ¥ b — TakKue TOYKH U3 MPOMEKYT-
Ka, 4to b >a, to f(b) > f(a). A aro osHauaer, yro pyHKUMUA f
BO3pAaCTaeT Ha IIPOMEKYTKe.

Ipussak yObiBaHMs QYHKIUK MPOMJLIIOCTPUPYIITE CAMOCTO-
ATeJIbHO. A

IIpumep 1. [JokasaTk, 4TO0 QYHKIUA

f(x)=5x-x*+6x-T7
BO3pACTAIOMIA.

IlokazaTenbcTBo. Obmacts ompejenesus GyHknuu [ —
MHOZKECTBO BCeX AefCTBUTENBHBIX uuces, T. e. D(f)=R.
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Haiinem nponasoxuyio dpyarmun:
F'(x)= (5x* —x* +6x~7) =152~ 2x +6.
AUCKPHMMHAHT TIONYYEHHOTO KBAAPATHOTO TPeXWIeHA

D=4-4-15-6<0, 3EaunT, NpH J0O0LIX 3JHAYCHRAX X SHAYEHUS
f'(x) > 0 (mosicanre mouemy).

TaxuM obpasoM, Qpysxkmus f — BospacTalomas Ha Beelt 06-
JacTH onpenenenua. X

A IIpamep 2. lokasaTs, yro HyHKIAS
f(x)=%—6x—x"
YOLIBAOLAA HA KAXKAOM U3 MPOMEKYTHOB (—00; 0) 1 (0 +09),
HoxasarenncTBo. S3aMeruM, uro D(f)=(-o0; 0) U (0; +00),
Hafizem oponspoguyio GyHEKIuM f;
)= (2 -6x—x%) =— 0 _g_geto _a'+24713)
f)=($-62-2") =% —6-ga2= _Hs2

x

Ouesnano, uro f'(x) <0 mua moboro x#0, T.e. sHaYCHHSA
OPOH3BOAHONR oTpHUaTeAbHHl BO Beell ofmacTw onpegenenns
¢ysrun f. Cornacko npuasaky yOniBanua Gyaruua f y6nsaer
Ha KaXKAOM H3 IPOMEXYTKOB (—c0; 0) m (0; +o0). &

' Hockoneky f(-1)=-9+6+1<0 n f(1)=9-6-1>0,
4 10 f(-1) < f(1). Cneporatennro, Gynxnmo f Helbssa Ha-
spaTh yORBaioniei Bo Beelt obnacTm onpezenenus, A
IIpumep 3. Haiiri NpoMeKYTKN BO3PACTAHMA W NPOMEKYT-
Kn yORIBARUNA QYHKIEH
f(x)=x*-3x-2.
Pemenwue. HafifeM npoussogayio Gyaxmmy f:
'(x)=8x2-3=38(x-1)(x+1).

IlponsBogHan paBHEA HYMO B Toukax r=—1u x=1,

Ha pucynkxe 39 OTMeYeHW TPOMEMYTKN 3HAKONOCTOSHCTBA
OYHKIHE f'(xX) (3TH NPOMEXYTKE OTMEUYEHHB! IHAKAMH ¢ILTIOCSH

M «MHRYC» HAJl KOODAWMHATHOH npamolf Ox; noscHUTe, KaK OHK
TONYUYeHE!).

Fi(x): ' Y L
-1 ™a 1

f(x): —Y ad x

Pre. 39
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Hockonsry f'(x) >0 ua urrepsanax (—oo; -1) u (1; +o0),
TO HA K&XKJOM ‘M3 3THX HHTepBANOB GYRKIUA f BO3pACTaeT; IO~
cxkoabky f'(x) <0 Ba nHTepBaxe (-1; 1), TO Ha 9TOM HHTEPBANE
dyexnus f youBaer (Bospacranme m yGmpamme GymxnmEn f(x)
OKABAHO YCJIOBHO CTPEJKAMH MO KoOpAMHATHON mpamoit Ox
Ha pacyHke 39).

B rouxax -1 n 1 pyHxnasa f onpefesneHa, DOATOMY UX BRIIO-
YHalOT B NPOMEKYTKH M BO3PacTaHU#A, B yOuIBaHKA.

Orser: (—o0; -1] 1 [1; +00) — mHpOMEXKYTKH BO3PACTAHAHA
byuxmuu f; [-1; 1] — npomeskyTox yOuBanua pynkmay f.

§ ' ’ TaxumM ofpasoM, wyTobbl HaiiTH NMPOMENYTKH BOIPACTA-
i HHA B yOnBasus GyHrogEy f, HAKO:
l a) naumu npouasodnyio f'(x);
{ 6) naidlmu, 6 Kaxux moyxax Rpou3eodRaAR PAGHA HYRIO
| (0nz wezo pewums ypasnenue f'(x)=0);
| B) RGUMuU RPOMENYMKL IHAKONOCMORKCMEA GYHKYUL
. f'(x) (ramdoil us nux cosnadaem ¢ NPOMENYMKOM
}  soapacmanus unu ybueanus pynxyuu f(x)).

‘) 1. Chopmynupyi#iTe npraHaK Bo3pacTaHHA PyHKIUN Ha Bpo-
_.J MeXYTHeE.
2. Chopmynupyiire npusHak yORIBAHHR QYHKINM HA TpOMe-
MYTHE.
- 3. Kak yCTREOBHTE:
i a) NPOMEKYTKH BoapacTanua GyHKuuM f(x);
i 6) npomMekyTKH yOpBauma dyHrnnE f(x)?

YnpamHEeHHA

1.101°. ®yrxnua sazana rpadpurom (puc. 40). Hasopure nmpome-
EYTKH, HA KOTOPhIX:

1) dyHKIUA BOSPACTALT;

2) dyErua yObIBaEeT;

3) smaueHEa MOPOU3BOAHOH 9TOH OQYHKONM DONOMXKH-
TEJIbHLI;

4) sHauenns TpouM3BOAHON 9Toll GYHKOMH OTpHIA-
TeJRHEI.
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a] 11 uh || |[ 1] oy [T TTTlwh 1T _J[ 1.103°. ®yuxnus sagana rpadbukxom (puc. 42). Ha xakux mpo-
1T 4| f | l, ' -jh. MeXKYTKaxX 3HAUEHWUA IPOMBBOAHOM 9TON (QyHKIMH IIOJIO-
NN - | [ 1T VI il EEEREN —] JKUTETBHBI, 8 HA KAKUX — OTPHIATe/bHbI?
ORI R T 9 2 ,
Wi L BN yl , U N
S - E ll Ll | & IHEAREADEENEET ~T /0 [
| il W | | AN ‘o /[ |
. o o - o m a O : ____ 1 H \ (0] : .
g) ATTTITO BT 1 T 7t 5 Smx mf tk |8 4 sx
B el NEm 1] N \ | ; » ¢
N T B EAEIERE SN N ~- 1
NPT INSL) [T er ] T
X L] e ol
. | NES J__Tr_ A + 8) a')I
| L I == . o i S N 'l S =1 "
N L 11N 1] N oo
T s N T 4 N\ M 4
| M OO N N v A :
1 b N / L PN
Puc. 40 g T o : -
ab cO‘d e f hx mn k Olp t lx
1.102°. 3raku 3HAUEHW NPOUBBOAHOU f'(X) MEHAIOTCH 1O CXeme
(puc. 41). Ha kaxux npome:xkyrkax (GyHxnus f Bospac- Puic. 42
TaeT, & Ha KaKux — yObIBaer, eciM U3BECTHO, YTO OHA 1.104. HajiguTe NpOMeXyTKM yOBIBAHMA M BO3pacTaHu#A PyHK-
ompejieJleHa Ha BCEH YHCJIOBOM NPAMOM? nun [, eciu ee IPOU3BOAHAA:
a) Y Y 1) f'(x)=(x + 5)(x - 6);
i 4 - 2) f'(x) = (x - 3) (x +4);
3 4 * 3) f'(x)=(x+1)(x~4)(x~T);
4) f'(x)=(x+6)(x—T)(x+41);
6) Y Y 5 ' — 2 2 _ 2 _ 6 ™
: { _ ) F(x) = (x% - 1)(x? - 9) (x* - 16);
1 2 x 6) f'(x) = (x* - 4)(x? - 25)(x* - 36).
8) 1.105. Haiiaure mpoMe:KyTKHM yOBIBaHHA M BO3pacTaHusa PyHK-
Y_ I y . uuu f, ecau ee IPOM3BOAHAA:
-4 0 4 x 1) f'(x)=x*-6x+9; 2) f'(x) =—x? - 10x + 25;
2) 3) f'(x)=-x*+5x - 16; 4) f'(x)=x*-4x+12;
Y Y 5) f'(x)=—x* - 2x2+35x; ) f'(x)=—a® + x*+ 24x.
< 2 & - 3
—6 -2 2 = 1.106. 1) Moxaskure, uro pyHruua f(x)= = 3_3 ABJIAETCA BO3-

Puc. 41 pacramomei B 06aCTH ONpe/iesIeHu.



68 _ Ilpouasogman

2) Dokaskwre, uro bynxnmus f(x)= ﬂ

Balomel B ofsacTH onpenereHud,

HaliuTe NPOMEMXYTKH BO3pacTaHmA m yOnsaEua ¢ymxnmm f
(1.107—1.110).

apnaerca yOuI-

1.107. 1) f(x)=2x>-x+12; 2) flx)=x2-2x + g

1.108. 1) f(x)=x-12x+T;
8) f(x) = 4x® + 9x% - 12x + 6; 4) f(x)=x>—2t~x+2;
5) f(x)=x'-4x-3; 6) f(x)=x*+32x+1;
7 f(x) = %x“— 30+ lx3-3x2+ 1;

8) f(x) = lx5 3 1t -x3+x'"+2

2) f(x)=6x—2x®-5;

1109, 1) f(x)=1- 4“1,
8) f(0) =l s 1) flx )— e
1110. 1) f(x)—ﬁ’;:f. 2) f(x)=;;:};
3)f(x)=2x2+15x—8; 4)f(x)=3:¢:2+:x-15;
DID=5ieigss @)=t

1.111% TIpu KaKkux SHAYeHAAX @ PYHKIHSA f BO3pACTAET HA MHO-
¥eCTBe BCEX JeHCTBHTENLHBIX YHCEN, ECIIH:

1) f(x)=ax®+ax;
2) f(x)=ax®+ax;
3) f(x)=2x%-3(a+ 2)x*+ 48ax + 6x - 5;
4) f(x)=42®+(a-1)x*+ %ax +77
1.112*, Hoxammre, uT0 QyHKOuA y=f(x) ABIAeTCa BO3pacTa-
omeit (mau y6mBaromeif) na mMuEoMXecTBe Beex HneiicTeu-
TEIbHBIX YHCE, eCIH.
1) f(x)=x* - 8x% + 8x + 14;
2) f(x)=2x°"-2®+8x-1;
" 8) f(x)=—0,8x5 + x* — 823 + 202 — 42 + 14;
4) f(x)=-0,2x% + 0,5x* — x® + x* - x + 14.
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1.113* Haiiaure npoMesXYTKH BO3DACTAHMA H YOrBanma Qynx-
mEn y=f(x) B ykammaTe umcHo HyAeHd aroll dyExmEH,
ecnn:

1) f(x) = 4x® + 6x + 44/5; 2) f(x)=6x% +9x + 3J3.

1.9. MarcuMymMsl 8 MuBEMYMBI (PYyHERKIHH

Touka Xx, Ha3HIBACTCHA GHYymMPeRHeld MOouKod Mmuocecm-
éa D, ec/mn CYImIECTBYET TAKAA OKPECTHOCTE TOYKHM X, KOTO-
pas conepRUTes Bo MHOMecTRe D,

Hanpumep, Touka 5 (puc. 43) ABIgeTcH BHYTpeHHelM TOuRO#H
mpomexkyrra {2; 7], ee okpecTHOCTE (3; 6) comepHATEn B 3TOM
OpoMeXyTKe. A Touka 7 He ABJAeTCA BHYTpeHHel TouKoil mpo-
MexyTKa (2; 7], DOCKOABKY HAKAKAS €e OKPEeCTHOCTH B 3TOM
MPOMEXYTKe He COAePHKHTCA.

EERARERARNRARAEARER
Puc. 43

PacemorpuM dynknuio f, rpadux roTopoit Haobpasien Ha pU-
cyHKe 44. IIpoMeRyTKH BO3pacTaHMd aroil pyERDEE — [a; x.],
[xs; x3)s [x4; b). IIpoMeskyTkE YORBaHAA — [X; X,), [xg; x¢].

PaceMoTpuM okpecTHOCTE U Toukm ¥, (HA pHCyHKe BTa
OKDECTHOCTh OTMEYEH& CHHMM nBeroM). M BHamM, uTo AaA
awboro x B3 3STOH OKPECTHOCTH BBHIMONHAETCH HEPABEHCTBO
f(x) < f(x,), T. e. B oxpecrHoctu U byrxnua [ npuanMaer Han-
Gonemee smaveHme B Touke Xx,. Toura x, HaswBaeTcA Mmouxoil

marxcumyma bynxonn f.

Onpepenenue. Toura x, HABMBACTCA MOYEO Maxcu-
myma GyEKIMHE {, ecAH CyHIECTBYeT TAKAH OKPeCTHOCTH TOYU-
KH X,, TTO ANA JNO0OT0 X H3 3TOH OKPECTHOCTH BepHO Hepa-
BEHCTEO

f(x) < f(xo).

.. IIlpE aTOM roBopaT, uTo QYHRKUME [ MMeeT B TOUKe X,
MAKCUMYM.,

S

-4
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Prc. 44

Oyaruna f, KOTOPYIO ME PACCMATPHBAJIN, UMeeT ele OAHY
TOUKY MaKCHMyMA — X3 Boolmge ropops, (PpyHKIHUS MOMKET
HMETh HECKOJbKO TOUEK MAKCHMYMA. A MOXET HEe MMETh HH
oxmoii, Hanpumep, dynximua f(x)=x’ He mMeeT Touek Makcm-
MyMA.

Hapajny ¢ ToYxaMu MakcHmMyMa GYHKIMR paccMATPHBAKOTCH
mouru munumyma. Ha pucynke 44 370 TOUKH X3 H X,

Onpeaenenne. Touxa x, HaZKBaeTCH MOouKOl Mu-
numyma pyncyuu f, eCJM CymecTByeT TAKAS OKPECTHOCTH
TOUKH Xy, YTO AJA JOHOT0 X M3 3TOH OKPECTHOCTH BépPHO He-

panencTRo 1) > f(x).

IIpm 3TOM rOBOPAT, UYTO QYEKUMA f HMeEeT B TOUKe X, MU-
RUMYM.

QDOYEKOUA MOXeT UMeTh OJHY, HECKOJBKO, A& MOXET Boobie
He AMETh TOYEK MHHAMYMA (OpPHABEAUTE IIPAMEpEL).

TouKn MAKCHMYMA M MHHAMYMA H&3LIBAIOTCA MONKEMU
Ixcmpemyma PynryiLu.

B xamaoli TOUKe X HHTEpBAJA BospacTaHuHA (a; Xx,)
(cM. puc. 43) DpoN3BOAHEAA NPAHAMAET OOJOKHTEJNbHEIE SHAYE-
HEA, T. ¢. f'(x) > 0, 5a HETEpBaNe YORIBAHUS (X,; X;) MPOUSBOZ-
HaA NpUHUMaeT OTPUIaTeNLHEIe 3HAYeHMA, T. e. f'(x) <0, Mm
FOBOPHM: <«TIPH MepeXxoie ueped TOUKY X, NPOHIBOZHAA MEHHAET
3HAK C ¢t+» HA «—»,

EcrecTBeHHO 0KMAATH, YTO B TOTKE MAKCHMYMA X, KOTODas
pPASAENAET MHTEPBIL BO3pacTannd W yOEIBARKA, HIPON3BOIHASA
paBHa HyMO, T. 2. f(x,)=0.

MakcEMyMB 1 MAHEMYMH QyHEKITHE 681

AHANIOTAYHO ¥ B TOUKEe MHHUMYMA X €CTeCTBEHHO OKHAATH,
qr0 f'(x,)=0.

91 coobpakeHHs NO3BOJIAIOT HATJIAAHO OPEACTABHTL cede
YCHOBHA BKCTpeMyMa GyHKIHH,

CéhopMynApyeM yCJIOBHA SKCTPeMyMa (PVHKOHM ANA BHYT-
PeHHHKX ToueK ee ob6nacTu onpefejieHuUs.

Heobxodumoe ycnosue axempemyma

Ecru moura x, aeasemca mouxoit sxcmpemyma pynwyun f
U 8 mouke x, cyuiecmeyem npousgodnas, mo f'(x,) =0,

Hocmamownoe ycnosue axcmpemyma

Ecau f'(xg)=0 u npu nepexode uepes mourxy x, 3nauenus
nPpou3BOIROl MEHRIOM HAK € «+» HA «—», MO Xo ABAACMCA MOY-
Kolt Maxcumyma.

Ecau f'(x)=0 u npu nepexode .uepez mouxy x, 3HaYeHUS
npou3sodROl MEHAIOM 3FRAK ¢ «—» HA «+», MO X, RBAACMCA
movuKoii MUHUMYMA.

' Y BamernM emie, uTo ecau f'(xy)=0 u npu nepexode uepes
e MOYKY Xy 3HAYEHUA NPOUIBOOHOU He MEHAIOM HAK, MO
Xo He ABRACMCA MOYKOIL IKCMPEMYMA.

PaccmorpuM, manpmmep, dyurumio f(x)=x°. Ee npoussox-
Hafl f'(x)=8x%, u mpm mepexoze yepes TOUKY x,=0 sHaveHMA
NPON3BOAHON He MEHAIOT 3HAK; TOUKA Xo=0 He ABIseTCH TOY-
Koft sxeTpemyma dyErmmm f(x)=x°. BaM H3BecTHO, uTC ITA
¢dbyHERINA BOZpACTAET BO BCeil 00MaCcTH onpenesenns.

IMIpamep 1. HaiiTh ToOuKkH 3KCTpeMyMa (PYHROHH

f(x)=2x%—4x%+ 7.
Pemenue. f'(x)=(2x% - 4x*+ Ty = 12x° - 12x% = 12x%(x®* - 1);
f(2)=0, 1. e. 122(x*-1)=0 nprt x; =0 m x,=1.
Ha pucynke 45, HA KOTODOM OTMEYE€HH HOPOMEMKYTKH 3Ha-
KOHOCTOAHCTBA TPOM3BOAHON f'(X)HM DpOME)XKYTKR YOLIBAHAA H
BOspacTaHuA PyHEOUHE f(x), BMAHO, YTO Touka 1 aBAAercs Tod-

Kolt sxcTpeMyma (TOuKOM MHHMMYMa), a Touka (0 He ssiaercs
TOUKOH aKCTpeMyMa (mOACHATE NMoOYeMy).

fi(x): Y Y

fx: ~ 0 1 —7 * Puc. 45

Y



62 _ . IIponazsopman

Tor darxT, uro Touka 1 asnsercs Toukod muEHMyMa QyHEK-
ouu f MOMKHO 3aITHCATB: X,y = 1.

OrBeT: Xp,=1.

Mpamep 2. a) Haittu Tounn sxcrpemyma byaxmpm

flx)=x%-6x°+9x-2.

6) Haiity saayennsa GyHKOIHAR [ B TOUKAX HKCTPEMyMA.

A p) H306pasuTe cXeMaTUYeCKH rpaduK GYHKIHH = f(x). A

Pemenne. a) Haiiaem npoussoauyic GyHxmun f:

Fi(x)=8x%-12x + 9 = 8(x? ~ 42 + 8).

IIponzeoanan ofpamaerca B HyJBb npu X, =1, x;=3. Ha pu-

CyHKe 46 oTMeTHM NpoMeKYTKE sHAKONocTOAHCTBA GyRKImA f'(x)

H HAMKe KOOPAHHATHOH npaAMofi CTpeJKaMH NOKakeM, BO3pac-
TAET UM YORBAET Ha KAIKAOM M3 OPOMEKYTKOB GyHERNEA f(x).

T — _
f(x): e 1 ™ 3 e X
Puc. 46

IIpu nepexoae uepes TOUKy 1 3HAYCHAA NPOHSBOAHOH MeHA-
10T BHAK C «+» HA «—», IPH Nepexofe Yepes TOYKY 3 OHN MeHs-
10T 3HAK C «—» HA ++»,

TakuM o0pa3oM, (GyEKUHA [ BO3PACTAST HA NPOMEKYTKE
(—o0; 1), yOuBaer Ha npoMexyTre [1; 3] u sospacraer Ha npo-
MexxyTEe [3; +0o0) (cm. puc, 46), Touka 1 ABnAeTCA TOUKOH Mak-
cHMyMa, ToIKA 8 — TOYKOH MUHHMYMA.

6) 3uaueHHe QYHKINH [ B TOUKEe MAKCHMYMA DABHO

f)=1*-6-124+9-1-2=2.
Suauenne QYHKINUN [ B TOUKE MHHIMYMA PaBHO
f(3)=8°-6-32+9-8-2=-2.
Orser: x,.=1, X =3 f(1)=2, f(3)=-2.
A B) Hemoawaya Touku (1; (1)) u (8; f(3)), MOKHEO IOIYIHTE
cxeMaTHYecKoe naobpaxenune rpabuka byarnun y=fl(x). Cua-
Yajia Ha KOOPAMHATHOM ILIOCKOCTH OTMEUAT TOUKH 3KCTPEMyMa.

byaxnnn. ITonesno TAKKEe OTMETHTb HECKOABKO HOMOJHHUTENb-
HBIX TOYeX, KOODAWHATHI KOTOPHIX VZOGHO BEIYHCIAITCA, HA-

MaKkCHMYMEl 1 MUHHMYME QYEXKOAR 63
@y %y |
21T A . 21 ,\ .
11 11
} - : e t > t e
Of 1 2 3 4% Of 1 2 3 4 x
-1+ -1+
-2 9 . -2 -
Puc. 47 T

npunMep: (0; -2), (2; 0), (4; 2) (puc. 47, a). 3aTeMm BCE HTH TOIKH
COSAUHAIOT NAAaBHOM muHUel (puc. 47, 6). A

2. Naiire onpepencHHe TOYKH MHHEMYMA GYHKIVH.

3. Haifre ompegencHHe TOYEK sKCTpeMyMa QYHKUNA?

4. Chopmynmpyiite HeoGX0AHMOE YCA0BHE SKCTPEMYMA dYHK-
ITHH,

8. CihopuyaupyiiTe ZoCTATOUHOE YCIOBHE 3KCTpeMyMa GyHK-

! OHH.

i 6% Kak cxematmuro mzofpasuTe rpadnkr dyurmun y = f(x)?

YupamHEeHEMA

" * 1. Haiire onpepenenHe TOUKH MaKCHMyMa GYEKIHH.
L I

1.114°. ®ysxnus sagana rpadpuKoM Ha pucyHKe 40. YRakure
TOYKHE MAKCMMYyMA B MEHEMyMa OVHKOHMH H 3HAYCHAS
dyYyHEKNUA B 3THX TOYKAX.

1.115°, Pyuaxknua sagana rpadpukoM Ha pucyEke 42, Viaxmre
TOURHE SKCTPeMyMa PyHKINH.
1.116. HaiiguTe TOUKH sKcTpeMyMAa (QYHKIUHH f M 3IHAYCHHAA
PYHKOHH B 3THX TOYKAX:
1) f(x)=3x>-6x-1;
2) f(x)=5-4x-4x%;
3) f(x)=—4x®-15x% +18x+2;
4) f(x)=-102°+51x* -36x+3;
5) f(x)=x"-82x+T;
6) f(x)=-—x*+4x-9,



64 Iponzsoguas

Haiinure TOUKM MakcHMyMa W MUHMMYMA (pyHKIHHA f(x) u zna-
YeHHA PyHKnMM B 3THX Toukax (1.117—1.120).

1.117. 1) f(x)=x*(x-5); 2) f(x)=2*(x+1);
8) flx)="x(1-x); 4) f(x)=@2+x)x.

L118. Df=1-12¢%  f=x-%;  rw-1+%

D)=L+ %; D=2 6 fx)=2=2
1119, 1) f(x)=2x—/x;
3) fix)=1 +2Jx;

2) f(x)= 2Jx - Xx;
4) f(x)=\x - 2x°.

1.120. 1 -6+, _(x-5)8+x),
) f(x) x(:_ 7 2) f(x) v
3 = X +2x ___ 3
) f(x) Pionis 4) f(x) o

1.121, Jna dysxnuy §f yraxuare:
&) o0NACTH OIpeAeJeHHA;
6) POMEXKYTKN BOBPACTAHMA M YOBIBAHMS;
B) TOUKH 3KCTPEMYMA M 3HAYCHHA (PYHKNUH B 3THX TOQ-
KaXx, ecin;:
1) f(x)=—x%+12x-15; 2) f(x)=—x-x-2:
3) f(x)=6x*-10x%; 4) f(x)=5x%-3x°.

*HUaobpasute cxemaTnaecK: rpadux dynkmuu y = f(x).

1.122% [Mana pysxoua f(x)=2,5x* +4x°+1.8.

1) ¥xamuTe TOUKH dKCTPEMyMA H 3HAYCHHS dbyERIIH B
9THX TOYKAX.

2) Pemnre ypasseHue f(x)=f(-1,2).

1.123%, aua gyaxoma f(x)= %x* -8x% +69.

1) YramaTe TOUKH IKCTPeMyMAa U 3HaYSHHS dyERIHE B
3THX TOUKAaX.

2) Pemnte ypasaenue f(x)=f(4,5).
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1.124% Hana gyekmua f(x)=-0,5x*—16x + V21.

1) VRamnre TOUKH HXCTPEMYyMa H 3HAYeHRAA GHyHKIAN B
9THX TOYKAX.
2) Peminte HepaBeHcTBO f(x) = f(—2).

1.125%, Naua dynxuaa f(x)=—x*+32x—/5.
1) YRaxuTe TOYKHN 3KCTPEeMyMa H 3HAYEHHA QYRKOHNH B
BTHX TOYKAX.
2) PemnnTe HepaseHcTBO f(x) < f(2).

A 1.10. HauGonslllee H HAHMeHbLIIEE
3HavYeHNA (PYHKIMH HA OTpe3Ke

IIpomexyTox Braa [a; b] nasmiBaeTca ompesxom. Touxn a
# b HASHIBAIOTCH KOHIAMH 9TOTO OTpPe3Ka.

IIyere Ha oTpeske [a; b] onmpemeneHa $yHKIUA f, KoTopasa
HMeeT MIPOHM3BOMAYIO B KAMIOH BHYTpPeHEEN TOUKe 3TOr0 OTpes-
Ka. PemmnMm 3agauy: naiimu rHouboneouiee U HAUMEHbLULEe 3HAYE
Hus ynryuu f Ha amos ompeske,

IIycrs dyrRUMA npuauMaeT Eanbonsiuee 3HaUeHHEe B HEKO-
Topodt ToOUuKe X, € [a; b). Boamorkno, UTo X5 =a Jmnbo x,=b. Ecau
Jde 3TO He TaK, TO X, — BHYTDEHHAA TOUKa oTpeska [a; b] u,
pasyMeeTcd, OHA SBJAETCA TOYKOH MakcmmyMa GyErRIUH [ (D0-
acauTe moueMmy). Torga f'(x)=0.

Taxnm 06pasoM, TOYKY, B KOTopoil GYHEIINA IpHHENMAET HAH-
fonnilce 3aHAUCHHE, HAXO HCKATH Cpeld TOUEK @, b M TeX TOUeK
unaTepBana (a; ), B KOTOPHX MPOH2BOAHAA PABHA HYJIO. AHANXO-
FUYHO M JJIT TOYKHA, B KOTOPOH (PYHKGUSA NPHHUMAET HAUMEHb"
mee 3HAVEHAE.

Hrax, yToOR HaliTe HanboJEIHee U HAMMEHBINEEe IHATCHUS
dyaxuue f Ha orpeske [a; b], MBI mOCTYTIAEM CAEIYIONIMM oGpa-
3oM:

1) naxofum 3naveHus PYHKYUL 6 MeX MOYKAX UHMEPSars
(a; b). 8 xomopbix ee npoudgodnasn o6pauiaemca 6 Hyrb;

2) Haxodum 3HaueRUI QYHKUUY HA KoHuyax ompedka [a; b];

3) us naiidennwix 3navenuil pynryuy suibupaem Hauldorvuiee
U KauMeHbUICE.,

5 Anrebps, 11 s F Y
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86 Iporseonaan

IIpuMep 1. Halitn nanGonsiiee n HAMMEHBINGe 3HAYCHHH
bynxnum f(x)=x%+ 4,52~ 9 na orpesre [-4; -2].

Pemenne. Haiinem npomsBopryio: f'(x) = 8x%+ 9x = 3x(x + 3).
IIponssoanas ofpamaeTcs B HYJI» B TOUKAX x,=-3, x;=0; Tou-
K& X3 =0 He OPHHAAAEAT OTPEIKY [—4; -2).

Hailnem snavenua ¢yaxknmn f B Touxe -8 u Ha KOHOAX AaH-
HOTO OTPe3KA — B TouKax —4 m —2:

f(-8)=4,5; f(-4)=-1; {(-2)=1.
Mu BRAMM, UT0 HanboABIIee 3HAYCHIE dyaxroun f HA OTpESs-

ke [-4; 2] pasno 4,5, a nanMenrmee pagno -1. Do ana GyuK-
AN [ MOXRHO 3amMCaTh TAK:

Fanns (%) = F(-8) = 4,5; fand ) =H~4)=-1.

xe[-4;-2] xa[-4;-2]
OTBeT f,(x)=4,5 £, (x)=-1.
xe[-4;-2] xe[-4;-3]

IIpumep 2. Hafitn HanGonbimee ¥ HapMeHbIee SHAUCHH
dyrxnun f(x)= %x“ - % - 5x+1 Ba oTpeske:

a) [-3; ~0,5]; 6)([1,5; 3); B) [3; 4).

Pemenwue. a) Hafinem npomseognyio $yExmun f ana emyr-
PeHHMX TO4eK ee ofaacTu onpepenenna D(f) = (—oo; 0) U (0; +00),

ey _f1.8 4 ' 4 _xt-5x% 44
f(x)-(—s-x —-;—5x+1) —x2+?-5——x,—.
IIpouseoxnas obpamaercsa B HyIh B TOuRax: +1, +2 (mogcHH-

Te, KAK BAXOXAAT 9TH TOYKH). OTtpesky [-3; —0,5] npuuagnemxar
ABe us HAX: -2 u -1,

Haxopum sHaveHusa dyEkumw f B Toukax -2 u -1, a Taxke
Ha KOHIAX OTpe3Ka — B TOYKax -3 u -0,5;
—_ !-_- i - 3- - —_ _].'.o = E
f(-2)_103, 1( 1)_93, f 3)_83, 1(-0,5) 1124.

6) Otpeaky [1,5; 3] npuuagaemuT ToMEKO TouKa X = 2. Haxo-
AnM 3Havenns QyErnum f B Touke 2 ¥ Ha KOHOAX OTpesita; H3
HEX BRIOMpaeM HauGoNbIIee M HAaUMEHBHIEe:

fQ)=-83  f1,5)=-8L: 73=-6l.

HawGonsmee 1 HAMMEHEEBiIee 3EaTeHHA GYHEKIMA HA OTpe3Ke 67

B) Orpesok [3; 4] He coAep»kuT gyaell MPoHIBOAHOM, mmO-
9TOMY HAXOZUM 3HAYEHHH QYHKIMH f HA ero KOHNAX M CPABHH-

BaeM ux: =1 % .

1
: =111 (x) =815 6) foe(x)=-63;
OrBeT: a) ,’}f‘;&(-xo.)ﬂ 1152 xfe[ .a;(-o.)sl 3 s 3

fam (=81 B) £ ()=13; fuume(¥)=-85.

xe[15; 8] xe[3:4) xe[8;4)]

1(3)=-63;

Mpumep 3. Cpean NPAMOYTONBHHX TPEYTONLHHKOB C THIO"
TeHysoll 8 U KaTeToM X HATH TPEYTOALHHKH C aaufonsmeit u
HaMMeHbITeH ILMOMAAaIMI, eClIH:

a) xe[2; 4); 6) x<[2; 6].
Pemernme. ITo Teopeme Ilmdaropa xnmHa BTOPOTO KAaTeTa

paBHA J64—x%, TLnomans OPAMOYTOJLHOTO TPEYrOALHUKE S(x)
mozxHO HaliTu o dopmyie

S(x)=1x\64-,
r. e, S(x)= %Jx"(&l—x’). dyaknua S(x) nprEAMAaeT HAWGOAL-

mee ¥ HAMMeHbIIee FHAYEHAA B TEX jKe TOYKAX, ITO M QPyHKINA
f(x) = x*(64-x7).
HaitaeM DpONSROAHYI0 GYHKIHK f:
f'(x) = (64x® — x*) =128x - 4x° = 4x(82- ).

Hafinem Byan dyuxnan y = f'(x). Iro anucaa:
x,=0; x3= 425 x, =442.
a) ITpomexxyrry [2; 4] uncaa x,, X3, X3 B¢ NPUHAAJIEkKAT, 10

sTOMy HaiOoabIIee (HAMMEHbIIee) 3HATEHIe byEKUNY f, 8 SHAYHT
n ¢pyaxoun S, Moxer OLITH TOMBKO HA KOHIAX OTPE3KA [2; 4]):

8(2)=215; S(4)=83.
Ouerngro, uro S(4) > S(2).
6) IIpomescyrrky [2; 6] npuHALIEKHT X3 =4J2. CpabamM
$(2), $(4+2) n S(6):
| S@)= 2J/15; S(442)=16; S(6)=2V63.



68

o ——

. OueBmanO, uTO S(2) < S(6) < S(4\/§).
Orser: a) S, ,(x)=83; 8 () =215;

IIponzeonnan

xel 4] *e[2: 4]
6) S,,.s(x)=16; Soann (¥} =2V15,
xe[2:8] xc[2;: 6]
f“"‘i’" ! 1. Kak maxozar nambombiiee u naumensmee 3RAYEHNA DYHK-
b &I IHH HA OTpesre?

Haiiaure mauGonsmmee u HANMEHEBIIee 3HAYE
orpeske I (1.126—1.130),

1.126. 1) f(x)=1-4x, I=[-3; 2);

2. Hsobpasure rpaduk Qymx
OHMH, oupefereHEON HA
[a; 8), ¥ koropoit: ’ otpeske

a) naubonbinee sEaveRMe DYRKIMHA He COBIAZAET ¢ ee Max-
CHMYMOM:

G) Hanbonsmee snaveHme &
YHEIIEH COB faeT -
MyMon; nan C ee MAKCH

B) HAUMeHbINee 3HAYCHHE OYHKOHE He coBOamaeT c ee Mu-
HAMYMOM;

T) HAHMeHbIee 3HAYCHEEe PYHKOME coBHAAAET ¢ ee MumH-
MYMOM.

Yopaxuemns

HUA GyHKUMM f Ha

2) fx)=5x-1, I=[-1; 2J;
4) f(x)=_x2, I= [—-1; 2];
6) f(x)=%x2, I=[—2; 4].

3) flx)=-2x2, I=[-2; 1];
5) f(x) = xz, I= [—3; 2];

L127° 1) f(x)=4x-2%, I=[-1; O

1.128.

1.129.

2) f(x)=2x-2%, I=[-2; O];
8) f(x)=2x*-6x, I=[-4; O];
4) f(x)=38x%+9x, I=[0; 2).

D f@y=2-af 41, I=p-1; 1),
2) f()=2 42 +9, I=[-3;-1];

3) f(x)=x"-2x*+8x2-3, I=[-1; 1];
4) fx)=x"-2x"—4x+6, I=[-1; 1]

D flxy=x+3, I= [_2; %],
2) f(x)=%+-i’l, I=[1; 4);
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1.130.

1.131.

1.132.

1.133.

8) flx)=x*+L, I=[1; 2
x

4) f(x)=x+fT, I=[-4;-1].

1) f(x)=:‘f;§§‘—“, I=10,375; 0,751;

2) f(x=2 022 1 [1; 2],

5x2 3’3
3) fmy=—%, I=[-2 0,5];
4) fx)=—%, I=[-5; 0,2],

MarepuaidbHas TOUYKA ABMIKETCA MPAMOJUHERHO IO 3a-
KORY s(t):—%—t% 2t2+ 70t (t — BpeMsa B CeKyHIaX,
() — nyTe B MeTpax). B rakoil MOMeHT BpeMeHH CKO-
pocTh ABHKeHHA ToduKM OyZeT HamOonblIelf M KAKOBO
3HaUYeHHe PTOH CKOPOCTH, eCu;

1) te;5} 2) te[5 9}

3) te[9;18]; 4) te[8;14]

MarepHanbHaA TOMKA ABH/KETCS NPAMOANHeiiHo mo 3a-
xory 8(t)=-0,25t'+2t°+1 (¢ — BpeMa B cexyHaax,
8(t) — nyTe B MeTpax). B raxoii MOMEHT BpeMeHH CKO-

pPoCTL ABMIKeHHS TouxH Oyfger Hamboanmedt m Kakoso
3HAYeHAE »TOH CKOpoCcTH, eciml:

1) te[35) 2) te[5;7);
3) te[7;9} 4) te[6;10]

1) Cpezu Bcex IPAMOYTONBERKOB ¢ NepuMerpoM 20 m
¥ AMHHOH CTOPOHHL X M, rie x €(2; 8] uaiigure npamo-
YPOABHHKM ¢ HauGOALIIeH N HaMMeHbIIe# MIOLafAMH,
VxauTe MIOmMAAH STAX OPAMOYTOIBHUKOB.

2) Cpeam Bcex NMpAMOYTONLHMKOB C IepHMeTpoM 36 M 1
AnuHoR cropoHel x M, rae x<[5;12]) waliamre mpamo-
VIOJABHUKH ¢ HanGonpmeil 1 HaHMeHBIOEH NAOMANSIMH,
Yxamure MI0OIIAAN 9THX ONPAMOYTIOJbENKOB.
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A 1.11. HauGoasmee ¥ HaMMeHbIIee 3HAYCHAN
$yaKREH HA HHTEpBANE

MBorue 3afiauu NPABOAAT K HEOGXOZMMOCTH HAXONHTD HaH-
Soabiltee BAM HaUMeHbIee 3HAYCHAE PYHKOUA He Ha oTpeskKe, a
Ha unTepBANe, [IpuBeneM ABa mpuMepa Taxux samay.

IIpamep 1. Ilposonounoli ceTkofi aanmoi 240 m HAZO Ol'0-
POAHTE NPAMOYrOABLHEIA yuacrox semun. Kaxue pasMepsl zoa-
JKeH NMeTh YIACTOK, ITOGH ero miomaxs 6ba Hanboabmeit?

Pemenwne. Ilyets x — anmmea oamodl ma CTOPOH YYACTKA
(B Merpax), Toraa fMHHA CMeXHOH CTODOHH! paBHA (120-x), a
OIomask yYacTKa MOMKHO HaiiTH mo dopmyre

S(x)=2(120 - x).
Ilo cMBIcny sagaum umeso x yaoBIeTBOpSAeT HepaBeHCTBY
0 <x <120, 1. e. npEBaAIERAT NHTEPBATY (0; 120).

Taxum ofpazoM, HaM HY:KHO YCTAHOBHATH, IIPH KAKOM 3BHAYE-

HuY x us uATepsaia (0; 120) dynxousa S(x) npuauMaer Ha 5TOM
HHTepBaNe HanGOAbLIce JHAYCHHE,

TloxobHyro 3anavy AnA OTpesKa MbI pemiaTs yMeeM,

Pacemorpum dpynrmmio S(x) = x(120 — x) na orpeske [0; 120].
Haiizem ee HauGonbmiee 3HaveHHe HA STOM OTpesKe:

S'(x}=120 - 2x;
S'(x)=0 npu 120 - 2x =0,
T. €, nIpn x = 60;
3606 S(0)=0(120-0)=0;

S(60)=60(120 - 60) = 60° = 3600;
\ S(120)=120(120-120)=0.

I Taxum obpasom, dymxuna S(x)
’ NPHHUMAET CBOe¢ HauboXbLOIee 3HA-
{

YeHHe B TouKe X = 60. 31a Touka je-
JKUT BHYTDH HHTepBaaa (0; 120).

Hrax, 85,aus (%) = S(60) = 3600.
xc(0;120)

CxemaTmueckoe naobpaxenne
ol Teo 2 | Tpadura QyHEDUE y=S(x) npuse-

AGHO HA PHCYHKe 48.
Pnc. 48 OrseT: 60 x 60 M,
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3 Bameuanne. Komeuno, Ty sagauy Mu moram 0wl pe-
_,\V ! OIATH B He HMCIONB3yd NpOM3BoAHOH, MOCKOMBKY S(X) —
XOpOLIO M3PeCTHAA HAM KBaApPATUYHAR (PyHKIUA.

Nprmep 2. IIpAMOYTOABLHBIA YHYSCTOK 3eMIM ILTOMAALIO
3600 M’ HaZO OTOPOAMTHL MpoBoJOuHOH cerxoii. Kakue pasmephl
AOMAKEH MMETh YYacTOK, ITO0L ANHHA CETKH 6pU1a HAMMeHBImeH?

Pemenue. IIycrs x — pauHa 0AHOH N3 CTOPOH YYACTKA (B MeT-

3600
pax), Toraa AAWHA CMeXKHOH CTOPOHE! papHa ——, & NEPHMETP

yuacTKa MoHO Hafira mo dopmMyste
P(x)=2 (x+§i£).

IIo cumc:iy 3gflauy YHCIO X YAOBJAETBOPAET HEPABEHCTBY
>0, T. e. npuHALTEIRAT HATEPBATY (0; +00).

* T;RH:M oﬁl;asou. HAM HaJO HAHTH 3HaYeHHe X, IPH KOTOPOM
¢dyaxmusa P(x) npuBEMaeT HAMMeHbIee JHACHNE HA HHTEPBAE
(03 +00). .

Bnech MH yi¥ke He MOYKeM BOCHOJIL3OBATHCA IMPABAJIOM OTHI
KAHNA HAHMeHBINero sHavYeHnd QyHKIHN mi OTpe3Ke.

ToctynuM cxepyommuM ofpasom. Haiigem NIPOHSBOAHYIO
dyuxnun P: . 2 +8000Y _

P'(x)=(2(x+36x°°)) =2( £ ) =
2x%- x*-3600 _, - 3600
P - x?

Ipouspoamrasn P'(x) obpamiaercs B HyJib B TOYKAX x=-60mn
x =60, U3 HMX TOABKO TouKka X =60 DpUHANNEIKET HHTEPBATY
(0; +00), HecneayeM 3HAKHA 3HAYCHHA NPOM3BOAHON HA 2TOM MH-
TepBaJe,

pHpK 0 < x < 60 zHavenHs NPOMIBOAHOH OTPHUATENBHBI H

dyuxuua P(x) yGeiBaer; upu x > 60 aHaueHma NPOA3BOZHON IMO-
NOMHUTEeNsHL] ¥ yHKIus P(x) Bospactaer (puc. 49),

CnenoBaTeALHO, CBOSTO HAMMEHBIIETo 3HadYeHMs T4 QYHK-
nua gocruraer B Touxe x =60, B XOTOpOi ee MPOM3BOAHAS obpa-

3600 _

maerca B By, Hrax, B, (x)=P(60)=2(60+2800)= 240,

x (0; +)

o I | Y -

P(x) 0 T 60 e X Pre. 49

=2




72 o Ilpomoqu_

vh CxeMaTrueckoe H3obpakeHHe Tpa-
¢Puka pysxuvn y=P(x), nanocTpu-
pyiomiee perleHye STo# 3amauyH, I0-

430 Ka3aHo KpacHo# aunwmeii (puc. 50).
/ 3aMeTHMM, uT0 TO4Ka x =60 ap-
i / AAeTCA TOYKOH MHHEMYMA GyHEEHHA
. P(x) (mosscEATE MIOUCMY).
940 OrBer: 60 x 60 M.

Koneuno, i B 3afaue 43 npumepa
1 MOKHO HAXOAUTEH HARGOJLIICE 3HA-
4o yerne Qyarknxuu S{x) Ha WHTepBaie

hd (0; 120), a He Ha oTpesre. B arom
‘j?‘ ciydae CcHegyeT Mexars ana GyHK-
nrH S(X) TOUKY SKCTpeMyMa — che-
nafiTe 3TO CAMOCTOATEALHO.

| Ecru Qyunryus umeem Ha unmepsaxe moibKo odHYy mou-
KY SKCMPeMYMA — MOYKY MUHUMYMA (UL MOYKY MAK-
CuMYyMa ), mo OHG NPUHUMACM 6 IMOIl MOUKe HAUMENY-
uiee (Hauborvuiee) snaeHUe HO JAHHOM UHMeEpEARE,

0] 60 240
Pame. 50

Ilpn penmrenwm zagad Ha HAXOMIeHWe HAMMEHBIIErO (MIH
HanGoabiTero) sHAYEHHA MOKHO HPHACPMKHBATHCA CJEAYIOIETO
nopAgZKe RelicTenii:

1) seecmu nepemernyio;

2) suipasumy vepes My NEPeMEHHYI0 U U3BecMHbie OGHHbIE
my senuUNURY, HauMeHvwiee (UAU HAUOOAbBULCE ) 3HAYEHUE KOMO-
poit nado naitmu, m. e. ssecmiu QyHKUUIO;

3) onpedeaums kaxum-aubo cnocobox Haumenvuiee (UL HAU-
Oonvuice ) 3navenue géedernoi QyHKUUU.

YunpaxuHeHua

1.134. 1) KaxoBbl JO/KHK OKITH CTOPOHE UPAMOYTONBHOTO
yuacTKa ¢ mepumMerpoM 120 M, uTolel miomaxe 5TOro
yuacTra Onlna vauGonpmeit?

2) IIpAMOYTOABLHEIR YIACTOK 3eMAM ILUTOMAAb0 4 Ta Oro-
paxuBaerca 3abopoM. KaxoBel BoJKHEL GBITH pasMephl
y4uacTKa, YTo0b AaHHA 3af0pa Onlma HauMeHbmIeH?

1.185. 1) Yncao 48 npeacrasbTe B BHMAe CYMMH ABYX ciarae-
MEIX TaK, YTOOH MX HpOH3BeaeHue O6bII0 HAXGOJBIINM.
Haiiaure saTu caaraeMsle,

i
)
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2) UYncno 16 npeacTassTe B BUAE CYMMBI ABYX CAAracMEIX
Tax, uToBH CyMMA MX KBaApaToB Oblia HaWMeHBIIei.

1.136. 1) YUnucro 18 opeacTaBbTe B BHAE CYMMEL IBYX CJAArae-
MEX T&K, 9TO0L CYMMA YABOEHHOTO OAHOTO CJHATAEMOTrO
H KBAJApaTa APYroro ciaraemoro Gbuna HaumMeHBIneH.

2) Yncno 10 npexcTapbTe B ERAEe CYMMEB JABYX cJarae-
MEIX TAK, YTOOB cyMMAa HX Ky0oB Ohiia HaMMEHLIIeH.

1.137. 1) N3 Bcex IpAMOYTOALHUKOB, BINCAHHEX B OKPYKHOCTh
paguycosm 1 cM, YKAKATE TOT NPAMOYTONLERK, KOTOPRIH
uMeeT HaMOGOABOIYIO iUIOIanb. Haligure 3Ty Oaomiazbn.
2) Tpebyerca cAaenaTs KOpoOKY ¢ KBaAPDATHEIM KHOM HaH-
Gonparero ofbema Ges XPRINKHA OpH 3afaHHON IAOIIaLH
nosepxHOocTH 12 aM°. Onpegenure pasMepsl KOPOGKH.

1,138. 1) Cpean paBHOGeApPEeHHLIX TPeYrONLHHKOB ¢ AARHOR 6o-

KOBO#l cTOpoHOH ¢ Halizmre TpeyrolsHuE HaHboabmeh
TIOINAAM.
2) BokoBhle CTOPOHB M MeHbINee OCHOBAHHe DpapHOGex-
pensofl Tpamenmm pasHE 24 cM. Kakoli gomxua Onrre
pnuHA GoARIIEerc OCHOBAHHA, YTOOHI IIOMAAL TDANlenHH
6er1a HEanboaemeii?

1.139. 1) B npamoyroabHLIH TPeyroAbHHK € THIIOTERY30H

16 cm m yraom 60° BomcaH NPAMOYTOJBHHK, OCHOBRHHNE
KOTOPOTO JeKUT BEa MMOOTeRyse. KaKOBH AOMMHE OHTE
pasMepsl NPAMOYTOABHHKA, YTOOH ero nomaan Guuta
HanboIsIme?
2) B nNpAMOYTONBHEN TPEeyTOJLHAK ¢ KaTeToM 12 cM n
APOTHBOJEKAIMM eMy yrioM 30° BEHCAH NPAMOYTOJb-
HHK, OCHOBAHHE KOTODOTO JIeXKHT Ha runorenyse. Kaxo-
BEI JOJKHEI OLITH PA3MeDH MIPAMOYTOJIbHAKA, YTOOR ero
wacmans Oeia HandossImei?

1.140. 1) B TpeyrosisBHK ¢ OCHOBAHNEM 4 ¢M H BLICOTOH 3 cM

BItAcAaH OPAMOYTOJABHUK, OZHA W3 CTOPOH KOTOpPOTO Jie-
JKAT HA OCHOBAHMH TpeyroJbHHKa. OmpefeauTe HaH-
fonLOIVIO WIOINAKE TAKOTO NPAMOYTOJALHHAKA,
2) B TpeVroabHHK ¢ 0CHOBaHKeM 6 M n BEIcOTONK 8 M BOIR-
CaH OPSMOYTOJBHHK, OZHA H3 CTOPOH KOTOPOro JISXKHT
HA OCHOBAHMH TPeYrobHEKA. Onpezennre HauGOABIOYIO
TJIOMAAL TAKOTO NPAMOYIOALHKKA.



1.12, IleprooGpa3uas

B mpepmaymuxX OYHKTAX MBI HAYYWIACH HAXOAUTH NpOWa-
BOAHHE HeKOTOPHX yHROuill, Teneps GyaeM pemaTs ofpaTHYIO
3aIaTy: HAXOAATH GYHKOHIO, IPOM3BOAHAA KOTOpol paBHA 3a-
AaHHON PYHKIEH,

Onpenencuune. Pynxnus F nasmraercs nepseolipas-
not AnNA QYHEIHEH [ HA HEKOTOPOM NPOMEXYTHE, €CNH Ana
BCEX X M3 3TOr0 NMPOMEXRYTKA BEPHO PABCHCTHO

F'(x) = f(x).

Ipumep 1. Hoxasars, ure meproofpasmoil ana dyaromn
f(x)=2x - 3 asnaerca pyHKIUA:

a) F, (x)=x*-38x;

6) F,,.(x)=x2—3x+4;

B) Fy(x)=x%-8x-47.

NoxazaTeascTso, a) F(x)=(x*-38xy=2x-38;

6) Fj(x)=(x*-3x+4y=2x-3;

B) Fj(x)=(x*-8x-47y=2x-3.

HeTpyaHo saMeTHTH, uTO J06ad dyExmna F(x)=x?-8x+C,
rae C — NocTOAHHAA, HMeeT TY e NPOH3BOAHYIO, ¥TO B PYyHK-
xua F(x)=x>-3x maa).

H Boobmie,
' ecau Qyrryua y=F(x) asanemca nepaoobpasnoii drs
4 dynkyuu y=f(x) na nHexomopom npomexcyme, mo u
oynrxyua y=F(x)+C (C — nocmoannazr) asasemci

nepsaooOpasnoii das pynryuu f Ha smom npomeicymue.

SHan QOPMYJH ANA HAXONRIEHWA HNPOM3BONHBIX, HECJOMK-
HO Yy0eguThcA, 49T0 paA $yEROEA f(x)=x nepsoobpazHad

F(x) = 3‘21+C, a Ana GyExomm f(x) = % — nmepBoobpasHan
F(x)=- % +C (cM. Tabanuy Ha dopsaane I},

Npumep 2. Ana ¢ysxuun f(x)=3x°-2 nalinure nepso-
obpasHyo, rpadMK KOTOPOi NpoxXoauT Yepes Touky P(-1; 0),

Pemenne, Henonpaya sEaderusa HopMys NPOHU3BONHEIX A
x* u x, Haxoxum, uto F(x)=x® - 2x + C (npomepsTe 370).
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3nada, wro rpaduk pyaruuu y = F(x) NPOXORHET uepes TOUKY
P(-1; 0), moxyaum -1 + 2+ C =0, orkyaa HaxoguM C = -1.

Hrak, F(x)=x*-2x-1.

Orser: F(x)=x*-2x-1,

I pramep 3. Haitru saxon npamMoruHeitHOro ABHKEHNS TeNa,
€CJIM ero CKopocTh v(f)=at (@ — mocTOAHHANA), & B HAYANLHEI
MOMEHT BpeMenn f = npolifennsil TeoM TYTL paBe” HYMIO.

Pemenne, Mu 3HAeM, YTO B COOTBETCTBMHM ¢ MeXAHMYe-
CKHM (DH3myecKHAM) CMBICIOM NIporsBogHoM (cM. n. 1.5) BepHO
paBeHCTBO W({)=48'(t). BHaunT, dyEruua 3(!) aABAAeTCA nepso-
obpazHo¥t pyHKnUN v(i)=at. A neppoobpasnas aro¥t QyHRIEH

2
paBHA -"—;— +C. Takum obpasom, s{t)=%+c. IIo ycaoBHIO MMe-

eM 3(0)=0. ITosroMy BEpHO DABEHCTBO 0="—'293+c, OTKYAS HA-

xoaum C =0, Urax, s(t)=%-—
OrreT: s(t)-—

53 1. CpopMymapyiite 3afauy, oSpaTHYI0 HAXOMAEHU MPOH3-
4 I BoRHO# QyRROER,
2. Karas dyHroua Hasupaerca nepsoobpasmofi dyuruum [
' HE HEKOTOPOM HpPOMEXRYTRe?
3. Moxker am opHa M Ta Ke QYHKDHA [ MMeTh PAINMUHEIe
nepeoobpasarie? Ecan Mo:XeT, TO YeN OBHE OTAHYAIOTCH?

YnpaRHenmn
1.141. Hoxaxmure, uro dyaknus F ecrb nepeoobpasHas AAA
bynknan f, ecan
1) F(x)=x*-4x+3, f(x)=38x"-4;
2) F(x)=x'-5x*-8, f(x)=4x°-10x;
8) F(x)=x"+2x*+x, f(x)=5x'+6x2+1;
4) P(x)=2x"+x* -5x* -8, f(x)=12x"+4x®-15x°

1.142. Ssnserca nau ynxnus F neppoobpazaoil Ang QyHK-

nuu f, ecam: |
1) F)=122, fn=-x
2) P(x)=2= o , fx)=—4x7
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Hpoussoanas

1.143.

1.144.

1.145,

1.146*%,

= _

8
AAeTca meppoobpasHo# Ana dyErmME f(x)=ax®+bx+e.
Hatianre cymmy a+ b + ¢, 3

2) MsBectHo, uro bymkmua F(x)=5x°— .

nAetca nepsooGpasHoll Ans byHKuMn f(x)=ax’+bx+c.
Haitaure cymmy a + b+ c.

1) Ona dyaxumu f(x)=x° Bafizute neprooGpasHylo,
rpaduK xoropoit mpoxoauT uepes Touky P(—1; 2).
2) Jaa dysxmum f(x)=x* maliaure nepsooGpasnyo,
rpadHK KOTOpOil NPoXOoauT depes Touky P(1; -1).

1) UsBectHo, uro dpyurmoma F(x)=4x®+% -5x4+1 ap-

+3x-2 as-

F arnserca nepeooOpassoii dysxuum f. Hafigute Ty
neproofpasuyio F, Koropaa ofpaniaeTca B HyJIb B TOUKE

1) flx)=x* —4x+1, xo=-1;
2) flx)=x~22% +6x-5, x,=1.

1) Haiigpre TV mepBoofpasBEyio dyHrkuuu f(x)=3x-1,
Ang Koropoit ypaBuenme F(x)=5 muMeeT eamHCTBeHHOE
peleHue.
2) Haiiture Ty nepsoofpasByi0 dyuxkmum [f(x)=5x+1,
I KoTopoit ypaBHeHHe F(x)=2 mMeeT eZHMHCTBEHHOE
pelneHne.

1.147. 1) Touxa gBuxkerca Mo NPAMOI Tak, UTO ee CKOPoCTE v{t)

1.148,

B MOMeHT BpeMeHH ¢ paBHa 10+ 0,2¢, Haiigure nyTs,
opoliAeHBLIA TouKoll 33 BpeMa ot 5 ¢ Ao 15 ¢, ecan ee
CKOPOCTh H3MepdaeTca B MeTPaX B CEKYHAY.

2) Touka EBHIKETCS IO NpAMO Tak, YTO ee CHKOpOCTH
v(#) B MomeHT BpeMeHn ¢ paeHa 5 —(,1¢, Haiigare myTh,
npoiigeEnwilf Toukoii 3a Bpema oT 2 ¢ Ao 8 ¢, ecau ee
CKOPOCTh H3MePHETCA B METPAX B CEKYHAY.

CROpOCTE NPAMONHHESHHO ABMMKYINEHCA TOYKH MeHAeTeH
no 3aKkoHy v(t)=t+ 3t® ({ — BpeMa B cekyHzax, v(f) —
CKOPOCTE B MeTpax B ceKyHAy). Hafizure zapmeaMocThb
OYTH OT BDeMeHHM, eClIH B MOMEHT BpeMenu f = 0:

1) TOYKA HAXOAHUNACH B HAYAJIE KOOPAHHAT;
2) roOpAHHATA TOUKH DPABHANACH 2,

—ge NEBAL  prnnsad
TpuroHomeTpuyeckue BbipaKeHUs

'

O 2.1. T'pagycnas Mepa yrios | ayr

Bul y)Xe 3HAKOMBI ¢ NOHATHAMY yTja, IEHTPAJLHOTO YTJA,
AYTH OKDPY)XHOCTH, COOTBETCTBYIOHIEH STOMY LEHTPAILHOMY
yray. BaM HSBeCTHO, MTO BeJHYMHE! YIJI0B K AYT OKPYXKHOCTH
H3MepPAIOTCA B IPaAycax.

I'padycom Ha3HIBATCA BEJAMYHMHA NEHTPAIBHOTO YTa, KOTO-

PHIii omupaerca Ha EG%E YaCTh OKpYIKHOCTH (0603HAYaeTen 1°),

TPpanycHo#t mMepoit AYTH OKPYMKHOCTH 4
HABEIBAETCH rpagycHash MepA COOTBETCTBY-
0IeT0 NeHTpadbHOrC Yyriaa. Ipaaycras
Mepa Bcelt okpy:xHOCTH paBHA 360°, a noay-
OKpYXHOCTH — 180°,

B nnagnmerpan ORINH BRPeeHL! TOHA-
THA CUNYCE, KOCUHYCA, MAHZEHCA U KO-
maxzenca ORa OCMPHIX YINRO8 NPAMOY20Rb- —I
roz0 mpeyzoavrurxa. HanpuMep, B TIpaMoO-

YroabHOM TpeyroasHuKe ABC (ZC=90°) Pac. 51
(pme. 51):
inag=35C = AC -CB _AC
sina=2%, cosa= %, tga=%Z, ctga=4L
3aMeTHM, 4YTO
— SinA _ cosA
tgA= con A’ ctgA—sinA.

ITpu pemresuH Pa3NHYHEIX NPHMEPOB YACTO HCOOJIL3YIOT 3HA-
4YeHHMA CHHYCOB, KOCHHYCOB, TAHI¢HCOB M KOTAHTEHCOB YIJIOB

30°, 45°, 60° (cM. Tabnuny Ha c. 78).
a) sin(90° - a) =coso; 6) cos{90° — o) =sina;

B) t£(90° - o) =ctgo; r) ctg(90° -~ a)=tga.

HorasarenbpcTso. a) PaccMOTpAM OpAMOYTOJLHBIA Tpe-
yroanank ABC, B xotopoMm £C=90°, £ZA =« (cm. prc. 51). Coor-

IIpamep. HoxasaTb AKA OCTPOrO Yria O TOMAECTBO:
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BETCTBEHHO MMeeM ZB=90°—qa. Io « | 30° | 45° | 60° 1) KakoB:! BeIMIAHHE OCTPHIX YTIIOB STOrO TPEYrOALHUKA?
onpeaeeHRAM CHHYCA W KocmEyca ot | . | 1 2 | 3 2) VKaXHTe 3HAYCHUA CHHYCA, KOCHHYCA, TAHTEHCE M KO-
TPOro YA OOJAYIHM: 2 |2 | 2 TAHMEHCA YTHX YIJIOB.
sinB = % =cosA, cosa % % % 2.3°. B npAMOYTONEHEOM TPEYroJAbHHKE KATETH DABHBI.
1) Kax
T. e. 8in(90° - a) = o8 aL. tga % 1 3 2; oy a::mne;:l:izm oc':lpux YTJI0B 9TOTO TPEYTOALHUKAT
6), B), r) JloxkazarefbcTBa aHANO- & HRA CHHYCA, KOCHHYCA, TAHEHCA U KO-
. |ctga]{ V3 i N3 TAHTMeHCA 3THX YTJIOB.
ragnnl KOKASATENLCTBY 2), BHIOJIHH 3

Te KX CAMOCTOATENBHO, 2.4°. ITocrpotire yron « n HalfiguTe NPUGIMKEHEO €TO BEAHIAHY,

Ha3BaHKA <«KOCMHYC®» H <KOTAaHIeHC» TIPeACTaBIA- 3HAdA, YTO!
:‘_J 10T co0oil coXpamenme TepMHHOE complementi sinus, 1) sina=0,8; 2) sina.=0,6; 3) cosa:%;
complementi tangens («cHUHYC ZONOJHEHHA», ¢TAHINCHC 4 1 2 3
cosa=2; =2, —983,
HOTONHEHMSAY), BHIPAKAIOIIAX TOT (PAKT, UTO COSU H ) 3 5) tga 6) tga=23;
ctg o paBHbI, COOTBETCTBEHHO, CHHYCY O TAHICHCY yria, 7) ctga=3; 8) ctgc;:%,

Konoaumomero o go 90°, 1. e. cosa=gin(3°-a) n

2.5° .
ctga =1g(90° — o). CpasEmTe OCTpEIe YPAIH O H B, ecam:

CnoBpo <«TPATOHOMETPHA® OPOHMCXOZUT OT I'PEYeCKHX
cnop trigonon — TpeyroarHHK H metron — Mepa
(metreo — HzMepaw).

1. YTo HAsHBaeTcA yriaom?

2. Kaxofl yros HASHBAETCA MEHTPANLHEIM?

3. Yro masniBaeTcH MPARYCOM?

4. B KaKHX eAUHEHOAX M3MEDPHIOTCA BeAHUHHE yraop?

5. Kawxoili yron nasupaercs monsnmn? Passepuyrtin? [Ipampie?

8. Yro masueaerca cHEycoM ocTporo yraa? KocanycoM oct-
poro yria?

7. YUro HasLIBASTCA TAHTeHCOM ocrporo yraa? Koramremcom
ocTporo yraa?

YnpamHeHHES

2.1°. AB — cTOpoHS NPABAILHOIO N-yrOJLHHAKA, BIHCAHHOIC B
OKpYxHOCTH ¢ nearpom O, Haitaute Beamuney yraa AOB,
ecau:

1) n=3;

2)n=15; 3) n==6; 4)n=132,

2.2°. B mpaMOyronsHOM TpPeyrodbHEKe OAMH H3 KATETOB DaBeH
IIOJIOBHHE THIIOTeHY3H.

—2 —a.
1) sina.—ﬁ n sinﬁ—z,
2) cosa=% # cosp=2;
1 =2,
3) tga-z n tgh=2%;
_3 _2
4) ctgﬂ.-"s* H cth—-'§.
2.6°. Kaxona BeiMumnAa 0OCTPOTO yria o, eCiu:

1) sina =cosoy 2y tga=ctga?

Hafizmre 3nauenue Bhipamenns (2.7—2.9).

2.7.1) 28in60° + 3sin45° + 10cos 60° — 4 cos 45° - tg 60°;
2) 41g30° - 5co0s30° + 68in60° - 3tg60° + tg45°%
3) 6ctg60° - 23in60° +123in 60°cos 60°;
4) 25in30°+ 6¢c0s60° — 4tg45° + Ttg 80°ctg 30°,

2.8. 1) cos60° —tg?45° + %tgz 30° + 4cos® 30° - sin 30°;
2) cos®80° + 2sin 30° - ctg? 45° + ctg? 30° + cos 60°;
3) ctg®45° + c0s60° —5inZ60° + %ctgz 60°;
4) tg®30° - tg45° — cos® 30° + 2sin 60°.
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2.9. 1) sina+cos’c npu a, pasrom 30°%; 45°%; 60°;
2) (tga+ctga)® mpu a, pasaom 30°; 45°%; 60°;
3) sin®2a+cos” 20 +tg2a mpu o, pasHoM 15° 22,5°% 30°%
4) sin®2a+tg20 ctg20+cos’20 mnpu o, paBHOM 15°%
22.56°: 30°

2.10. Vupocrture BIpaskeHHe:
°—q)—si sin(90°-a),
1) cos(90°— o) —sina + s

cos(90° —a)

2) sin(90°-a)—coso+— . —;
sin(90° — o) cos(90° -a),

sina
3) ctg(90° — ) g
4) cos(90° — a) ctg(90° — a)
t2(90° - o) !

2.11. IlpescrasbTe, MCIOJb3Yysd 3HAYEHUHA TOJBKO CUHYCOB (nn
TOJIBKO KOCHMHYCOB) OCTPBHIX YIJIOB, JaHHOE BhIpayKeHWe B
BH/JIé TPUTOHOMETPHYECKOI0:

o [ /3
1 ] 3 2 3 3 i

2tg a8
J3 .3 5V2 43
2) §*t3 6 T 3
=

3) 3/3 V2 5 9 .

b 8.5 38 2

2.12. IlpejpcraBeTe, HCHOJAb3YyA 3HAYEHHUHA TOJIBKO TaHTeHCOB
(MM TOJNBKO KOTAHINEHCOB) OCTPBHIX YIJIOB, JaHHOE BbIpa-
JKeHHe B BU/e TPUTOHOMEeTPHYEeCKOTro:

1)$+1—4\f§+%; 2) é—5J§+g3—3+3;

4) 1-6+4/3+ 702

/
3) 2J3 + :% ~1+3%;
2.13*% HaiinuTe 3HaUeHUe BbIDaKeHus A, ecyu:
1) A=1-sin30° +sin® 30° — sin? 30° +...;

2) A=1-1tg30°+tg?30°—tg®380° +....

I'pagycHas Mepa yIrJoB M AyT 81
2.2, Yroa kak mepa ImoBOpoTa

IlycTs JaHa MIIOCKOCTE M JIVY ¢ HA4YajJgoM B Touke (O, KOTODPBIH
BpallaeTcsa BOKPYT BTOM TOYKHU OT HAYAJILHOTO roJsioxenusa OA 1o
KoHeuHOro moyoxxkeHuss OB. Torga BenwuuHy MOBOPOTA, COBEP-
IIEHHOr0 STHM JIYYOM, €CTeCTBEHHO M3MepATh BeJIHUMHON yria,
KOTOpsIi obpasyior ayun OA u OB B KoHue Bpanieaus. [logcaum
9TO HA HECKOJBKHX IIPUMepax.

Ha pucynxe 52 nsobparkeH [IOBOPOT JIyda IPOTHEB X0Ja 4aco-
BO#1 cTpesiku Ha yroa 27° (HayaabpHOE TIOJOKEHHE Bparaionero-
cA JydYa Ha PUCYHKAaX MNOKAa3aHO CTPeJKOW CHHEero 1pera, a KO-
He4YyHOe — KPAacHOoro).

Ha pucynxe 53 usobpaskeH moBopoT Jiyua IPOTHB X0/a 4aco-
BO# cTpeskn Ha yroa 310°,

Ha pucynxe 54 nzobpakeH NOBOPOT Jiyda IPOTUB XOja 4aco-
BOH crTpenku Ha yros 360°% Takoilli mOBOpPOT HABLIBAIOT NMOAHBLM
o6opomom.

Ha pucynke 55 wusobpakeH MOBOPOT Jyda Ha Yroda
1097°=360°-3 + 17° nporus xoja 4acoBOH CTPEJKH, T. €. Jy4,
Bpallasck OT HA4YaJbHOTO monoxkeHus OA 10 KOHEUHOro I0-

noxkenns OB, coBepmut 3 NOJHLIX 000pOTA M emie MOBOPOT
Ha 17°

o
g 27°
® e
0 A
Puc. 52

Puc, 34 Puc. 55

A Anrefine 11 wn o
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Pue. 57

cmpeixiu, TO Yroi NOBOPOTA GPHHATO CUATATH ROJONCU-
meavioiM (KaK BO BCeX MpeZnAymux Opumepax). Ecam
JKe IIOBOPOT JIyua cosepIten no xody 1wacosoit cmpeaxu,

| Ecyim moBOpOT JNyda COBEPIOEH npomus xo00a %acoeoil
TO YI'OJ HOBOPOTA NPMHATO CUHTATE OMPUUATMEALHLIM.

Hanpumep, Ha pmcyEKe 56 mzofpaen mosopoTr Ha yroa
—148°, a na pucyare 57 — nmoeopor Ha yroj —748°

Ha pucysrax 52—57 monomenne ayua OA 6yaeM HA3HIBATH
RavaRom omevema, a o nyue OB GyneM roBOPUTH, YTO OH OOpe-
JJISeT YZOR ROGOPOMA.

JIro6oii yroa moBopoTa o MOMKHO TPEACTABUTH B BAAE

a=360°"n+op,raeneZ n 0 < ¢ < 360° )

Jdasa Toro yTo0GRl YO o OPEACTABUTE B
_5378 lﬂ Buge (1), Hy:KHO pasAenuTs o Ha 360° ¢ oc-
360 (14 rarkoM. Hanpumep, ana yria o, paBHOro

—izzg 5378°, moayamm:
338 5378°=360° 14 + 338° (puc. 58).

3necs n =14, ¢ =338°

Puc. 58 _ Ing yraa o, papHoro —5378°, moxyunm:
o=-5378°=860°(-14) - 338° =
NpUGABEM K IOAYUYEHHOMY
BeIpaKeHHI0 360°, a saTem orHMMeM 360°;

= 360°(-14) - 338° + 360° - 360° =
= 360°(~158) + 22°, agecr n=-15, ¢p=22°

ITycTs HA MLIOCKOCTH BBeAeHA OIPEMOYTOJbHAA CACTEMA KOOD-
auHAT Oxy. PaccMOTPUM OKPYIKHOCTD € IEHTPOM B HAYANE KOOD-

¥ron xax Mepa NOBOPOTA e 83
v

Au(xa;yu)

Aq(1;0) «

Pue. 59 Pne. 60

OUHAT U PAAUYCOM, PABHHM eaHHHIEe. TaKyl OKpPY:XHOCTh 6y-
AeM HAIBBATL €FURHURHOU HIH MPU2OHOMEMPULECKOU OKDYN-
ROEMbIO, 2 KPYT, KOTOPHIA OHA OTPAHMINBALT, ~— MPUZOKOMEM-
DUNECKUM KpYzom.

B panpmeilimieM MBI GyJeM DacCMATDHBATH TOABKO YFABL C
BepIIMHAMH B Havyaje KoopauHAT. [IONOXATENBHYI0 HOAYOCH
afcnuecc mpuMeM 3a HAYAIO OTCYETA AJIa mAwboro yraa o. Tou-
KY ee mepecedeHMa ¢ eQUHHYHOMU OKDYXKHOCTRIO Oyaem o00-
sHavaTe A, (puc. 59). Toury mepecevenus ¢ eXHHHUYHOH
OKPY3HHOCTBI) JIyda, OOPeAeNAKINere Yron o, byaeM obosHaYaTh
A, (unTaerca «A co 3HAUKOM O»), B €e KOODAMHATH — X, H Y,
(cm. pue. 59).

Touxa okpYKHOCTH A, MOMKET OKA3ATHCA B OAHOM M3 9eThHI-
PeX KOOPAMHATHHIX YTA0B., YTOGHI ONpeaeaHTs MOJ0MHeHHe TOY-
Kn A, Ha OKPY’KHOCTH, Yroj ¢ NpeacTaBAA0T B Euae (1).

Ecnu 0° <¢<90° 7o roeopAaT, 9TO YrOoA ¢ npuxadrexum
I uerBepTH, a yrox o okaunvusaemes B I uerseprn (puc. 60).

Ananormuno aaa II, IIT u IV uersepreif (puc. 61, 62, 63).

Pue, 61 Puc, 62
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]

b Yo

\135"

Ax
1

Puc. 63 Puc. 64

Ecmm yroa ¢=90°-n, rae ne{l; 2; 3; 4}, To yroa o okaHIH-
BaeTCA HA OAHOU U3 monyoceidl cucTeMul xoopauuar Oxy, T. e. Ha
zpaHuye Oayx wemsepmel.

Hanpurwmep, korga ¢ = 180°, 10 roBopAT, UTO Yyroa O OKGHYU-
aaemca ua zparuye 11 n Il gyerBepreii.

IIpumep 1. OTMeTuTs HA CAWHHYIHON OKDY’KHOCTH TOUKY
A,, ecan:

a) o= 1935°; 6) o =-3630°.

Pemenne. a) a=1935°=360°-5 + 135°, ameces n=95, ¢=135°

OrMeuaeM Touky A, Ha oKkpysHOcTH (puc. 64). Ona cosmana-
€T ¢ TOUKON! A,,.

6) o =-3630°=360°(-10) - 30° + 360° - 360° = 360°(-11) + 330°,
sgeck n=-11, ¢ =330°

OTtmeqaeM TOURY A, Ha jaHHO# okpyxHOCTH (pHC. 85). OHa
COBMAMAET ¢ TOUKON A .

IIpumep 2. BanmcaTs 00 9eTHPE 3HAYCHUA BeJIUYUEL! YIa
IIOBOPOTA O, €CNIK TOUKA A, coBnajaer ¢ Toukoif: a) B; 6) C; B) M
(puc. 66).

¥ | y

Prc. 65 Puc. 66 C

Vron KaK Mepa IOBOPOTA . e 85

Pemenne, a) o, =90° a,=450°% 03=-2T0° o,=-630%
B6) a; =-90° a, = 270° ay3=-450° a,=-810°%
B) o; =—45°% oy =315°% ay3=-405 a,=675°

1. Kaxroit noBOpoT Ny4Ya HASLIBAETCHA MOJHLIM?
@ 2. Yto MOKHO CKA3ATHE O BeJUYNHe YIAa HOBOPOTA, €CAH
ABIGKEHHE JIYYa OT HAYAJILHOTO NONOMKEHHA K KOHEeUHOMY
TIIPOACXOTUNO:
4) 0 XOAY TACOBOH CTDEJKH;
6) nporEe xoaa YacoBO cTpEaIKU?

3. B xakoM Buje CNeayeT TPeACTABHTEL Yrojl IOBOPOTS o,
qTO0L ONMPeNeNATE MMIOMKEHHe TOYKR A, Ha e HHAYHOH
OKDPYHHOCTH?

4. B KaKoM cayuae MOBOPAT, 910 yroa ¢ Apuaaanexur 1 (11,
III, IV) uersepru? Caenaiite gepresx,

5. B xakom ciayuae MOBOPAT, YTO YroJ ¢f ORAHIARAETCH:

a) B I (II, III, IV) uerBepTH;
6) ua rpannne I1I n IV versepreii?

YapaxHeHU N

2.14°. Ha egmHmvuBEOil OKPY’KHOCTH OTMEThTE TOUKY A, H 3anmu-
IMHTe BCe BOSMOKHEIC 3HAYEHUS YTJIOB IIOBOPOTA, KOTOPLIE
OKAHTHEBAIOTCA B TOUKe A, eCAM 0. PABHO:

1) 90°, 180°, 270°, 360°;
2) -180°, -90°, —-360°, -270°,
2.15° Ha TpUroHOMETPHYECKOH OKPYKHOCTH OTMETLTE TOUKM
A, ecau:
1y)a=30°+90°n, necZ;
2Ya=45°+90°n, neZ;
3)a=60°+180°'n, neZ;
4)a=15°+180°-n, neZ.
Ha egmauunolil OKPY/KHOCTH OTMETHTE TOUKY A, AN YKA3AHHOIO
yraa nmopoporta « (2.16—2.17).
2.16° 1) -210°, -240°, —225°, -255°, -300°, —330°;
2) -60°, -120°, -150°, -315°, -210°, -165°.
2.17°. 1) 930°, 1320°, 1485°, 840°, 3720°, 945°;
2) 2460°, 4350°, 855°, 1290°, 1500°, 2640°.



2.18°

2.19°

2.20°,

2.21.

2. 22.

2.23.

M RS EhS - e 4 L oma o aeae n e

TpHuTroHOMETPHYECKHE BLIDAMCHRS

B raxoit yeTBepTN OKAHYMBAETCA YION O, PABHELL:

1) 292°, 186°, 306°, 2184°, 1748°;

2) -172°, -206°, -291°, -341°, -268°;

3) -1201°, -2189°, -2617°, -1854°;

4) 3521°, 2849°, 1853°, 1792°, 2171°?

IIpencraBrTe yroa P B Buge 360°-nt ¢, rae neZ u ¢ —
yToJ, yzoBJeTBopsiommi yciaoBmo 0° < ¢ < 360°, ecam
yrox [} pases:

1) 426°; 2) 693°;

3) -849°; 4) -784°;

5) 3524°; 6) 2461°;

7) -1341°; 8) -2889°,

VKaxHTe MHOMKECTBO 3HAUEHHH yria o,

ecm nef{-2,-1,0,1, 2}:

1) a=360°-n+50°% 2) «=360°-n+190°%
3) a=360°n+270° 4) a=360°n+180°,

HssectHo, uro P=360°n+60°, neZ. VYrakure Taxoe
3Havenue n (eC/H OHO CYINECTBYET), MPH KOTOPOM yroa fB
paBeH:

1) 60°; 2) 3660°; 3) -1020°;

4) —3900°; 5) —300°; 8) —780°.

JlaHa eqUHHUHAS OKPYMHOCTE ¢ HEHTPOM B HAY&Ne KOODP-
AHHAT. ¥ KASKATE YeTBEpPTh, B KOTOPOil OKAHYABAETCA YIoJ
IOBOPOTA %, €CJIM M3BECTHO, UTO Yroh 3 H3MepAeTcsa He-
JHIM YHCJIOM TPAAYCOB H 3T0 HAUMEHRIINHR M3 RCeX TOJ0-
JKUTEILHEX YIJIOB, KOTOPEIEe OKAHIHBAIOTCH:

1) Bo II werBepTH;

2) B III uerBepTX;

3) B IV veTBepTH,

Jlasa TpHroHOMeTpHMYeCKAA OKpPY:KHOCTE. H3secTHo, uTo
LA OA, =¢. Karoif yroJa moBopoTa o MOKET COOTBETCTBO-

BATH TOYKEe TPHAMOHOMeTpHYecKoll okpy:xkHOCTH A, (VKa-
JKHUTE He MEeHee TPeX 3HAYeHWH «), eC/AH yroa ¢ PaBeH:

1) 280°; 2) 75% 3) 345% 4) 136°?

PagmaEnan Mepa YraoB U Oyr T - + |
a)

2.24°

2.25.

2.26.

2.”.

2 l%.

2.29,

vh 6) v

T

Pme. 67
SanumuTe No TPH 3HAYEHMA O AJIA TOUKM A, eJHAWYHON
OKpYKHoCTH (pEC. 67), ecllm M3BECTHO, YTO €€ MOJMOKEHHE
COBIAKAET ¢ TOYKOMH:

1) B; 2) p; 3} K; 49 T.

3anumure 00 TPH BO3MOMHBEIX SHAYEHUS O, €CJIH HIBECT-
RO, 9TO TOYKA TPUTOHOMETPHYECKOH OKDPYSKHOCTH A, COB-
DAgAeT ¢ TOYKOl:

1) Ayyes 2) Aggyes 3) Aygases 4) Agopse-

CpaBruTe ¢ HyneM abcuuccy W OPAMHATY TOYKM A, efu-
HIuHOK OKDPYKHOCTH, €CJIM YTOJ MOBOPOTA O PABEH:

1) 172° 2) 247°; 3) -1241°; 4) -2819°,

Cpasnure ¢ nynem afcuucecy m OpAHHATY TOUKHM A, eau-
HHYHOHN OKPYZHOCTH, €CJH YTOJ ICBOPOTA O OKAHUABAEST-
cA HA:

1) ocu Ox;

2) ocu Oy,

YKaKnTe nATh 3HaYEHUA rpagycHOil MepH yria o, eciaH
H3BECTHO, UTO OPJAHATA TOUKH A, eSHHWYHON OKPYIKHOC-
TH pABHA:

i 29 ﬂ; 3) —ﬁ; 4) -—%; 5)0; 6)1.

YKaKHTe naATh 3BaYeHHA rpagycHoli MepHl yria o, eciaH
H3BecTHO, uTO afenucca TOUKH A, eAWHHYHOR OKPYRHOC-
TH pABHA:

1) -3 2 2 g B

4) 12_?-; 5)-1; 6)1.
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2.3. Paguannada mepa yIJIOB H JyT

¥rasl H AYrH OKPYKHOCTH MOKHO H3MeDATh HE TONBKO B
rpaaycax. PaccMOTpHM eIme OHY €AMHHNY M3MEPEHWA YTJIOB M
AYT — pazuaH.

Onpenenenne. Paduanon HA3KIBACTCA BEAHIMHA NeH-
TPAJALHOr® yriaa, KOTOPHl onmmpaercs Ha AYTY ompymoc'm
Anumcl B ofuu pamayc (o6osuauaerea 1 pax). R

CooTBercTBeNHO AYra BeJMYMHON OAMH DATHAHR — 3TO
nyra, JIHHA KOTOPOH PARHA pagunycy.

K Ha pucyaxe 68 mocTpoena OKpy-
HOCTE ¢ OeHTpoM O U paguycom

17 MM, ¥ Ha Hell cuneli auARel oTMe-

pf  UeHa ayra MK, zauna KoTOpOil pas-
0 R Ha pagnycy, T. e. 17 Mm. Beawauna
yrna MOK paeHa opgrOMY pamuany,

T. e. ZMOK =1 paa; COOTBETCTBEHHO N

BeqnunHa ayrn MK papHa ofHOMY pa-
Puc. 68 nuany, 7. e. VMK =1 paa. 3roT yroa

{ayry), Kak u moGo#l APyroi, MOKHO H3MEPATL B Ipajgycax.
ByneM paccy:kzaTh Tak: Ha Ayry anmHoH R omupaercs meHT-
panbHEIE yron 1 paa. CiaenoBaTenbHo, HA AyTy AJMHHAONE nR omm-
paercsa OeHTpaAbHEM yronx n pan. lyra anmuolt R — 3r0o mo-
JIYOKPY/KHOCTD, & HA MOAYOKPYHKHOCTh ONMADAETCA IeHTPANLHBIN
yrost 180° BraunT, © pag=180°, or®yga ¥ monydyaeM COOTHOIIe-

HHA MEXAY ABYMA eZHHALAMH nsmepemm YTA0OB:
= {180Y° o_
1pax=(20)7  1°=7% pan. (1

Ecnu B 3TH (OPMYJEI BMECTO YMCJIA T IMOACTABATH €r0 MpPH-
6mxeHHoe 3HAYEHHWe 3,14, TO moayuHTCA:

1 pag=57°19'; 1° = 0,02 pan.
IIpumep 1. Bripasure B paguanax yras:: 35°; —135°,
Pemernue. 35°=1°-35= % pax-3 =%g~ pax;

-135°=-1°-135= —m pag-135= -— pan.

OTrBeT: 35°=;—g pax; _135o=_§£ pas.

CuHYC H KOCHHYC HPOH3BOJLHOTO Yria

.. -8e

Npumep 2. Ucnoassysa To, 9T0 n= 3,14, BHpasuTs (UpH-
GAMMeHHO) B Tpagycax yraw: —2 panm, 'i% pan.

2- 180, ~360° . _115°;

Pemenne, -2 pa,u=—2-1pa,z[-- 314

1
Orser: -2 pag ~-115% - iz paa = 15°

BocnoabsosaBmuck papeHcTeoM (1) us o. 2.2, moboit yron
MOBOPOTA (, BHIDAKEHHEIA B pagHaHAX, MOJKHO NPEACTABHTL B

BHAE
oa=2nn+9, rAe ncZ nu 0<¢p <2x. (2)

HOpumep 3. Ucnonsaya dopmyay {2), HaliTK 1 # ¢ AN yraa
IIOBOPOTA ., PABHOTO!

a) 8,5m; 6) 0,4,

Pemenue. 8)aa=3,5n=2n+1,5n=2xn-1+1,5n; 3aecr n=1,
¢p= 1,57;

6) a=-0,4n=-0,4n+2r-2n=2r(-1)+1,6n; smecr n=-1,
¢=1,6n;

Oreser:a)n=1,¢=1,6m 6) n=-1, p=1,6x.

2. CROJIBKO pagmaHn CONEepPIKUT:
a) TONELIA yroa; 6) pasBepEYTHIL yro; B) NpaMol yroa?
3. BanmamuTe GOPMYIY ANA BHPANECHNA:
a) rpagyca B paanaHax; 6) pagnana B rpagycax.
4, B xaxoM BHAe CASAYeT HPeACTABUTh YIOJA OBOPOTA O, BHI-
pasKeHHMIt B paguanax, urofsl Y3HATH, B KAKOH 9eTBEPTH
OH OKaHUHBaeTcA?

@ 1. Kaxoii nesTpansHel yroa udeer sexmauny 1 pag?

Y¥npaxHeHHS

Bripazure B rpazycax yrox (2.30—2.31).

2.30° 1) & pag; 2) —°F pag; 8) -<F pan;
4) 3% pan; 5) 1% pax; 6) —%‘ pas;
7) 1,2n pax;  8) -2 4n pax.
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2.31° 1) 0,2 paxn 2) 3,1 pan; 3) 5 pan;
5) 9,2 pan; 6) 10 paa.

2.,32. Buipa3uTe B pajuaEax yToJ:

1) 2° 2) 10°; 3) 40°; 4) 50°
5) —135°; 6) -270°; 7) 1021°; 8) 905°.

2.33. BrrpasuTe B rpagycax u pagMaHax BeXMYHHBI YIJIOB;

1) paBHOCTOPOHHETO TPEYTOMLHMKA]

2) npAMOYTOIBHOrO PaBHEOGEAPEHHOTO TPEYIOABHEKA;
3) HpaBAIBHOIO HIECTHYTOMLHHAKA;

4) OpPAaBAJIBHOTO ABEHAAUATHYTONBHHKA;

5) OpaBHABHOTO AeCATHYTONLHAKA

6) npaBANEHOTO NATAYrOALHUKA,

-
-
.
L4

2.34. Bupasure B rpagycax M pagumaHaX BeAMUMHY yria, TOJ
KOTOPHIM BHAHA CTOPOHA IMPABAJIBHOIO 7-yTOJNBHUKA M3
ero NeHTpa, eCaH:

)n=3; 2) n=4; ) n=5;
4) n=28; S)n=12; 6) n=6.

2.35°. OrmeTsbTe HA TPUTOHOMETPUYECKOH OKPYKHOCTH TOURY A,
VKAXKHUTE ee KOOPAMHATH X, U Y, U 3ANMIINTE BCE YIAK
IOBOPOTA, KOTOPHE OKAHIHBAIOTCH B TOUKe A,, €CIH YIrOI
o (B pagHmaHax) paBex:

1) 0; 2) %; 3) n; 4) 3n‘ 5) 2n.

2.36° OTtmeTsTe HA TPHIOHOMETPUYECKOH OKPY:XHOCTH TOUKY A,
¥ CPABHNTE €e KOOPAMHATH X, ¥ Y, C HYJEM, eCIH yroa o
(B paguaHax) paseH:

3
D&, 5, I R S
_E _5r _1ll=m, 11
e S L R e

2.37°, OrMeTbTe HA eANHUYHON OKPYKHOCTH TOUKY A, » cpaBHHTe
€e KOOPAWHATH X, U ¥,, €CIM PAZMAHHAST MepPA YTi4 ¢ PABHA:

VS 2) 3 H&E 95
5) 5z, 6) 3%, 7 g 8) %ﬁ-

CuRyc W KOCWHyC NpomWseonbHOTO yrxa ... 9

2.38. Jlna napHOrO 3HAYCHAA PAXHAHHON MEDH YIJia & OTMEeTHTE
HA TPHTOHOMETPAYECKOH OKPYKHOCTH TOUKY A,, CPABHKTE
ee KOODAHHATH X, ¥ Y, ¢ HyJeM H 3aNHINNTe BCE YIiBI IO~
BOPOTA, KOTOpHIE OKAHIMBAIOTCHA B TOUKe A,

1) 2 paxn; 2) 3 pan; 3) —4 pan;
4) -5 pan; 5) 10 pan; 6) 11 pan;
7) -8 pan; 8) -7 pap.

2.39. IlpeacTapbTe yroJ [ B BiAe PAsHOCTH (CyMMBE) yria % pax
H HEKOTOPOTO OCTPOTO YIjia o, ecad paAuaHHAS Mepa yria

B pasua;
1) 2) &; 8) s
4%, b, Tn

2.40. Tlo dopmyae o =2nn+¢, rae neZ n 0< ¢ <2n, Halipure
SHAYCHUA 1 M ¢ U ONPEASAHTE, B KAKOH JeTBePTH OKaHYH-
BAETCA Yroi o, ec/f ero painaHHas Mepa paBHA!

1) 10,6 2) ~7,9m 8) -13%;
467, 24, _21_“
1) 4% 5 6)
5n., i
7) ?, 8) 8 .

2.41. HspecTHO, UTO B= §4£+ 2nk, keZ. Vraxure Taxoe 3gaye-

aue k (ecau OHO CYIIECTBYeT), IPH KOTOPOM yroa [§ paBeH:

1) { pam; 2) 3 pam;
3) -7 pam; 4) -3 pam;
5) -2 pag; 6) 19“ pax.

2.4. Curyc M KOCHHYC HNPOH3BOJLHOTO YIJIa

B Kypce reOMeTpHH BBl MO3HAKOMWINCDH C MOHATHAMH CUHY-
ca, KOCURYCA, MARZENCE U Komanzenca yraos or 0° go 180°
B TPHUrOHOMETPHH 3TH NOHATHSA OUPEAEAAIOTCA AJAA MPOU3BOJIL™
HEIX YIJIOB,
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1
0
Puc. 69 Pue. 70

PaceMOTpHM eMAAYRYI0 OKPYKHOCTD.

BoasmeM Ha Helt aBe Toukn Ay(1; 0) u A, (x,; y,) (puc. 69).

Ifyers oo — ocTpmiit yroa, M3 Touxm A, onycTHM mepmeHAd-
ryasapul A K u A,T coorBercTBeHHO Ha ocu Ox u Oy (puec. 70).
W3 npamMoyroatHoro Tpeyroabuuka OA K (£ K = 90°) nMeem:

i AK _ Ok
sma——OAu H OOBG.——--OAu.

Ilockoavry A, K=0T=y,, OK=x, u OA,=1, To monyuaem:
sina =y, n cosQ = X,

T. €. CHEYC YTJIa ¢ DABEH OPAHHATE TOYKA A, & KOCHHYC VT4 of —
abecomeece TOYKH A,.
IIyeTs Tenepp 0 — mpom3BONBHEIR yTod.

Oupepenenne. Curnycom yzna o HAIWEBACTCS OPAHHA-
TA TOYKH A, eTHHHUHOH OKPYXHOCTH, T. €.

. ey B g W
sina =y, v >

Onpegsexernne, Kocunycom yzra o Hasnmaerca abc-
OHMCCA TOYKH A, eNAEEYHONH OKPYXHOCTH, T. .

P N TAr T PRET P ma-xu' LS

KaxaomMy yray o cooTBeTCTBYeT Ompefe/IeHHAS TOYKA A, Ha
eAMHIYHORK OKDY)XHOCTH, & STOM TOUKE COOTEReTCTBYIOT ee¢ KO-
OPAMHATH X, H Y,. II02TOMY KaXZOMy Y1y & COOTBETCTBYIOT
onpezeneHHLIe 3HAYEHHNA Sina =y, ¥ coso = x,,
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IIpumep 1. Halitn npubauikennsle 3HaAYEHUSA (C TOTHOCTLIO
Ao 0,1) cuayca B KOCHHYCA YTJIA i, €CJIN ¢ DaBeH:

a) 30°; 6) 155°,

Pemenue. a) a=30° ana cooTBeTCTBYIOIEH TOYKH TPHTO-
HOMeTpIdecKold OKpyXmHOCTH (puc. 71) nafigeM npubanKeHHEIe
3HAYCHHA €€ KOODAWHAT:

Y, =8in30°=0,5 n x,=cos30°~ 0,9,

6) a=155°

x,=c08155°~-0,9 n y, =sin155°~ 0,4,

Orser: a) 5in30°=0,5; cos30°=0,9;
6) sin 155° = 0,4; cos155° =-0,9.
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IIpumep 2. HaitTu npubnuskeHHbIe 3HAYEHNUA (C TOYHOCTHIO
1o 0,1) sina u cosa npu o, paBHOM:
a) 3%, 6)2,5.
Pemenue. a) o= 3% X (puc. 72);

x —cosT ~-0,7.

6) o= 2,5 npuraanexur I yersepry; Ans cooTBeTCTBYIOMIEH
TOYKH TPUIOHOMETPHMYECKOH OKpyKHOCTH (puc. 73) HaiigeM npu-
OJiMyKeHHble 3HAUEHHUs ee KOOPJAUHAT:

x,=co0s2,5=-0,8; y,=sin2,5=0,6.
OTBer: a) sm =0,7; cosT-—O i
6) sin 2,5 ~0,6; cos2,5~-0,8.

Yo —sm— n.O 3
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VpaBHeHNE eIMHUYHON OKPYKHOCTH MMeeT BHJ

2+ =1.

TlockonpKy KOOpAMHATHI J1060H Touku A, (cosa; sina) egn-
HUYHOH OKDY’KHOCTH VIOBJETBOPAKT €€ YPABHEHHWIO, TO IPH
mo6oM o 6yeT BepHBIM PABEHCTBO

cos?a + sin®a=1. (1)
9TO0 PaBEHCTBO HA3BLIBAETCA OCHOGHbBLM MPUZOHOMeEmMpUe-
ckum modxcdecmeom.

(HanmomMHuM onpejesieHue ToaecTBa. PaBeHCTBO ABYX BhIpa-
sKeHUI A = B Haspsaerca TOMKIECTBOM, €CJIM OHO IpeBpaliaercs
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B BEPHOE HHCJIOBOE PABEHCTBO IPH JHOOHIX 3HAYEHHUAX IepeMeH-
HBIX, AAA KOTOPHX ofa BRIpa KeHHA A B B HMewT cMBICK.)

|"'" | Kozda yeavi usmeparom 8 paduanax, mo npu 3anucu cu-
" @ }' MYCA U KOCUHYCA IMUX YZR08 HAUMEHOBARUE «DPATUAH»
e nuwemcsa (U He RPOUIHOCUMCR ).

HamprMep, BRIpaXKeHNA «KOCHHYC 7» B «KOCHHYC yIJa 7 pa-
AHAH» O3HAYAIOT OAHO M TO Ke.

HaumMenoBanve <¢pagmans OOKYHO He NMIOYT M HE TPOHS3-
HOCAT, HO MOAPA3YMEBAIOT (HHIOYT «C0S T»). A I'DAAYCEl THITYT
00A3aTeNbHO, HOCKONLKY 3HAYEHHSR, HAIpUMep, cos7° m cosT
paszanyHb (cos 7 = cos(7 paa) = cos399° = cos 39° # cos 7°).

Ana HaxoAeHWs 3HAYCHHHM CHHYCOB H KOCHHYCOB YTJIOB
MOMCHO HCIIOJIB30OBATH TPUFOHOMETDHUYECKYI) OKDPYXXHOCTB, Tal-
JHORK, MUKDOKAJNBKYAATODH U T. A.

Kaxanit yroa o MOXHO DpefCTABUTL B BHAEL

a=2nn+¢, raenecZ, 0% ¢ <2r (cM. m. 2.8).

Tar xax yrJIel o H ¢ OTIMYAIOTCA HA MEJOe YMCJ0 MOMHBIX
000poTOR, TO TOYKH A, W A, Ha TPHTOHOMETDAYECKON OKDYK-
HOCTH coBnagawT, IloaTOMY BepHEI pABEHCTBA:

sina =sin¢, cosa =cosy, T. e.
sin(2nn + ¢) = sing, cos(2nn + ¢)=cos o, rae ne Z.

IIpumep 3. HokazaTe TORASCTBO:
' 1 a) sin{-o)=-sina; 0) cos(-a)=cosa;
® l ' B) sin(r—a)=sinu; r) cos(m — o) =—cosd.
Hokasatenscrso. a), 6) Toukn A, u A, eaunuvHOM
OKDYKHOCTH (IPH JI0O0M SHAYCHHY o)
CHMMeTPHYHEI OTHOCHTENLHO ocu Ox,
3HAYHT, OPANHATH 3TAX TOYEK — IIPO-

THBOMOJOKHBIE YHCHA, A AOCIHCCH —
pasHbIe 9Acna (pHC. 14):
Uoa="Yo H X, =X,
IIo onpeaeneHEnAM CHHYCA M KOCH-
HYyC8 IMeeM; .
sin{~o)=-sing u cos(—o)=cosa.
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B), r) Touku A_, m A, _, (upn mobom 3HAYEHHH (/) CHMMET-
PHYHE OTHOCHTEABLHO Hauana KOOPAMHAT (cM. puc. T4), sRayur,

Ur-a S Yo B Xy o T X g
IIo onpegeneHAAM CHHYCH M KOCUHYCA HMeeM!
sin{rn - o) = —-sin(-a) u cos(n — a)=—cos(—a).
Henoneaysa TOMKASCTRA a) U §), moayuaem:
sin{n - a)=sina u cos(rn— a)=—cosa. X

Haszpauue «CHHYC» NPOHCXOAHT OT JaTHHCKOTO CJO-
A Ba sinus — emepern(», e¢masyxas, IpeACTABIAET CO-
ot mepepox apafckoro cioBa eAEKABa» {(«TeTHBA
JYKa»), KOTOpHEIM ofl03HAYANM CHRYC WHAMACKHE Ma-
TemaTukn. K #Mpee paceMoTpeHHS TPHIOHOMETpHYeCH
KOr0 KDYTa ¢ PAKHYCOM, DABHHM efHHHALES, MOZOILIH
B XI B,

1. Kaxkyw OKPYKHOCTH HAasnBawT eAHHHYHOH? Kak eme ee
HA3BBAKOT?

2. YTo MASHBACTCA TPHTOHOMETPHUECKHM KPyroM?

8. Kaxoli Bua AMeeT ypaBHeHENe eAMHUTHON OKPYXKHOCTH?

4. 3anmmuTe B JOKANKKUTE OCHOBHOE TPHTOHOMETPHYECKOE
TOHEECTEO,

5. Yro HasHBAETCH cHHYCOM (KOCHHYCOM) yraa of

6. MoryT au CHHYC N KOCHHYC OAHOTO M TOro JKe yria o SuTE
PABHLIMH HYJII0?

YOpamxHEeHNA
2.42°, Bepuo ynm, 9TO!
2) cos(—a)+cosa=0;
4) cos{n—a)+cosa=07?

1) sino +sin(-a)=0;

3) sin(n—a)+sina =0;
2.43°, YopocTHTe BHIPDAJKeHHEe:

1) sing—sin(~a)}-2sin(r-o);

2) cosa —cos(—o)+cos(n—a);

3) (sin(r:—a)-l-oos(-—a))z—Zcos(ﬂ:-—u)sina;

4) (cos(n—-a)+sin(~a)) —2sin(n—o)cos(-a).

7 AareGpa, 11 ko, .
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2.44°. Henonbays pucyHor 71, maltanre nmpubausxesHse sHage-
HHA sing B COSO HPH ¢, PABHOM:

1) 65°, 180°, 335°; 2) —40°, -125°, —340°;
3) 410°, 1705°, 3360°; 4) -775°, -470°, -1988°.

2.45°. Henonwsya pucysox 72, Haliare npuSInKeHHbe 3HAYe-
HAA SinC ¥ COSO OPH (!, PABHOM:

1 8x b6n 4r 8n 1lin, s

)12’3’7’_3"’“5:" 3’

9) % _3z _2t _l4x _23x _13s, X
10" 76 "8° "8 "5 @6 ... - v

3) 4n 5l 17 62 Tdx 8Tn
8' 5°' 4° 8°? 3"’ T

' 2.40°. Mcuonsays prcynox 73, Halknare npuCAMMeHANe 3HAYE-
‘ HuA sina ¥ cos¢ OpPH ¢, paBHOM:

1)1; 1,5; 2; 2,5: 3; 2) 4; 4,5; 5; 5,5; 6;
3) -4; -4,5; -5; -5,5; -6; 4) -1; -1,5; -2; -2,5; -3.

Haiigure snavense supanenus (2.47—2.48).
247. 1) sin{-%) + cos(~Z); 2) sin(~%) - cos(~Z)
A I G
® Sun-§)- (5 a3}
6) sin(—i)cos(—— +sin(-——- cos(———) sin(——) cos(-—

4 4 6 6 s
2.48. 1) am3“+cosT, Ty sina - cos3%;
3) s:n—-— : 4) cos T+1;
5) sin(- ) sin(~F) - cos(~ G
0 co{-35)in- ) (-2,

2.49. Ykaxure nATE BOSMOMHEIX 3HAYEHWH pa.nnannoﬁ MepH

yTiia ¢, eCM H3BECTHO, YTO Sina paBeH:

o

nh 9% B 5L 50 -1

Cunyc 1 KOCHHYC OPOHIBONBHEOrG yria 09

2.50. YKaxHTe IATH BOSMOMKHEIX 3IHAUEHWHA pannannoﬁ MepH
yr.na O, €CJIH M3BeCTHO, ITO COSO PaBeH:

n-L 2% 3-8 »l 51 L

2.51° VraxmuTe Taroit yroa o (eCIM OH CYIECTBYeT), ANA KOTO-
: pOTO BepHEI DABEHCTBA:

RAF

2) sina=1 m cosa=0; -
4) sina=0 u cosa=0;
6) sina=-1 u cosa=0.

1) sina=0 n cosa=1;
- 8) sine=-1 1 cosa=1
5) sina=0 1 cosa=-1;

- "!

2.52° VramxuTe Tako#t yrox o (ecam OH CyIIeCTBYeT), A/AA KOTO"

POro BEDHE PABRHCTEBA, ., Tt T o
' . _8 4, T SauIn L YT A
) Sino=g M COSA=gEd erm .. e - w e

T | __B e e s
2) ging=~3 # cosa=—-3 R _ :

3) aina-% B coso=—%;

5’ .
SR, LT o
4) sino.=% u eosa=--‘-/2_3; |
e D) gine=-0,6 u cosa=0,8 ... ..., .
A 6) sinu--[s- H cosa—g .{\,, l "
2.58. VxakaTe BCe SHAYEHMA YIria o, YAOENersopiiomyie pa-
BeHCTBY:
Z x. _E_ Fm
a) —3<a<3; 6) —Z<a<in
‘ _In x, _ .
B) ~—5<a<g; r) u<a<2n

2.54. VrakuTe Bce 3HAUEHNA YINIA O, YROBACTHOPAIOMME pa-

BEHCTBY:

vZ, , _1 ) .
1) cosa=—3; 2) cosa =3, ecnm: |
a) 0sosm 6) 0<a<4n~
B) ~Tn<a<s3; . 1) -5 <0.<211:
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2,55%.1) 3uasn, uTO BepPHO PABERCTBO Sin(n-—o)+cos(~a)=0,2,
HalfizuTe 3HAUeHNe BHPAXKEOHNA 23inq cosa.
2) 3mas, 4TO BepHO paBeHCcTBO 2sin(-a)cos(n—o)=0,44,
HalimuTe 3HaUYeHME BRIPAYKEHHA Sind+cosa.

2.5. CpoiicTea BRIpaZKeHHI Sino H cosQ

1. Muoscecmso 3navenult cCuRYCa u KOCURYCA

Hs onpepenenna curyca 1 KOCHHYCA CIeAYeT, 9T0 AA4 Mobo-
TO YIJiA O CYIIEeCTBYET, H OPHTOM eAMHCTBEeHHOe, SHAUCHEEe 8in o
{opaunara Touky A,) ¥ CymecTByeT, H NPHUTOM eAWHCTBEHHOE,
sHavMeHMe cosa (abcuueca TOUKH A,).

Touxa A, NeKHT Ha eRMHAYHON OKpPYXHOCTH, IOITOMY OHA
MOYXeT HMeTh J00YI0 OPAMHATY B npeaenax or ~1 o +1 ¥ BUKa-
KOl APYTOii OPAMHATH MMeETh He MOMXeT. A ee ODAMHATA — 3TO
sino., 3mHawuT, sina Moxem npunumams niofoe 3HEUCHUE oM
-1 do +1 u nHukaxux dpyzux snaveHull npuxHuMamMb He MONCEM
{puc. 75).

B qacTHOCTH, OTCIOAA CHGAYeT

-l<sing<1,

AHANOTHYHO AOKASHIBAETCS, UTO COSG MONEM NPUNUMAND
a00oe 3Hnavenue om -1 do +1 u nuxawxux dpyzux snavenuii npu-
HuMmambs He moxcem (puc. 76).

B wacTHOCTH, OTCIONA CAGAYeT

-l%cosax1,

Taxum ofpasom, muosecmaom anavenuti Kax CHRyCa, TaK H
KOCHHYCA sBJIACTCA NpoMexyTox [-1; 1].

y
1

~l<sina<1 ~1<cosa<1

i |

Pue. 76

CroiicTBa BRIpAMKEHNIE sing U cosa 101

Opumep 1. IlocrpomTs yrimi,
OKAHYMBAIOUINeCA B DA3HEIX 4eTsep-
THEX, KOCHHYC KOTOPRIX PABEH:

1, 5
a) —E’ 6) 2'
Pemenne. a) IlocTpoerne yrioB

1
B, » B;, AR KOTOPLIX cosf, = -3 H
cosfPy= —%, MOKAa3aHO HA PHCYHKe T7.

B) IloeTpouTh Yyrox mo 3TOMYy YCJIO-

BHI HEBO3MOMHO (DOACHHTE IIOUEMY).
Npumep 2. CymecTByeT AU YroJ, CHHYC KOTOPOro paBeH:
D-07 O m i

Pemenue. a), 6) [la, mocKoARKY YKA3AHHLIe 3HAUYEHUA OpU-
HAJJIeRAT NPOMEeRYTKY [-1; 1] — MHOMXeCTBY sRaYeHHN CHEYCA.

Pue. 77

B) Her, NocKOABKY % =1,67T¢[-1; 1].

2. Haumenvuiee u Haubonbuiee 3NAYEHUR CURYCA U KOCUHYCA

M3 Touek, Nexamux HA eUHHIHON OKpy:KHOCTH (pHC., 78),
HAMMEHLITYI OpDAHHATY, DaBHYIO —1, umMeer rouxa Ag, (0; -1),
T. €. Sinc NPUHAMACT HauMeNbUlee 3naNenue pn  °

= % +2rn, necZ.

Hanbonemryio OpAMHATY, PABHYIO 1, HMeeT TOUYKA Ag(o; 1),
7. €. Sino MpUHUMaeT KauboAbULEE JHA%EeNUe TIDR

a=§+21m, neZ.

sino=1, ecau ¥
a=ﬁ-|_—21m,n€2 1/ 42(0;1)

T
X

sina=-1, ecau

a=F+2m,nez  ~lAw©@:-D



102 TpHroHOMeTPHEIECKHE BRIPAMCHENSA

v cosa=1,ecau -

a=0+2rn,ncZ

coso=—1, ecau
o=x+2nn,ncZ

A(-1;0) A (1;0)
-1 0 1 x

Pnc, 79

H3 Touex, nexKaMX HA eAHHUYHON OKpYxRHoCTH (pue. T9),
HaWMeHBINYIO afcomuccy, paBEy —1, uUMeer Touxa 4,.(-1; 0),
T. €. BHpa)KeHUe COS 0. IPUHEMACT HALMERbULEe INAYEHUE TIDU

a=n+2nn, neZ.

Haubosbnryio abcuuccy, papHyio 1, umeer Touka All; 0),
T. e. BHPaXeHHe COs 0 OPUHNMAeT Rauloaduiee anavenue npn
a=0+2xn=2nn, neZ.

BameuaHne. Pasymeercs, uro cBOHCTBA CHHYCA M KOCHHY-
ca, chopMyIMpOBaHHEIEe B ?TOM MYHKTE, MOXMHO 3AITHCATE, HC-
IO/B3YA HE TOALKO PAXUAHHYIO, HO M MPALYCHYIO MEPY YIMa.

Hanpuwmep, cosa =-1 npu a=180°+ 360°n, n< Z.

Nipamep 3. Hailru mauMenbmee m Haubonbiiee 3HAYEHMSA
BHEIPAXKCHAA:

a) cosx + 5; 6) sin®x + 5.

Pemenmue. a) ITockonpKy HAMMEHBIIMM SHAYEHHEM BEIDA~
JKeHHA COSX ABAAETCH YHCIAO —1, TO HAMMEHHIINM JIHAYCHHEM
BHIDQIKEHHA CO8X+5 ABNseTcA uMcno —1+5=4; anamormumo
HanOONBIINM 3HAUCHNEM BLIDAKEHHS SBAgeTcs uncao 1+ 5=6.

6) HauMeHnInimM aHAYeHWeM BHpaykeHHS sin’x sBagercs
yucao 0, a BauboNLmINM 3HaueHMeM — SHCAO 1, COOTBETCTBOH-
HO, ANA BHIpaKeHHA sin’ x + 5 HaMMeHbINee 3HAYEHHE pauHO 5,
a nanboarmee pasuo 6.

Orser:a)4ub6;6)5m 6.

3. Hyau cunyca u xocumnyca
OpauBATH, DaBHLIE HYJO, UMEIOT Te TOYKHM eIREMuHol

CroiteTBa BEIpaxeHN sino A cosa 1038

vh

gina =0, ecau 1
o=nm, mcZ N
An(—~1;0) :L 1 Ao(130) -
0 x
-1 Puc. 80

OKDY)XHOCTH, KOTOPHe JexaT Ha oc Ox, T. e. Ay(1; 0) m 4,(-1; 0)
(pmc. 80). Hrax, sina =0 npn
=0+2nk=x+2k, kcZ

M npH a=n+2nk=n(l+2k), keZ.

Ofe rpynnul 3EAYCHUN ¢ MOMHO 3ANUCATE OXHOU HOPMYNOil:

a=nmm, mcZ.

911 3HAYEHHA HASHIBAIOT NYAAMI CUKYCA.

Afcomccnl, paBHBEe HYJNIO, HMEIOT Te TOYKH eAMHHYHOR
OKPYIKHOCTH, KOTOpHIE JexaT Ha ocH Oy, T. e. TOYRH Au {0; 1)m
Aax (0; -1) (puc. 81) Hrak, cose.=0 npn

+2nk- +n-2k, kel,

M npH a—3—+2uk=—+u+2nk- +m(l+2k), ke Z.

O6e rpynnu sHAYEHHD 0. MOYKHO JamUCATh OZHON dopmynoi:
T
a=3+nn, ne Z.

BT 3HAYEHUA HAILIBAIOT RYAAMU KOCURYCA.

: cosa =0, ecau
da -%ﬂm, neZ

RY
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Ilpumep 4. PemunTs ypaBHeHHE:

a) sinx=0; 6) sin(x + 3)=0; B) cos7x=0.

Pemenne, a) Peminrs ypasnenue sinx =0 — 1o ke caMoe,
9ro HaliTH Hynau cunyca. CiexoBarTensno, x =nn, neZ.

6) Ilockonery sin(x + 3)=0, To:

X+3=nn,necZ; orkyga x=r7n—-3, neZ,
B) Ilockoabky cos Tx =0, To
™

Tx =7 +7n, neZ; OTKYAa x=ﬁ~+1$'?, neZ,

Orser: 8) nn, neZ; 6) in~3, ncZ; B) T"J-i-i?’-‘—, neZ.

4. ITpoMmenymicu 3HAKONOCMORKCMBA CURYCE U KOCUHYCA

3HAKH, KOTOPEle MOTYT MMETH 3HAYEHHA Sind, T. €. 3HAKH
OpAWHAT TOYeK A,, B 3aBHCMMOCTH OT TOTO, B KaKol “eTBepram
OKAHYMBAETCH YTOJ (I, IOKA3AHE HA pHCYHKe 82,

Hnenno:

' eciaH yroJ o oxkaguuBaercd B [ uan so II yerseprn, T. €.
0+2rn<oa<n+2nn, neZ, tosina > 0;
ecan yroa o oxamuynpaerca B III mam B IV derseprm,
T.e. n+2an<a<2n+2nn, neZ, rosina <0,

Taxum o0pasoM, MEI YCTAHOBHAM RPOMEIYMKU IHAKO-
ROCMORKCMEA CURYCA,

3HaKH, KOTOPEE MOTYT HUMETh 3HAYeHHA 0S¢, T. €. SHAKH
abcomec ToOYeK A,, B BaBMCHMOCTH OT TOTO, B KAKO HeTBEPTH
OKBHUWBALTCH YTOJ (., MTOKA3AHLT HA pUCcyHKe 83.

Croiteraa supasenml sine u cosa , 105

Hwuenro: o : : .
' ecad yroa o okapunsaerca B I wan B IV gerseprs, T. €.
u ~3+2mn<a<g+2mm, neZ,rocosa >0;
ecnn yron o oxkapuumeaercR Bo II mau B IIl yerseprn,
T. €. %+2nu<a<§2§+2nn, neZ, To cosa < 0.

TakiM 06pasoM, ME YCTAHOBILIA RPOMEIYIMKL JHLERONOCINO-
RHCMEE KOCURYCA.
Mpumep 5. Jlna xkaknx 3Ha9eBHH O, YAOBJETBOPAIOIMAX yC-

JOBHIO %4 a< %", BEpHO, 4TO:

a) sina > 03 6) sina < 0;

B) cosa > O r) cosa < 07 .

Pemenne. a), 6) Iockoasky sinoa > ¢ mpm 0< a<ln m
sina <0 opu 1:<a<37", TO ¢ YYETOM YCNOBHA MMeeM sina >0
npu % <a<znusineg <0 opn n<a€533‘-.

B), ) IlogcHuTe penreHre caAMOCTOATENBHO (CM. OTBETH),

O'rne'r:a)%fia(n; 6)1:(0.%%";

B)§<u<%; r)n<a<‘§—“.

€08(!) IPAHEMAET HAMMeHbIIee 3HAYCHHRE?

2. Ilpn xaKkHX 3HAUEHMAX o BHpaKeHmne sina (BRpaxeHpe
cOS ) MPHEMMAET HaUGONEINEe SHAYEHNE?

3. HazobpATe NPOMEXKYTKA BSHAKONOCTOSHCTBA JJIA CHHYCA
(xocumyca).

4. Hagzopure HYAH cuHyca (KocHHYyca).

8. Bepno Jn, uro sin(-o) cos(-a) =sina cosa?

1. Ipu KaxEx SHaUeHHAX o BEIPAYKeHNMe Sina (PHIpaXenye

YnpakBeHHN A i
2.56°. B xaxoit yerBepTH OKAHIMBAETCA YTOX O, ECHH:
1) sina > 0, coso > 0; 2) sina <0, cosa < 0;
3) sino > 0, cosa < 0; 4) sina <0, cosa > 0; ..
5) sina cosa > 0; 8) sina coso < 03
7) sina = {sina; 8) |cosa|= cosa?
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2.57°. Onpepenure 3HaKM 3HAYeHMI sina M CosSo. AJA YrioB o,
PRBHEIX:
1) 49°, -250°, 333°, -1324°;
2) —38°, 189°, —297°, 1585°;
3) _® 19x _ 17z  279=x.

12> 187 9 20’
4) & _23n 38z _87Tlr,
147 17 ° “21° 40’

5) 3,b6; -4; 5,5; -8;
6) -2,5; 4,5; -6; 9.

2.58° MoxeT M HpH HEKOTOPOM 3HAUEHWH & GHITh BePHRIM pa-

BEHCTERO:
1) sma——‘g——ﬁ: 2) cosa:if—;
3) cosow% 4) sinu=—-’25;
5) sina:\fg~2; 8) cosa=1-/2;

7) sino=+11-/29; 8) cosa=+15-12?

2.59°. IIpu KaKkux 3HAYEHMAX ! BEPHO PABEHCTBO!

1) sint=1; 2) sint =0; 3) sint=-1;
4) sint = w; B) cost=1; 6) coat= O
Ty cost=-1; 8) cost———?

2.60° PemuTe ypaBHeHHKe:
1) cos2t= 0; 2) sin 3t =0;
3) sin%=~1; 4) cos%=—l;

5) sin(6t -5)=0;
7} cos(10f + 88m)=1;

6) cos(4-28)=0;
8) sin(6n-3t)=1.

2.61. CpaBENTe ¢ HyaeM:
1) sin1276° sin(-3461°), cos2078° cos(-3065°);
2) sin(-1288°), sin 2039°, cos 4742°, cos(-2105%;

3 smlfs“, sin( 3;1(5“) cos (~%) cos 1383"

CroiicTpa BeIpa:keHHN#H sino u cosa 107
37n 17x 14x 12my,
4) sin—= g sm( 13 ), COSs —— e cos( 5 ),

5) sin 8,14, sin(-25), cos(-6,1), cos 9%
6) sin(-2,5), sin 41, cos 4,7, cos(-81).

OnpenenuTre 3HAK 3HAYEHAH BRpaxeHus (2.62—2.63).

2.62. 1) cos(n+2) 2) sin(n+1); 3) sin(n - 2);
4) cos(n-1); 5) sm(sn ); 6) cm;(%It + 2);
7) cos( 3 - 2); 8) sin(Z +2).

2.63. 1) coa(-12560°) sin(-3390°); 2) cos(-5431%) sin(-679°);
3) 5in10 cosl16 cos21; 4} sinll cos22 sin33;
sind cosd cos 4,1 sin{-5,9)
) gin(-2) ’ 6) cos 3,5 )
2.64. Pacnonoxure B mOpALKe yOLIBAHUA:

1) cos 3w, cos4dn, sin dm
3r

2) sin E’ cos 7, Cos 2
3) cos 33“, cos 297, sm'n;—“

4) sin 101z, cos 223n, sin %’1

2,65, IlocrpoiiTe yrae: ¢ ¥ , OXAHYHBAIOIGNECA B PASHEIX YeT-
BEPTHAX, ALH KAXEAOTC H3 KOTOPAIX]

1) KOCHHEYC paner -—ﬁ-; 2) KOCHHYC paBeH %;

8) cagyc paBeH %; 4) cuEyC paBeH —%.
2.866. Haiaure Hambonbmiee B HauMMeHbIIEe 3HAYECHHS BhLIpa-
JHEERA:
1) 5sino; 2) -7 cosa;
3) —cosa+2; 4) 3+ sinog
5) —cos®a - 8; 6) sina-1;
7) |- 8) |s'ma.|;
1.
9 4 +gina’ 10) 5—coso
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2.67. Ina xakux B3HAYEHHUH 0, YAOBIETBOPAIINUX YCIOBHIO

§< o < li“, BEPHO HEpPaBeHCTBO!

1) sina > 0; 2)sina<0; 3)cosa>0; 4)cosa<0?
2.68. JIns xakuxX B3HAYEHUN o, YAOBJIETBOPAIIINAX YCIOBHIO

—% <a< —%, BEPHO HEPaABEHCTBO:

1)sina>0; 2)sina<0; 3)cosa>0; 4)cosa<0?

2.69. 3uas, uro yron o okaHuupaercsa B [V ueTBepTH, yIpOCTH-
Te BBIpAKeHHe:
1) |cosa|—-cosa;

2) |sina|+sino;
3) |cosa |+ |sinal;

.
?

4) |cosa |- |sina

5) (\/cos2 o —sin?a )(cosa +sina );

6) (Veos® o +Vsin®a )(cosa—sina).

2.6. IlorAaTHEe apKCHHYCA H aPKKOCHHYCA
IIpumep 1. IlycTs
_T o _I <k,
2§a€2u2<[3 : (1)
Bepno au, uTo:
a) ecsm sina =sinf, To a=f;

0) ecaim cosa = cosf, To a=fp?
Pemenue, a) PaccMOTpHM yIJIBI O

Uy u (3, yaosierBopswomue yciaosuo (1).
Torpa, ecnu o # B, To y, # Yy (puc. 84),
T T. e. ecam o # 3, To sina # sin . 3Ha-
9uT, ecau sina =sinf, To a=p.
6) Yran —% " % VIOBJIETBOPAIOT
% yemoBuio (1). Ilpu atom
sinf §
B 1, P L =T
cos( 4) CoS, & —g# 7.
Puc. 84 OrserT: a) aa; 6) Her.
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A
a) y Az 6) A Az
y=b," | < /
b
/ o= grc31ni A, f—_
o Ay x o o =rarcsin b
U= EJ'\b4 Au
A n A_n
2 2
Puc. 85

Paccmorpum BeipaskeHue sinoa. MblI 3HaeM, 4TO OHO MOJKET
NPUHUMATh KakJoe 3HaueHue b u3 npomesxytra [-1; 1]; npuuem
TAKUX YIJIOB O, 4TO sina = b, 6eckoneurno maoro. OpHako cyme-

CTBYET €INHCTBEHHBIH YIoJ o, TAKOH, 4TO Sina=b u —% <a< %

(puc. 85; cm. Takke mpumep 1). DTOT yron HasuBaeTCs apk-
CUHYCOM Hucna b.

Onpenenenue. Iyers be[-1; 1]. Aprcunycom wucna b
HA3BIBAETCH YTOJ O, TAKOH, 4T sina=b u -3 <a < 3.

Apkcunyc uucaa b obosmauaercs arcsinb. Takum obpasom,
arcsinb — 9T0 yroJ, y/AOBJIETBOPAIONIUA ABYM YCIOBHUIM:

sin(arcsinb)=b u —% < arcsinb < % (2)

ApK — 9TO 4acTh JATUHCKOTO CJIOBA «arcus», KOTOPOe B
&J nepeBojie 0O3HavYaer «Ayra», T. e. arcsin 0,8 — cokpaiesn-
HafA 3anuchk (Gpasel «Ayra, cuHyc KoTopoil paseH 0,8».
O6o3HayeHHe apKCHUHyca — arcsino, KOTOpoe HCIIOJb-
ayercsa No ceit nedb, BBea B 1772 r. ¢panmysckuii ac-

TPOHOM, MaTeMaTHK U MexaHMK JHosed Jlym Jlarpam:x
(1736—1813).

EcTecTBeHHOIT 001aCTHI0 ONpejle/leHUs BLIpAXKeHUA arcsinb
ABafgeTcH npoMexyror [-1; 1].
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3ameTnM, 9TO 38eCh U B JanbHeimeM, Kax OpapnaJIO, HCHOJb-
dyeTcHA pPagvuaHHaAA Mepa VIrJiaa. Ho moxEO, KOHEUHO, YCJI0BHE

—% < arcsind Q% 3aIIHCATL M Tak: ~90° € aresind < 90°,
Ipumep 2. Bepuo au, uro arcsin% paBen:
a-%  eF L g
Pemenue. Coraacuo onpegencHdrd ApKCHHYC uHcna b —
3T0 Yroj, yAoBJeTsBopmomuilt yemoBHaM (2), A 3THM VCIOBHAM

VAOBJIETBOPAET TONALKO BAPHAHT T'), T, €. arcsin% =
Orrer: a), §), B) HeT; T) Aa.
IIpuMep 3. Ilyers
Ofa<n nO<p<n. 3)

BeprO xu, uro:

A y A, a) ecam coso=cosf, To a=7;

af. ______ .. A% 6) ecin sina=sinf, To a=§?
Ap_l b Pemenne.

Al o4, Paccymyas AHAJOTEYHO KAK B

cosp O ' x DpEMepe 1 1 ucnonssys pucyrnok 86,

ooJayqaeM OTEBeT: a) Her; 6) Aa.
PaccMOTpHM BHDAKEHHE COSO.
Prc. 86 MH 3HaeM, YTO OHO MOKET IPHHH-

MaTh KaXKA0e 3Ha4YeHHe b B3 npoMe-
yTra [-1; 1]; npuuem Taknx yraos a, aro cosa=b, GeckoHey-
HO MHoro, OAHAKO CYIIEeCTBYeT €AWMHCTBEHHLIA yroJa o, TAKOM,
gro cosa=b m 0 < a<n (puc. 87; cM. Tarxe npamep 3). dror
YTOJI Ha3BIBAETCA APKKOCURYCOM wucha b.

a)

Puc. 87
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Onpenenenne. Ilyers be[-1; 1). Apxrocunycom wue-
aa b HasLpIBAeTCA YIOJ o, TaKkoM, aro cosa=bn 0< a < x.

Aprrocuayc uncaa b ofozaayaerca arccosb,
Takmm ofpasom, arccosb — 2To yros, yHOBJIETBOPAIINUIA
ABYM YCJIOBUAM:
cos(arccosd)=>b u 0 < arccosb< ., 4)
EcrecrBeHHON 00JacTHIO onNpeAefieHHs BeIpaXKeHus arccosb
ApngercAa npoMexyTox [-1; 1),

IIpamep 4. Bepuo au, 910 arcoos(—%) paBeH:

a) -%; 6) %; s) 2% r) -3?
Pemennue.
wrosan(-4) -

(ofBpacCHATe NOYEeMy, CM. IpHMeED 2).
OTsBerT: a), 6), T) Her; B) Aa.
IIpamep 5. JorazaTh TOMIAECTBO:

' a) arccos(—b) = n — arccosb;
® 6) arcsin(-b) =—-arcsinb.

JdoxasaTenscTBO, a) PaccMOTpHM yriM B JIeROd M B mpa-
Boil YACTAX AAHHOrO PABEHCTEA. BO-nepBHIX, 9TH YIVILL YAOBJAET-
BOPAIOT yCAOBHIO (3):

0 < arccos{(-b)< n; 0< n—arccosh<n
(ofBpacHHTe mOYeMY).
Bo-BTOpPEIX, KOCHHEYCHEI 3THX YTJIOB PABHLI:

cos (arccos (—b)) = —b;
cos{n — arccosb) = —cos(arccosb) = -b.

3HauuT, 3TH YIIH PaBHE! (CM. npuMep 3, a) BJ.
6) Hoxaxuare 570 TOMRACLCTBO CAMOCTOATEIEHO.
Hpumep 6. Hailtn 3naueHne BEIpaKeHNs A, ecln

Cinf o3 3
A= arcsm(——é—-) + arccos(—-é—).
Pemenue. A= —%4-%“» = % {noscHuTE MOYEMY).

OrBeT: A=%.
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IIpumep 7. HaliTh aHayeHNe BLIpaXKeHENd A, ecan :
A= sin(arecos(-%)). LR

Pemenne. Ilyers arccos(—%)=u., TOrJA cosd.=—% n

“éaén Haiinem A =sina. :
Ha ocnoaaoro TPHUFOHOMETPHIECKOr0 TOMKAECTBA wMeen:
ginfa =1 - cos® a. Orryaa moayuaem: :

|sina|=\ll—cosza=J1-—-;—=&.'II."" ) ’
Tax KaK “Quéu,msma?O H, SHAYNT,
2J'

\sma|=sma—

OTBBT:A=¥.

IIpumep 8. Halith 3HaueHHe BRIpAMKeHUA]

a) arcsm( 13") 6) arcsin(sin4). .
Pemenme. a) arcsin (sin 18") = arcsin (sin(21|: + -g)) = "“;3
=arcsin(sin ) arcsin; § THK KaK —%<%<" s‘ma-%;

6)arcsin(sin4)=arcsin(sin(n—4))=n-4, Taxmu—4s3,l4f

-4=-0,86, T. e. -£<n—4<£ m sin(n — 4) = gin4.

OTgeT: a) amsin(sml—sl)—g, 6) arcsin(sin4)=n—4.

1. Cpopmynupyiire onpefelieENA APKCHEYCA N APKKOCHHYCA
upeaa b.
2. Vrawnare obnacts onpeAeleRENA BHPAKEHAA: =
a) arcsin x; 6) arccosx. ’
3. Ilouemy:
a) arcsin(gind) = 4;
6) arcsin(sin-1,3) = -1,3;
B) arccos{cos3)=8;
r) arccos(cos-1,2)=~-1,3?
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YOpakHEeHERA o
2.70°. 3anuunTe paBeRCTEO, PABHOCHIBHOR AAHHOMY, IO 00pasny:
sinf = ‘/2_ PABHOCUALHO arcsin Y ‘F “
1) sin%=%; 2) cos;—%,
3) oos%=0; 4) sin-’5=1;
Dein(-5)=-Fs  GeosF=-F
T) cosn=-1;  8)sin(-F)=-1.
2.71°, 3anuInuTe pABEHCTBO, PABEOCHILHOE AAHHOMY, 00 o0pasmy:
arcsin%= 2 pasnocunbio smi‘-=%.
1) arceos Y2 = 2, 2) arceos(~42) = 32,
Darotn(-—F  Hamom-1)-35
5) arccos 0=7; 8) arocos—‘/zg—m};
7) arcsinl=%; 8) arcsin 32 = I,

2.72°, Tipn Kaknx 3HAYEHMAX ¢ NMEeT CMEIC/ BRIPasKeHHe:

1) arcsin(? + 1); 2) arccos(t + 3);
3) arccost®; 4) aresint?;

5) arcsin . jt +1; 6) arccos\/t-a?

HatiguTe sHaueHHe Brpamens (2.73—2.74).

2.73° 1) amoos0+£; 2) aresin(-1) + 3%

3) arcsinl +3E 4) arccos{(-1) + i—“.

2!

2.74°. 1) arcsin(—-‘/—i) arcsin — arcsin(-1);

1
2 2
V2 + arcoos-‘[a—,
2 2
J2

3) arceos( — arcoos(—T) - arcoos(—%);

44 arcsin(—%) + Arecos (—%) + arcsml,

2) arccos (-1) + arccos o

8 Axrefipa, 11 5. .
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6) 3arcsin(——%) +4 mcos(—jlg) + arecosl;

6) arcsin(~1) + 2arccos(—£) - 2arccos(-1).

2.75° BepHo au, uTO:

1) arcsin(—%)=—arcsin%; 2) arccos( )=n ancoos—

3) arocos(—%)=arocos%;

2.76. YnpocraTe BHpaKeRue:

4) aresin(- )-arcsin4?

1) aresin(—-b)+ arcsinb;
3) arccos(~b)—-arccosb;

2) arcsin{—b)—arcsind;
4) arccosb - arccos(—b).
2.77. Cparunre:

1) arcginl u arccosl;

2) arcsin(-1) u arccos(-1);

3) arccos0 m arcsinl;

4) arccos(—1) u arcsinQ;

1

5 arcoe(})  acsin(

6) arceos(—%) H amsin%.

2.78. Haiipure B3HaueHHe BHPAXKEeHHA arccost + 2¢ —faresing
opu ¢, papHOM:

D-1 2) —-‘12§: 3) —%; 1) -3;

2 ¥
. 1, J2, J8
50 6L nE s
HaliguTe sHauenue BrIpakenus A (2.79--2.82).

2.79. 1) A=sin(arccos 1) 2) A = cos(arcsin 13 );

3) A=cos (arcsin (-%)),

,--‘--....

Ml%l

e
L

4) A =sin (anccos

5)A= sin(arccos%); 6)A= oos(arcm %)
2.80*.1) A= arcsin (sin %) 2) A = arcsin (sin—;i);
3) A= arcsin (sm 54") 4) A = arcsin (sin%’i);
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5) A= arccos(cos8xn);

NA= arcoos(oos%“)

6) A= arccos(cos9m);

8)A= arcoos(oos%)

E ]

2.81%.1) A= arccos(cos(- %))
¥y

3 A= arcsin(sm( 25 )),
B)A= arcoos(cos( 10“)),

2.82% 1) A=arcsin(sin3d);
3) A=aresin(sin12);
6) A = arccos(cos(—2,5));

2) A = arccos(cos(-2%));
4) A= arcsin(sin(-%));

6) A= arccos (cos( 19“)).

.

2) A =arcsin(sin 2);
4) A=arcsin(sin11);
6) A =arccos(cos(-1,6)).

2.7. TaAre#c¢ ¥ KOTAHTCHC MPOH3BOJILHOTO YTAA

Onpenenenne. IHycrs u.aé-’2'—+1m, necZ. Taurencom
YIIa 0. HA3BIBAGTCHA OTHONICHH® CHHYCA YIA ¢ K KOCHHYCY

TOTO e YIaa o _ sina
S tga—ma. S Aty e
(Banuce a¢%+nn, neZ, 03HAUAET, YTO PAXMAHHAA Mepa

12‘~+1m HU IPH KAKOM HeJIOM 72.)

yIriaa o He pABHA
Onpepnencune, Ilyers o * 7n, n € Z. KOTARTeHCOM YIIA O
HASLIBAETCH OTHOLICHHE KOCHHYCA YIJA O K CHHYCY TOroe ®e

yraa a: cosar_

sina’

cigo=

Koraa yrinl H3MepHIOTCA B PAAUAHAX, TO OPH IAOACH TAH-
TeHCcA ¥ KOTAHTEHCA 9THX YIVIOB HAMMEHOBAHHe «pafHaH» Omyc-
KaeTcd.,

Jlna paxoxaeHMA 3HAYEHUH TAHINeHCOB H KOTAHTEeHCOB YIJIOB
MOJRHO HMCHOAB30BATH TPHTOHOMETDHIECKYIO OKPYXKHOCTH, TAl-
JHOH, MAKDOKAJBKYJIATOPH H T. I.

Kamasrii yroa o MOKHO IpeIcTABATE B BUje

a=2tn+¢, rae neZ, 0% ¢ < 2n (cm. m. 2.3).
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Tax Kaxk yTAN O B ¢ OINYAIOTCA HA IMEJ0e YHUCAC HOJHEIX
060pOTOB, TO TOUKH A, B A, HA TPUTOHOMETPHIECKOH OKpY:KHOC-
TH ¢0BNaA’0T. I109TOMY BEpHEI DABEHCTBA:

tga =129, ctga =ctgo,
tg (2an + 9) =tgo, ctg{(2nn+ @)=ctgo, rue neZ.
HOng Beex sHAveHHH o, ANA KOTOPHIX OIPeACHEHLI BhIpaike-
HUA tga H cliga, 1. e. ANa o # ﬂ, k € Z, BepHO paBeHCTEO

tgo ctga=1.
TaxuM 006pa3soM, 9T0 PABEHCTEO SBJAETCS TOMRIECTBOM.
IIpoBenem uepes Touky Ay(1l; 0) OpAMYIO ¢ MepEHAHKYAAPHO
ocu Ox (puc. 88). Ona Syzner KacaTeJbHOH K €ARHWIHON OKDYMXK-
HOCTH. Jra nNpAMAA | HASHIBACTCHA AURUeld Mmanzencos., Ecau

u¢%+nk, keZ, o npamas OA, ne-
peceKaeT JHHUIO TAHTeHCOB { B TOYKe
T,. Opanrara Touxu T, paBra tga.

A Toraxure, 9TO OPANHATA TOYKH
T, paBHA g o (BocmonpsyifTecH pHCYH-
KoM BB). A

AHanorAYHO TOMY, KaK 3TO GBLIO
CAGNAHO MJIsi TAHrEeHCA, HOCTPOMM H
JIMHHIO KOTAHICHCOB.

Yepes TOUKY A% (0; 1) opoeemenm
UpAMYIO ¢ NepUeHAARYIAPHO ocH Oy.
Ona GyzeT KacaTedbHoll K eUHAYHON
OKpYKHOCTH (pHc. 89).
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Jra UpAMAf ¢ HAJHBASTCA JAURuell komanzencos. Ecam
o= nn, n€Z, ro opamaa OA, mepecekaeT JINHAI KOTAHTEHCOB B
Toure C,. AGcoucca Touru C, pabBHa ctgo (cM. pme. 89).

A Joxaxure, uro abemmeca Toukn C, paBHa ctgo (BoCIONb-
syiiTecs pucyuroMm 89). A

PaccMoTpuUM Teneph CBOIMCTRE TAHTEHCA W KQTHAHTEHCA.

1. Muoxmecmeo srRaveHuil manzeHca U KOMAHZEHCA

Brupaxxenue tgo MOMeT IPHHEHMATEL JIOOHE 3HAUCHWA H3
MHO¥ecTBa R. B caMoM gese, Ana Ai0GoTo HeiCTBHTENBHOIO
YACAa P CYIECTBYeT TAKOH yroxa a, uro tgo =p. 970 MOXKHO mo-
Ka3aTb, HCMIONB3YA JNHUEHIO TAHreHCOB (y0eAHTeCh B 9TOM CAMO-
CTOATENBHO).

Tarkum o6pasoM, ME VCTAHOBHIH, UTO MHONECMEOM 3HAYE
Huil suipaxesus tg o ABAAEMCA MHONECINEO 8ceXx delicmeumenty-
noix yucea R. '

CrenoBaTenbHO, BHpAaXKeHHe tg€ o He umeem Hu Haulolvuiezo,
HIU HAQUMEHbULEeZ0 3HAYEHUL.

AHANOTHYHBIe YTBEDXRIeHHSA BepPHR HAA BRIpAKeHHMA clgo
{(IpoBeaANTE PACCYIKACHNSA CAMOCTOMTeRALHO),

MokHO BOKAa3aTh, 9T0 AN aw0foro p € R cymecTByIoT TARKHE

yrs o # B (—%<a<£; 0<|3<1t), uTo tgo.=p u ctgP=p.

2. Hyau manezenca u KomaHzenca
QuepnpHo, 9T0 tg0t=0, ecam sinx =0, 7. e. npr a=nn, neZ.
3Havenus o.=nn, R€Z, AGAAIOMCA HYAAMU MAHZERCE.,

Ananrozuuno a=§+1m, neZ, — nyau romanzenca (moac-
HATE DOYEMY).

3. Ilpomesncymiu 3HAKONOCMORHCMEE MAHZEHCA U KOMAaH-
2¢HCa

Hcnonesysa ompeneneHne TaHTeHCA M 3HAKM 3HAYEHHNH BHI-
pameHHHA Sin® M COS(t, MOXKHO YCTAHOBATH SHAKH 3HAYEHHA

BHIpaskeEna tgo. HanpuaMep, ecan §<a<n, To sing >0 m

cosa < 0, u, 3EaguT, tga < 0. MOKHO yCTAHOBATE SHAKH 3HAUYe-
HYH BHpaKeHud (g o ¥ ¢ DOMOINBIO AVEKY TaHreHca (yOepuTech
B 9TOM).

ARajgormyaEIME criocoSaMi ONpeAcasiOT M SHAKH SHAYeHWH
BHIpaKeHHA ctg o,
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a) 7 0)

|

O ctga>0

Puc. 90

Ha pucynke 90 yxkasanbl 3HAKY 3HAYEHHWH TaHTeHCA ¥ KOTaH-
refca o B 3aBUCHMMOCTH OT TOTO, B KAKOI UeTBepPTH OKAHIHMBAET-
CA YroJa o.

Taxkum obpasom,

' ecau yzon o oxanyusaemces 8 1 unu 6 III yemaepmu,
® m. e. e
n’n<a<§ +nn (neZ),

mo tga >0 u ctga > 0;

ecau yzoan o okanvwueaemcs 6o II uau 6 IV vemeepmu,

m. e. x
2

mo tga <0 u ctga <0.

+an<a<n+nn (neZ),

HT&I{, MBI YCTAHOBHJIM NMPOMEMYMKU 3HAKONOCMOAHCMEW
MaHzeHca U KOmaHzeHcda.
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INIpumep 1. JlokasaTs TOKAECTBO:

' I a) tg(-a)=-tga;
L ]

B) tg(n—a)=—tga;
HHokxasarenscTBo. a) Ilo onpepenenuio Trauresca

0) ctg(—a)=—ctga;
r) ctg(n—a)=—ctga.

_oy - Sin(-a) _ —sina _ _sino _
tg(-a)= cos(-a) cosa  coso tgo.

0), B), r) lokasaTenbcTBA aHAJOIHYHBI JOKA3aTEJILCTBY CJIY-
yas a) — BBIINOJHHTE UX CAMOCTOATEJIBHO.
IIpumep 2. CpaBHHUTHL ¢ HYJIEM 3HAUEHUE BLIPAXKEHU:

a) tg(—3986°); 6) ctg10.

Pemenwue. a) tga =tg(-3986°) =tg334° < 0.

6) IIycre 10=2n+¢; Torma ¢=10-2x~10-6,28=3,72;
yroan ¢ npuHamaexut Il gersepru. Takmm obpaszom, ctg10 =~
=ctg3,72 > 0.

Orser: a) tg(-3986°) < 0; 6) ctg10 > 0.

IIpumep 3. [okasars, uTO 3HAUYEHHs BeIpasKeHHU tgo u
ctg o He MOryT OBITH OJHOBPEMEHHO 00JbIlle eQUHUILLL.

Hoxazarensctro. Ecan tga > 1, To ctga=tg% <1.

B IX B. apabckuit acTpoHOM M MaTeMaTHK ajlb-Barranmn

A I BBEJI HOBYIO TPMIOHOMETPHYECKYIO BEJIMYMHY, KOTOPYIO
OH HasBaJ «TeHbIO». OH paccMaTpUBaJ BeJIUYHHY OTHO-
LIeHHs BBICOTHI IpeAMeTa K AJWHe TeHH OT 9TOro mpej-

MeTa IIpH pasyJIM4YHOM BEIcOoTe conuHna (puc. 91). Takum
j obpasom, anb-BarraHu, mo cyTH, BBeJ B TPHUIOHOMET-
i PHIO ITIOHATHE «TAHTEHC».

a) A (! 0) A 4
Puc. 91
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TprroaoMerpEISCKNe BEIPAKENAN

2.83°.

2.84°.

2.85°.

2.86°.

CospemeHHOe OnpefelleHUe TAHICHCA H €T0 0003HAYEHHE
tga B 1753 r. sBen JIleonapa Jitaep.
JlaTuHCKOE CA0BC tangens OIHAUALT «KACATEABHASS.

1. Hokamnre ToxaecTeo tgactga=1.

2, VramuTe HPOMEMYTHH 3HAKONOCTOAHCTRA TAHTEHCA (Ho-
raAreaca). Oreer ofocuyiire.

8. Iouemy npn moboM 3HAYEHRT o # “k keZ 3HAKHK tgc |
ctg o OgHAKOBEI?

4, YKamnTe HYJXH TaHreHca (KOTAHTeHCa).

8. Bepao au, uto tg(-a)ctg(-a)=-1? -

6* JorkaknaTe, ITO 3HAYEHHE TRHIEHCA (lcoramca) MOMET

GEITH MOBLIM FeficTBUTENLHEIM IHCHOM.

YonpaKHeHHSA

MoryT au crEYC, KOCHHYC M TAHTeHC OAHOrC YIia . HMeThb
CleAyIoUINe BHAYCHHA:

i __E - 5 —-io
1) sina = 13’ COSG,—-E, tga_ 12’
ina=-" _53 7.
2)sina=y7, cosa==7, tga_m,
ing =2 ___\/___ -8 .
3) sina=g, cosa= tgo= =
4)sina=—§, cosa:—%, tga=J§? ' o
Bepuo au, uro:

1) ctg(—a)=~ctga; . 2)ctg(-a)=ctga;
3) tg(-a)=tgo; 1) tg(—a)=—tga?

Henonnsys pucynxky 88 u 89, maiiamre npubnrmxesunie
3HaYeHH: tgo ¥ cigo npu o, paBHOM:
1)230°, 335°, —220°, ~1040°;
2)210°, 125°, -295°, —1030°;
3) 51! __1__!_1_'[ _74‘%
, o 8 ] 8 ,
4) 3_1: 21( 44z 19z

3’ 3 8"
B xaxolt veTBepTH OKAHYHRASTCA YTON O, SCJIH:
Dtgacosa<0; 2sinatgo>0; 3)sinactga <O
4)cosactga >0; 5)cosa tga > 0; 6)sinotga <07

TaAreHc ¥ KOTAHTeHC OPOHBBOJBEOTC YIia e 121
2.87°. OmnpefiennTe 3HAK 3HAYEHHA BRIDAYKEHNH, eCIH 0<a< %:
1) tg(%ﬂx); 2) ctg(i—a); 3) ctg(%ﬂz);

4) tg(%’h a); 5) ctg(—- ) : 6) tg(%—a).

2.88°,

BepHo aH, 9TO:
l)tg(a - —) tg(—- - u)
B)otg(a-5)=—ote(§ - o)

2) tg(a - —) = ~tg( a);
yetg(e - 35)-otg(% -

OnpepennTe 3RAK 3HAYCHUA BHpakeHus (2.89—2.90).

2.89.

2.90.

2.91°

2.92,

2.93.

1) tg{-340°) ctg156°;
3) ctg(-17)te %
5) ctg(-1) tg(-2) ctg3;

2) etg103° etg (-304°);
4) ctg( 15")ctg 10%
6) tg(—4) ctg 2tg(-5).

1) ~tg189°— tg269°; 2) —ctg85° - ctg 295°;
3) tg5 — ctgb; 4) tgl - tg3;
5) tg 3% — tg 2% 8) ~ctg % - tg 2F,

Hamwe 3HAYCHHEe BEIPAMEHHA:
R
2 te(-5) - ota(-3) + t8(-3)

(-3’5 e )
4 tg’(-5)+ote’(-5) - cte’(-g)

Bsaa, uro tgf=m m m=0, HaliauTe 3HAYMGHME BLIDA-
IKEHEVA;

1)1-ctg(-P);
3)1-1g2n-B);

2)1-tg(-p);
4)1-ctg (P - 2n).

HsBectHo, IT0
1) |tgal+tgas

52-"-< o < 27, YOPOCTHTE BHIPANMCHHE:
2)|etga|+ctgas
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3) |ctg(-a)|+ ctg(-a); 4) | tg(—0) |+ tg(-o); 2.8. IlomATHe APKTAHreHCA H APKKOTAHTEHCA
5) ytga -ctga - 1; 6) tg(~a) - Jetg’a ~ 1. PaccMoTpuM BEIpakeHHe tgo. MBI 3H&EM, YTO OHO MOMKET

OPHEHHMATE KA I0e ,[leﬁCTBHTEJIBHOE sHAYeHNne b, opuyYeM TaKHX

2.94. Pemurte ypaBHeHMe:
YIJIOB O, 9To tgo =b, GeckoneuHo MEOro. OXHAKO CYIIeCTBYeT

1) tgt=0; 2 ctgt=0; . . b x
B g0 o 0= e 92, w10 ms pacymns 65, 0, B gom asmn
5) ctg(0,1¢ + 6) = 0: 6) ctg(2t —5)=0. Ha PUCYHKE 94, né PHCYHEe 94, 2 y
eTCa apKmanzencom wucaa b.
2.95. IIpm kaxnx sHAUEHMAX ¢ He AMEET CMBICIA BRIPAKEHUE:
1) tg(2t + E); 2) ctg(i _ 15). 3) RE _ a) v 6) yA t
3 4 8/ tgst’ bdoeo TT“"’)

£) 6 . 5" 6) 2R+ 6 ‘ A%

otg(-t)’ tg(a_‘+ 3) , ct, (61 - ﬁ) '

4 g 6 A%
2.96. YopocTtuTte BRIpajkenue: Ay

1) sina ctg(—a) —cos{—a) Ay

i —a)—cos{—a); , el

; O = an x

2) cosatga —-sin(-a); o = arctg b o= apctg b
3) cos?(—a)tg® a +sin’ actg?(~a); [?) 4, x

1-sinfa A A
4) ———5— + tg(-a)etg(—a); X

1-coifa | B g(-a) 7Y S T(1;b)
8} (tg(-a)+ tg (—B)) : (ctga + ctgP); Az t

6) (1+tg*(-a)) : (tg? (o) + ctg(-a)). Puc. 92

2.97. Hyers keR. Iocrpoiire yron «, maxe#, wro tga=k, Onpenenenne. Ilyers be R. Apxmanzencom wucaa b

i bi4 e
—3<a<3, ecaun k pasHO: | BA3LIBAETCA YTOX O, TAKOH, TTO
. 2, 1

1) 0,2; 2) -35 3) -23; 4) %- tga=bn —%<a<g.
2.98. Ilycrs keR. Ilocrpoiite yron o, Taxoit, aro ctga =k,

0<a<n, ecin k pasHO: Apxranrenc uucna b oGosnaqaerca arctgb. Takum obpazom,

arctgb — 3To yros, YAOBAETEBOPAKIINA ABYM YCJIOBHAM:
1) 0,4; 2) —%; 3) —21; 4) 3—;. g y v . -
tg(arctgh)=bm —s<arctgh <.

2.99% [loxasmure, YTO 3HAYCHHE BHIDANKEHUSA tga MOXeT GbITh: gl €b) 2 g 2

1) 6onrme T7; 2) Merbme —4; EcrecTReHHOH 003acThi0 OOpedeneHHMA BhIpaxeHua arcigb

3) Menbme -10; 4) Goasmre 11, SIBIIAETCA MHOMKECTEO JeHCTEATeNsHEX Yncen R.

Mpumep 1. HaltTn 3HaueHHe BEIpaxkeHud A, ecan:

a)A = arctg (—Q], 6)A = arctg (#.‘13_5) +arctg1 + arctg J3.
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a) 7 0) yA
e C®; 1)
Ag : A,
a=ircct:gb i \
Puc. 93
_ _V8\__ = _Eg_Rem
Pemenue. a)A-arctg( ?)— 5+ TaK Kak 2<—3<2 5
n J3
te(~5) =5~
6) A= —%+%+% = _2—“132“;4’5 = ?—;‘ (moscHMTE MOYEMY).
OTeeT: a)A=—%; 6)A=%.

PaceMoTpaM BRpamenue cigo. Mu 3HAeM, 4TO OHO MOJKeT
OPAHUMATE KaXaoe AeficTBATENILHOE 3HAYEHHE b, IpHYEM TaKHX
yrnoe a, uro ctgo=5b, Gecxormeuro mMHOro. OxHaKo cymecTByeT
€ANHCTBEHHLIA YroXx o, TaKkol, 4YTo ctga=bu 0<a<n (b >0 ma
pucyure 93, a; b <0 ma pucynxe 93, 6). ror yroa massBaeTcHs
APKKOMANZEeRcOM Yucna b.

Onpenenenne. Iyers beR. Apxxomanzencom wic-
aa b masuiBaerca yrox o, raxofi, wro

ctga=bmr 0<a<nx

Apxxorarresc yucia b o6osEauaercs arcetgb. Taxum obpa-
dom, arcctgh — 370 yroJ, yAOBAETROPAIOIIUI ABYM YCIOBHAM:

ctg(arcetgd)=b n 0 < arcetgh < m.

Ecrectsemnoit 06/1aCTLI0 ONpERENCHHA BHIDAMKEHHA arcctgb
ABAALTCA MHOMKECTBO ReHCTBATENbHLX drcen K.

IIpumep 2. Hait™h 35a9eHHe BRipasKeHUA A, eClaH:

a) A=arcctg (——‘/55-); 6) A=arcctg (—J§ Y+ arctg [—J§ ]

IIorsaTHE AapKTAHIeHCA ¥ APKKOTAHTEHCA 125
2 3
Pemenue. a) A= 335, TaK KaK 0<%’5 <nm ctg-sﬁs—?.
=5 (_®) _8%-2r_3n_ % (hoacEuTe movemy).
6)A“?+( 3)' 6 6 2(“ v)

OTseT: a)A=%“; 6)A=—’25.

Ipramep 3. Haiiry 3naueHnue BHPaKeHHT A, eCan:

a) A =ctg(arctg 3); 6) A =tg(arcctg )+ ctg(arcctg g)

Pemenue. &) IIycrs arctgd=a, Torpa tga=3 n 0<a<~;-.

HaiifgeMm 3Ea4yerEne A: .

A:ctga=m—a=

o

6
6) IlycTs arcctg?=a, arcctgg =B, Torga ctga =7, ctgp =5
0<a< %, 0<B< % (moacanTe 314 HepaBencTna). Halinem aua-
qeHne 4:

A=tga+ctg[3=5%3+ctg[3=%+ =1.

=1 S

OTBeT: 8) A= %; 6 A=1.

IIpumep 4. JokazaTk TOMIECTBO:

a) arctg(—b) =—arctgh;
6) arcetg(-b) =n —arcctgb.

!

NMokaaaTenbCcTBO, &) PaccMOTPUM YTNB, CTOANHE B JEBOH
¥ B OpaBoil 4ACTAX AAHHEOTO PABEHCTBA. BO-NEPBBIX, 3TH YIVIH
YAOBAETBOPHIOT YCIOBHIO:

——’25 < arctg(—b) < %; —% < —arctgh < %

(obEACHUTE TOUEMY ).
Bo-BTODLIX, TAHTEHCH 3THX YIJIOEB DABHEIL
tg(arctg(-b))=-b;
tg (—arctgb) = —tg(arctgb)=-b.
3\auKnT, 3TH YIIK PABHH (cM. puc. 92).

6) JlokazaTennCTBO AEAJOTAYHOE a), — NPOBEAHUTE €r0 CaMo-
cToAaTeasHO (cM. Tarke npumep 5 B m. 2.6).



2.100°.

2.101°

2.102°,

2. losol

TpHroHOMeTPpHUCCKHE BEIDAMOHMA

1. Cihopmynapyiite onpeaenesns apKTAHTeHCA H APKKOTAH-
Terca unciaa b.

2, Vraxure ofacTh ONpeAesIeHAS BRDAKOHNA:
a}) arctgx; 6) arcctgx.

3. ¥Yramutre TOXAECTREO, KOTOPOE CAESAYET U3 OMDECICHRA:
a) apkTanreHsca; 0) apKKoOTAHreHca.

YupaxHeHHN
danumuTe PABEHACTBO0, PABHOCHALHOEe AAHHOMY, o OO-
pasoy:
tg%=1 PABHOCURLHO arctgl:%.

_’E,= . E:.-L' ) 1‘-: :
Dtei=V8  Dewi=gm  Hetei=L

—E —, @ —— 2 — l -
ig(-5)=-L 5 te0=0; 6) ctg 3 =

TetgE=0; 8) tg( )——%.

Bannmure pABREHCTBO, PABHOCHALHOE JAHHOMY, Io 00-
paanmy:

arcctg(~1)=2X pasnocurvro ctg —- =-1,

1) mctg(—gls-)=%; 2) mtg(—£)=—%;

3) arcctg V3 =; 4) arcctg(~—3)=3%; TR
5) arctg(-1)=-1; 6) arctg%%.

Bepno au, 4ro:

1) aretg(-2)=-arctg2;

2) arcotg(—3) = n—arcctg 3;

3) arctg(-T)=arctgT; . u .I
4) arcetg(-10) = n+arcctg10? L
Haiizare aHauenne BEIpaykeHHA A, ecan:

1) A= arctg(—/3) +Larcetg0 + 3arctg§;
NA= a.mctgxfg + arctg\ﬁ + amct.g(—?l;);

TlouaTye apKTARTEHCA M ADKKOTAHIEHCA 127

2.104.

2.105.

2.1086.

2.107*.

3) A= arctg(-1)+2arcetg(-

A A AL = TR k1 S L i

ﬁ)-samtg J3 +arcctg(-1);

HA= arctg0+aroctg(—J_)+arctg( T)+arcctg0
5) A= tg{arccos1 - 2arotg(—L2))

6) A = tg(2arcetgl + 3arctg0+arcsin(-1)).
CpaBHuTe 3HAYEHHA BRIPAKEHHiA:

1) amtgxlﬁ u arctgl;
2) arcci;gvl5 n arctg~/3;

3) aretg(-1) m arcctg(-1);
4) arcth n arcctg(-l).

5) arctg " arcctg(—\/—).

6) arcctg'(—-—) M arctg(

)

Hajiznre suaYeHNe BLIPAMKEHUA A, ecu:

1) A=1g(arctgd,7);
2) A =ctg(arectg9,2);

3) & = otg(arcota{-)}
4 A=tg(arcte(-3))

5) A =ctg(arctg(-4));
6) A =tg(arcctg(-5)).

Haiizure 3Ha4YeHre BHIpAKEERH A, eCaH:

1) A =ctg(arctg(-2)) + tg(arcctg(-3));
2) A =tg(arcetg(-5)) - ctg(arctg(—4)).

Haitnure suaueEne BRIpaXKeHHa A, ecam:

1) A= arctg(tgls"
3 A=artaie{-2))
5) A =arectg(tg13%);

NA arctg(tg 15%),
4) A=arctg(te (-5}
6) A amtg(ctg 12z}
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2.9, CooTHOIIEHHA MeXKZY CHHYCOM, KOCHHYCOM,
TAHTEHCOM M KOTAHIEHCOM OXHOrO M TOTO JKe YIia

PaccMOTPHM OCHOBHOE TPATOHOMETPHYCCKOE TOMKIAECTBO
cos?a + sinfa = 1. (1)
duas, B Kaxol ueTBEDPTH OKAHYABAETCA VIOJ O, N 3EAA BHA-
YeHHe SinqQ, M3 3TOro TOMAECTEA MOMHC HAUTH 3HAUEHHE COSO,
nockoabRy coslo =1—sina. H Hao0OopoT, 3Haf 3HAYEHWE COSC,
MO?KHO EaiTH HAUYeHHe sina, Tax KaK sin’o =1 - cos’a. Hanpn-
Mep, ecJH YToJ ¢ oxaHYHsaeTca B IV UeTBepTH, TO DOAYIHM:

cosx=+v1-sina: sina=-vl-cosia

(nosacHATE MOUYEMY).

Ecnu cosa=0, To, pasgenus obe gactH Toxiecrsa (1) Ha
cos?a + sinfa _ 1

2 2 T2
Co8™ O cos™ o5 @

cos?at, MOIyuIMM , T. €. HOBOE TOMAECTBO

1
0082 o ’
KOTOpOE YCTAHABJHBAET CBA3b MeXAY KOCHHYCOM M TAHMNEHCOM
OAHOTO YIJIA,
E¢JI H3BECTHO, B KAKOHA YeTBEPTH OKARYHBAETCH YroJa o, TO
3TO TOKAECTBO MO3BOAAET N0 3HAYEHMIO 10 HAWTH SHadYeHHE
coso, 1 HaoBopoT.

Ecim sino#0, To, pasaenns obe yacTe Tomgecrsa (1) ma

1+tgla=

costa , sinfa _ 1
5 T T3
sin“a  sin‘a sin“a

sinfa., momyumM , T. €. eme OXHO TOMAECTRO

1
sinza,
KOTOPOE YCTAHABAHEAET CBA3EL MEXAY CHHYCOM H KOTAHICHCOM
OAHOrO yria.
3Haq sHAYeHNA sSina M coso, MOMKHO HAlTH 3HAauUeHHA tga u

ctga:

1+ctglo=

_ sina - Losa
tga= cosc ciga T gina
Hs roxpgecta tgo ctgo =1 nmeem
_ 1 _ 1
ctga = el tgo ctga”

Taxum OGpﬂGOM, eCcJIH M3BECTHO, B KaKoii JeTBEepTH OKAHYTH-
BaeTCA yroJya o, TO, HCOOAL3YA YHKasaHHble TOMXpecTBa, MOKEHO

CooTHOLIEHNA MeXAY CHEYCOM, KOCHHYCOM,
TAAMCHCOM H KOTAHTEHCOM OJEOTO ¥ TOIO e YRJIA 129

[0 3HAYEHHIO0 OJHOTC B3 BRIpAXeHHH sing, cosa, tgo wam ctga
HaliTH 3SHAYEHUA TPEX OCTAJBHEIX.

IIpumep 1. Haitth cosa, tgo um cigo, ecam sinc=
T<a<
5 Ca<m.

H

n | bt

Pemenwne. Ha ocnoruoro TPHATOHOMETPRYIECKOTO TOXOECTBA

nmeeM coslu=1-sina=1- % = “3" Orcloga monyuaum ]cosa| =
\/9 2“,{ Tak wak — < o <mn (yroa o opunazmexur I ger-
BepTH}, TO cosd < (, ¥, 3HaYWUT, COSOL = ——-—‘/-: ITo onpegenenmam

TAHTEHCA U KOTAHTEHCA HMEeM:
tga:ﬂnﬁqzl:(_zﬂ)bL:_@.
cosx 8 3 a2 4"
ctga= 1 - —2\[.‘5.

tgee
OTrBeT: cosa-—z—": tga~—‘£, ctgo=- -2.2.

IIpumep 2. Haa'm sina, cosu, ctga, ecau tgo=
3n
< =,

Q-
=

< a
Pemenue. HmeeM' ctga="1;

=1+tgla= 1+ = 90
(30820'. g 49
49
50

CrezoBaTennHO, COSZ0 = =2, OTKYAA

T _1J2
5\.12 10 °

Hockonerky o npusapiesxur 11T verpeprs u cosa <0, 1o

cosa = —M

10 °
Haxogum sin’a=1-cos’a=1- 45% = 510. OTKYJAA Hoayuaem
J2

|Sina|:5—lﬁ =30 IMockonexy o« uparagaexuar III gerseprn u
=
va

e < ino— Y2
sina < 0, To sina 10

|COSO‘.|

J2 __7w'l_
10, cosa = 10’

Allpumep 3. HafiTu 3HaueHHe BHIpaXeHus A, ecnu:

OTBeT: sino=— ctga =17,

a)A = cos(arcsin ;), 0)A= tg(arcsin-;:); B)A= ctg(arcsin %)

9 Amretpa, 11 en. A
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Pemernmue. Ilycrs arcsm%—a TOra sma—% nl<g< i “

H, CJIeJ0BaTe/JbHO, MOJIYYUM:
——

a) A=cosa = \/1-sina = 1—-:3:2"' $
6 A t a_smazl__ 2Lg_ l_:\" .
) g cosa. 3 ( 3 ) 2.2 ’

B)A=ctga—? 2.J2.

OTBer: a)A_z_L2 6) A=4Z; 8) A=2\2.

(CpaBHuUTE pemenne BTOro IIpUMepa ¢ pelleHreM mpumepa 1.
B uem otnnune?)

INpumep 4. Haiitu 3HaueHue BeIpakesus A, eciu:

a) A =sin(arcetg 7); ©)A=cos(arcctg7); B)A =tg(arcctg7).

Pemrenne. Ilycre arcetg V=0, Torga ctga=7 1 0 <a < %,
u, ciaemoBartenbHo, sina > 0, cosa >0 u tga > 0. Takum obpa-
30M, TIOJIYYHM:

a) A=sina= |1 5= .._l_:%:ﬁ;
V1+etg®a J1+49 50 10
7\.2,

6) A=cosa=ctgasina="22;

11 10
B)A=tga= ==,
) g ctgan T

OrBerT: a)A~V2 0) A= 6%, B)A=1,

-»':I

(CpaBHHUTE pemeHMe ATOTO MpUMepa C PelleHreM nmpumepa 2.
B uem ornuuue?) A
I 5 FbFe]
pumep 5. lokasars, uro ecau a”+b“=1, 10 cyuecrsyer
YToJI ¢ Takoil, 4yTo sina=a u cosa =b.
JlokasaTebCTBO BHIIOTHHUTE CAMOCTOATENBHO, PACCMOTPEB HAa
TPUTOHOMETPUYECKOH OKPYIKHOCTH TOYKY ¢ KOOpAMHATAMH a U b.

" 1. JokakuTe TOXKIECTBO:
LS a) tgactga=1; 6) 1+tg*a=- 12 ?
: cos
B) 1 +ctgla=——; r) ctga = .
% sin®a g P tga

2. Kak Boipasuts [sina| uepes: a) cosa; 6) tga; B) ctga?
3. Kak BbIpasuTth |cosa| vepes: a) sina; 0) tga; B) ctga?

4. Yo HYKHO 3HATH, 4TOGH! U3 OCHOBHOIO TPHUTOHOMETPHUE-
CKOT'0 TOXJecTBa BBIPA3UTH Sina wepesd cosa?

CooTHOIIIEHHSA MEXKAY CHHYCOM, KOCHHYCOM,
TAHTEHCOM M KOTAHT'eHCOM OHOTO M TOTO XKe yIja 131
YuopakHeHM A

2.108° Ilo samaHHOMY 3HAYEHWIO OJHOTO U3 BhIpaskeHHi sinf,
cosfB, tgP, ctgp HalizuTe 3HaUeHMA TpeX OCTAJbHBIX,

ecJIn —<B< T

1) sin p=0,8; 2) sin p=1;
3) cos p=—1; 4) cos p=—140;
5)tgp=- 6) tg p=-2;
T ctgp=-2,4; 8) ctg p=-0,5.

2.109°. Ilo sajmaHHOMY 3HAYEHWIO OJHOTO M3 BhIpaX<eHHil sina,
cosa, tga, ctgo HaliguTe 3BHAUEHUA TPEX OCTAJILHBIX!

1) sina =13, ﬁ<a<ﬂ;

17
2}sina=+§%, rc<a<rf2“,
3)cosa=—§, n< o< 3%,
4)cosa=—ﬂ, Tla<lm
85’ 2
5) ctga=-0,4, 3% <o < 2m;
6)tga=-18—5, 3?“<{1<21t.

Vopocrure seipaxenue (2.110—2.111).

2.110° 1) tga ctga—c032 o 2) sina—ctga tgag
3) sina ctgo+cosa 4) cosa tga +sina;
) sina 6) cosa

H +Sll’1(1'
tra CoS i} s
7) cos® a—(ctg” o +1)sin® o
2 2 s /D
8) (tg”a+1)cos” a—sin” a.
2 w2
2‘1110 1) cos” o ; 2) _sin~ o :
1+sina’ cosa —1
3) 1= 2cos’a | 2sina -1 |
sina - cosa’ sina + cosa’
) sina +cosa ) cosa —sina

1+ 2sina cosa’ 1-2sina cosa’

1 1 8) sina. sina

)1+sinu 1-sine? 1-cosa 1+cosa’



132

Tprromomerpuyeckne BHIpakeHHA

2.112. HaiignTe 3HaYeHUe BBIPAKEHUHA:

1-2sina cosa

1) ———— mpu a=g;
COsS O —s81n o 3
2sina cosa + 1

2) —5——5— Opm a=xg;
COos o—s8sIn" o 6

3) tg° o —sin®a - tg®a sina npu a="1;

4) ctg® o cos® o + cos’a —ctgla mpu a :%;

sino T,
= IIpu (1——?3",

_coso __ I
6) tga + T+sing P Q==

5) ctga +3

Ynpocrure Bhipaykenue (2.113—2.114).

2.113. 1) cos®a—cos o +sin’ a;

2.114.

2.115.

2) sin® o —sin® o +cos® o
) sin®a - cos® o
sina - cosa

—sina cosa — cos® o

) sin®a +cos’a
sina + cosa

+sina cosa —sin® a;

5) sin® o + cos® o + 3sin’« cos® o — tg?a ctg? o

] = "
6) 2(sin® a + cos® ) — 3(sin* o + cos’ a)+sino+1.

1) V1-cos®a, ecnn 0<a<’t

2) \/1 sin®a, ecan 32“ <o<2m

3)\ﬁ+tgza, ecan —;~<a< o

4) 1+ctg’a, ecou n<a< §2£

Iokaxxkure TOXKIECTBO:

1) ctg® o.—cos® o = ctg® o cos®a;
2) th a-sina=tg?a sin®q;
)_ ga c_tg2u~1__
1-tg%a ctgo

2.116.

CooTHOIEHNA Mesky CHHYCOM, KOCHHYCOM,
TAHT'EHCOM M KOTAHT'eHCOM OZHOIO H TOIO Ke yria 133

1 1
4) tglo—ctg’a= =i

. 3 9
cos a sin o

5 1-sina % 1+ coso
) 1-cosa figach
sina

=ctg’ o3

1 sina -1

1

6) tg°a ——5—+ g

cos“a  1-cos“a

KeHHnsdA:

1) tga ctgo—cos® a;
2) sina—tga ctga;
3)1- (cos®a— sinZa);
4) cos’a—sin®a-1;

1
5) =

6) 1 5sinacosa tga.

ctgzu +1

Pemrure ypasruerue (2.117—2.118).

2.117. 1) cos3x cos(—2x) =0;
3) sin(—3x) cos(—6x)=0;
5) sin®x —sinx=0;
7) tg(—3x) ctg2x=0;

- + 3cosa sina ctgo;
+

2

sin“a

Haliaure nauboabllee W HauMeHbIIee 3HAYEHHUA BbIpa-

2) sin4x sin(-5x)=0;

4) sin(—2x) cos(-5x) =0;
6) cos® x +cosx =0;
8) tgdx ctg(—8x)=0.

2.118. 1)sin®x +cos®x —tgx ctgx + cos2x = 0;

2) tgx ctgx —sin® x — cos® x + sindx = 0;

3) —tgzx—sin§=1;
COS x
4) co 34
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2.10. Popmyasr npuBeNeHUS

Teopema. Ilpu n060M o0 BEDHBI PaBEHCTBA:

sin(n—a)=sina, cos(mt—a)=-cosa, (1)
sin(n+ o) =-sina, cos(m + o) =—cosa, (2)
sin (%—(1) =cosa, cos (%—(1) =sina, (3)
sin (-g-+0‘.) =cosa, cos (—;-Hx) =-sina, (4)
sin (g'g—a) =—cosda, cos (gz——a) =-sina, (5)
sin (%E-HI) =-—Ccosa, cos (—3‘2£+c1) =sina, (6)
sin(27 - a)=-sina, cos(2n — o) = cosa. (7

HokasarenbcTBo. DopMyssl (7) MOMKHO BalMCATL B BUE
sin(-a)=-sina u cos(-a)=cosa. Takum obpasom, dopmynsl
(7) u (1) 6bwtH mokasausl (cM. mpumep 4, n. 2.4) ¢ HCMOMB30OBA-
HUEeM CHMMMEeTDHH TOYEK eIWHUYHOU OKPYHKHOCTH. AHAJOTHYHO
MOXKHO [0Ka3aTh U (hopmysl (2).

B camom zmeste, TOUKM e IMHUYHOM
OKpykHOCTM A, M A_,, (puc. 94)
opu Jiio60M O CHMMETPUYHBI OTHO-
CHTEeJIbHO Hauyala KOoopAWHAT. 3Ha-
quT,

Ynsa™ Yo ¥ Xy =—X,.

ITo onmpeznenenuio curHyca u Ko-
CHUHYyCa UMeeM

sin(nt+ o) =-sina u

cos(m+ o) =—cosa.

@opmyant (3) 6bm gokasausl B m. 2.1 s ocTporo yriaa o.
ITonaras ux BepHBIMM JUIs JMIOOBIX 3HAYEHUIT O (aT0 6ymer moka-
3aHO B 1. 2.11) n ucnonwaya popmyas (1), (2), (3) u (7), moxkHO
obocHoBaTh 1 Gopmyss (4)—(6).
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Hanpuwmep,

sin[§2£+a] = sin(_2n —(;5 —a]) =

i, o hopmyiam (7) umeem l
= —sin(g-a) =
l o dopmyaam (3) HOAyIUM ,L
=—cosa. X

IIpoBeauTe AOKA3ATEILCTBO OCTABINUXCA (POPMYJ CaMOCTOs-

TeJbHO.

B 1. 2.4 65170 ITOKA3aHO, YTO BBIYMCJEHHEe 3HAYEHUS TPHUTO-
HOMETPHYECKOT0 BBIPAKeHUA JJd J000ro yrjiia MOM¥HO CBeCTH
K BBIYHCJIEHHIO €ro 3HadyeHus AJsd yria B npefgenax ot 0 go 2n
paguan. ®opmyast (1)—(7) 103BONAT OrPAHHUYUTECA NPU BBI-
YHCJeHUAX Jarke yriaMu o u3 I deTBepTH.

Dopmyasl (1)—(7) HALIBAIOT GOPMYRAMU NPUELICHUR.

| na u Oaa zpadychoit mepvt yenra. Hanpumep, ¢opmy-
as1 (5) MoxHO 3anucars B Buje sin(270° -a)=-cosa u
| ¢os(270° - o) = -sina.

' i Jwbas u3 (popmya npusedenus moxcem Oblmb 3anuca-
®

% 183
IIpumep 1. HaiiTu 3naueHue BeIPaKeHHUA COS — z,

Pemenwue,

cos%’i=cos(45n+37) cos(2m-22+ w+ —] —(-os(n+ %):

¢ npuMesus Gopmysy npusegerus (2) ans KocHHYyca, 'L
MOJTYYHUM

= —Cos 3% =—cos (2 D

¢ npuMeHHus Gopmysy npusefeHus (4) ana KocuHyca, L
AMeeM
J2
( sin 4) o
@opMyIbl TPUBEAEHUA AJNA TAHTeHCA M KOTAHTEHCA ABJIAIOT-
cs cyefcTBHAMM (DOPMYJI IIPUBEJEHUA JIJIi CHHyCca M KOCHHYCA.
Hanpuwmep, Sm(z B u) -
tg (£+a)=——_=—.~:—ctga.

m(.’zz», o N
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Ecnu sanncats Bee GOpPMYJIE OpHBeeHNs, HoZ0GHEIe dopMy-
aaM (1)—(7), pns uerspex TPHUrOHOMETPHHECKHX BHPAaKeHMiA,
TO monyqurcs 28 GopMys; oBM sanucannl B Tabamue ma dopsa-
ne II.

Ofparure BHUMaHNE, UTO B oAHOM dopMyne mpuBefeHua TpH-
CYICTBYIOT NGO 00UHAK06bie TPUIOROMETPAYECKHE BEIPAYKeHUA,
aubo exodHble NO I6YHAHUI SHPANCECHUR: CARYC ¥ KOCHHYC, TaH-
TEHC M KOTaHTeHC.

YTo0H HCHONB30BATL (POPMYIH UPUBEACHUSA, He 3ayIMBAA
HX, OONIE3HO BHATH ABA MHEMOHUYECKUX npasura' (B gaabBeit-
meM OyZeM HA3LIBATE UX RPAGUAAMU GOPpMYL npusedenus).

1) Hpasuno snaxa: 6 npasoit yacmu GopMyrs cMAGUMCS
mom 3HGK, KOMOPbill uMeem Re6AA HACTML NPU YCAOSUU, LMo
yeox o npunadrerum I uvemeepmu.

2) IIpasuno nassanul: xozda 6 neeoll vacmu GOPMYAL Y201

pasen %i a uru §21 £, MO CURYC MEHACMCR HA KOCUHYC, MaK-

2eHC — KA KoMaHzeHc U Haolopom, Koz0a yzon paser o uAu
2% — 0, Mo RA36AHUE BLIPANECHUR COXPAHACMCR,
Hampumep, sanuceiBad GopMy/ly OpABeAEHUS AAA BEIPAIKE-
3n

HHA 8in (7 + a), DOXYIUM:

1) sEak B npaBoft wacTH GOPMYILI — ¢MHHYCH, TAK KAK VIO

B JIepoil wacTi §2£ + o npuHazmesxuT IV weTBepTH, a B 3TOH YeT-

BeDTH 3HAYEHHS CHHYCA OTPHIOATEILHEL;

2) masBaHHe MEHAETCA HA «KOCHHYC», TAK KAK YroJ B JeBOl -

YacTH HOpMYILE -32—“ +a.

Hraxr, pMeem
sin(s—" + a) =~co8d,

2
HOpumep 2. loxazaTh TOXKAECTRO
sin( X - a)({cos?( 3% ~ o) + cos?(n + @) 3 _
(2 )( sﬁgén-a)) )=.';..g(_§2;+lm}i‘ | "

! Ipaswia, ofnerdamiie 3AMOMURANAE, HASHBAOTCH MMEMONUVECIUMIL.
Mremosnas — GOrHHA NaMaTH B rpedecKoit Mmudosorug,
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Horaaarenncrso. Ilycte A — sepas uacTh PaBEeHCTBA;

npeofpasyeM ee, NPEMEHAA COOTBETCTBYIOMME POPMYIIEI IPABE-

ACHAA: P 2
A_coaa(sin a+eos®a) tz o
- —-sina ’

IIpeofpaayeM HUpaRyI0 4acTh PAREHCTBA!
tg (%'Hx) = —ctga.

Tockonrky o0e UacTH paBeHCTBA TOXKASCTBEHHO DABHEI OR-
HOMY ¥ TOMY K€ BRIDAMEHHIO, TO JaHHOE B YCJOBMM DABEHCTBO
ABAAETCS ToMAecTBOM, X

Hpumep 3. Haitru saueHne BRIpAXKEeHAA A, ecaH

A=sin(}+arcctg(-3)).

Pemenue, Ilyers arcctg(—-%)=a, Torma ctgo= % 24

I < g < r. 3maqur,

2
ain(E _ e 1 e 1 = 10
A—sm(2+a)—cosa- Tvtda - A0 10 °
OTBeT:A=-3%.

B XIII 8. Hacupeanua Tycn — yueRHHE-SHIHKIOTEAHCT
&J u3 Hpanckoro ropoga Tycu (TeppuToOpHA HEHEIMIHET'O
Aszepbaiinmana) coszan oGceppaTopuio. B ¢sAsH ¢ acr-
POHOMUYECKHMH HCCASXOBAHRAMM BIOEPBLEIC PACCMOTPENA
' TPHrOHOMETPHI Kak ocolmil pasgen mMaremaraxu. B pa-
«  Oorax TycH BeTpeuaoTCA H ajrefpamuecKne COOTHOMIE-

HHA Me¥IY TPUTOHOMETPHAYECKHMH BHIPAKERMAMH,

cost, tgt u ctgi oT NPOMIBOIBROTC yTiia § MOMKEO 3IAMEHHTE
BEIYHCICHNEM 8ing, coso, tgp u ctge, rae 0 <9 < 2x?:
2. Sanumure POpMYNH HPHBEREHHA JAA CHEycA (KOCHHY-
T

. 1. C noMompi KAKNX OPMYN BEYHCXEHHe 3HaueHHi sint,

ca, TAHTeHCA, KOTAHPEHCA) YIAOB ta, Rta, —3-1‘-:1:0.,

2 2
2n-a.
3. Coopmynapyiite MHEMORHYECKHe Npasmina xia dopmyn

npaBeneHBd.
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¥npaxHeHHR

¥ramute BepHoe paBeHcTEO (2.119—2,121).

2.119° 1} sin(90°+a)=cosa; 2) sin(180°+ )= —-sina;
3} sin(180° - o) =sino 4) 5sin(270°-a)=-cosd.
2.120° 1) cos(r—a)=-cosq; 2) cos(ézi— a)——sina;
3) cos(% + a)zsin o 4) cos(2rn-a)=cosa.
2.121° 1) tg(ﬂ—a)zctga; 2) tg‘(E )=ctga;
3) ctg(— + 0.) =—tgo; 4) tg(— - a) ctga.

2.122°, BripasuTe yepes TDUTOHOMETPHUECKHE BLIPAXKEHHUS C IIe-
peMeHHOH @

1) etg(270° + a); 2) tg(270° —a);
3)sin(8n+a); 4) cos(3n—a);

5) sin (a - 72“) 6) cos(a - %’5),
T c1;g(5—ﬂ - a); 8) 1;g(5—1t + u.):
9) tg(a - 3F); 10) ctg (o - ),
Ha#igure 3Havyenue Beipaxenud (2.123—2.126).
2.123° 1) sin330°; 2) cos120°; 3) tg135%;
4) ctg 225°%; 5) sin(-510°); 68) cos(-5HT0°);
) tg(—480°); 8) ctg (-5685°); 9) 5in3915°;
10) cos4110°; 11) tg 3570°; 12) etg 4560°.
o an, B, br
2.124° 1)sin<t = 2) cos2t = 3) th,
11 s Sny, 3ny,
4) ctg =" 5) sm(——ﬁﬁ), 6) cos(—T“),
7 tg(-——); 8) ctg(-25); 9) sin 217
10) cos 227, 11) tg 8, 12) ctg 237
2.125. 1) 6sin3E + 2cos 2% 2) 3tg T - ctg°F;

3’
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3) 3sin(-335) +2c08:3%;
4) 2008(—5—;) 4smlg",
5) Sin(—%)coa( lgﬂ)tg(_ﬂl]ctg(_&{)
6) sin( 22“)::03(—@) tg(_2_1f£)ctg( 29::).

2.126.

2.1277,

2.128.

1) tg930°-sin(-1110°+cos(-1470°);
2) sin(-1125° + cos(—945°)+ tg1755%
3) sin®9380° - cos?*(—675%) + tg? 855%

4) cos’(—690°) + sin®(—900°) + ctg? 495°.
YopocTUTe BRIpAKEHHE:

ccas(—3E + u) tg(—o)

cos(m + o)

’

2) sin(n — a)cos(—a)

cos{m—o}
3) cos(% + a) cos(3n - o)+ sin(a - —52’—‘) sin(3x + a);

4) cos(iTE + a) cos(a - %) sin(a — 5x) coss(-"z’t + a);

5) (sin(a +27) + s'm(% - a) )2 + (cos(a —27) - cos(g - a) )2;

6) (COS(O‘. —4n)— coe,(iTE - u)) (sin(o. +6n) - sin(% + a))z.

Joxraxure Toxaecreo (2.128—2.129).

1) sin(x + @)cos( - o) - cos*(-o) = -1
2) cos(n —a)sin (‘%" + 0.) +gin*(-a)=1;

sin{o — n]cos(g + or.)

3) =tg?u;
sin(2 + u)cos(Zn a)
3n
cos(n—a)eini=-a
4y — ( 2 ) =—ctga.

sin(n + a)eos(2r - a)



140 TpuronomerpiuecKkne BhIpakeHHA

2129, 1) 2-2aln(zro) =sin(j +al;
sin(g + u) — cos(n— )
2cos®(n — a) - 2 3
Oy o SR AR TS 8% _ o\
) cos(':sz—n*'{l)—sin(r:-*—u) COS[ 2 0’)
cos’(2r-0) —sin®(m+0) _ gy (L N L oc(Br o
sin(%+u)+cos(32_r£ —o:) Sln(2 +t1)+cos( 2 +0")

coge a8 .
it (32““_1 =sin(—;~+ u]+cos(%’5 ua).
T s bLs
CDS(E‘FU]"'S}.H(? +U.]

2.130%* HaiignuTe 3HaUYeHUE BHIPAKEHNA:

n \"'E

1) Sin(g — arccos T); 2) cos(—z’E + aresin \%5)’
3) cos(rt +arccos (— -g]]; 4) Sin(.“ —aresin %),

3

5) tg (" —arcctg8); 6) ctg(% +arctg(-6)).

2.11. ®opmMyasI CIHOKEHUA

Teopema 1. Umeror mecTo TOXAeCTBA:
cos(a —P)=cosa cosP +sina sinf, (1)

cos(a + PB)=cosa cosfB —sina sinf. (2)

JlokasarenscTBO TOMaecTBa (1).

OrmMeTuM HA €MHUYHOM OKPYKHOCTH TOYKM A, Aﬂ, A, _p |
A, (puc. 95). Hx KoopaAHMHATHI:
A,(cosa; sina), Ag(cosP; sinf),
Act—[i (cos(a— B); sin (U-_HD! Ao(1; 0).
IloBepHem kaxkawplii u3 Jgayueit OA,
n OA, _; va yrox f. Torma nyu OA,
coBMmecturcs ¢ jaydom OAy, a ayd
OA, ; cosmecturcs ¢ jgydom OA,.
IIpn arom Touka A; COBMECTUTCH C |
TOYKON Ay, a Touka A, 3 COBMECTHT- |
cA ¢ TOUYKOU A,,. I
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3HauuT, oTpe3kn ApA, ; u AjA, paBHBI: AjA, 5 =AA,.
[pumensas dopmyny AB®=(x,— x,)* + (y, —y,)* ans paccros-
HuA Mexay Toukamu A(x; y,) u B (x,; y,), moayuaem:
AUALZl— i = (xn—ﬂ - xl})z + (yu— B yﬂ)z =
=(cos (o - B) - 1)* + (sin(o. — ) — 0)* =
= cos®(a—B) — 2cos(a - B) + 1 +sin*(a — ) =2 - 2cos (o - B);

AA? = (x,— xp)* + (Y, — yp)* = (cos o — cos B)* + (sina - sin B)* =
= cos®a — 2cosa cos P + cos®P + sina — 2sina sin B + sin®p =
=2-2(cosacosf + sina sin f3).

CienoBaresbHO, IMEET MECTO PABEHCTBO
2-2cos(a—P)=2-2(cosa cosP +sina sinf}).
Orciona mosydaem
cos(o —P)=cosa cosP + sina sinB.

Ira dopMysia YATAETCA TAK: KOCUHYC pasHocmu 08yx yzua08
paeeH npouigedeHUld KOCUHYCO8 3MUX Yz2J08 NJIOC npoussede-
HUe CUHYCO8 amux YzJa08.

HoxasarenbscTBo Toxaecrsa (2). [Toacrasnaa B (opmysy
(1) Bmecro yraa [ yron —3, nmonyuaem

cos(a — (—B)) = cosa cos(—P) + sina sin (-P).
ITpumenus opmynsr cos(—f) =cosfl, sin(—f) =-sinf}, moayaum
cos(a+ P)=cosa cosf} —sina sin .

dra (hopMyJa YATAETCH TAK: KOCUHYC CYMMbL 08YX Y2108 pa-
B8eH NPOU3BE0eHUI0 KOCUHYCO8 dIMUX Y208 MUHYC NpouiGedeHue
CUMHYCO8 IMUX Y2Jl08.

Henonssysa gopmyast (1) u (2), MOKHO HOKa3aTh H3BECTHBIE

HaM (POpMyJIbl IPHUBEJLeHU s sin(; = 5~ 11) =sina

AJIA IPOU3BOJABHOTO yrua (HanomuHuMm, uyto B 1. 2.1 atu dhopmy-
Jbl 6B 060CHOBAHEI JIMIIL AJA OCTPOro yria ¢., 4 UX cupasej-
JUBOCTH AnA jwobdoro yraa B n. 2.10 npursara 6es3 goxasareib-
CcTBA):

T
u) =CoSU U cos(-—

n . . . .
cos(~2- —(1] :cos%cosu +sin g sina=0-coso +1-sina=sina.



142 TPHrOHOMETPRIECKHE BRIDAXOENS
Snam, Ang aoboro yria o uMeeMm

cos(E—a)=sina. - @3
Bamenas B Gopmyne (3) yron o Ha %_a, NOTYIAOM
cos(5 - (3 - a)) =sin (§~a).
3gaunT, A4 Z060r0 yIiIa o KMeeMm

' sin(%-—a)=cosa. '_ @

Teopema 2. HMeIioT MECTO TONXKIECTBA!
sin(u ~ f) =sina cos —cosq sin B, (5)

poEw

sin(o + ) =sina cosp + cosa sinP. (6)

JoxkazaTenscrBo ToxzaecTsa (5).

sin(a - B) = cos {5 - (@ ~P)) =cos

(5-<)+) -
- con(§) conp-sin (- ) inp -
=sina cosP —cosa sinp. X

Popmyaa (5) umraerca TaK: cuURyc pasnocmu dsyx yzaoe
Paser npouseedenuio CUHYCR NePBozo Y2ia U KOCUMYCA 8mMopo-
20 Yena MUHYC NpousGedeHuUe KOCURYCA Nepeozo Yzrk U CUHYCA
8mopozo yzad.

Dopmyay (6) smerxko noxyduTh, 3ameHMB B dopmyae (5)
yroa B Ha —B (BHIONMHETe HeoOXOAHMEIEe BHIKIAAKH CAMOCTOS-
TeALHO).

Iockonpky pasHOCTh O—[B MOMHO DPACCMATPHBATE M Kak
cyMMy o+ (-f), To Tomxaecrsa (1), (2), (5), (6) nassBaror eme
QOPMYRAMY NAH MEOPEMAMYU CROMEHUR ORA CURYCA U KOCU-
Rryca.

JoxaxeM TeopeMul CHOKeEHA MU s TANTEHCA.

HanomEuM, 9T BCe TPHIOHOMETPHYSCKHE BRIpAXMeHUA pac-
CMATPHEBAIOTCH TONLKO B ¢CBoell o6acTH onpenenenus, & ToXKIec-
TBO BCErAa AOKA3bIBAETCH AJA TeX 3HAYCHME NepeMeHHRX, MpH
KOTOPRIX MMeIT cMEIcA 00€ €ro YACTH,

DOPMYAL! CIOMEENA : o 148 -

[T

W1

‘Teopema 3. IMeloT MeCTO TOMRZECTBA:

= lgo—tgh g
tgla+p)= ek @

HowazaTenncreo Tomaecrsa (7). IIpeobpasyem ieByw
gacTh paseHcTBa (7):
o B}_Sin(ﬂ B)

cos(o—P)

i o opaeynas (2) 1 (4) noxy s }

tg (o -

. sinc cosp — cosa sinp _
~ cosccosp + sino sinp B

pasiennB THCAUTENs ¥ 3HAMEeHATeNAb Apobu l .
Ha IMpou3BefeHMe cos« cos P+ 0, monyunm i

sing cosp _ cosa sinf C e
cosa cosp  cosacosp _ tga- tgp < .
cosa cosP . sincdsinf 1+igategh’ o
cosa cosff  cosa cosP

HokasaTenseTBo ToAAecTsa (B) anamormuHoe (npobenuTe €ro
CEMOCTORTEBLHO).
NDpumep 1. Baraueaurs sinl7° cosl3° + cosl7° sinl3°

Pemeunmne. y

8in17° cos13° + cosl17° 8in13° =sin(17° + 13°) = sin 30° = %

OTser: 1 -

2
J8-\2 impn i
P :

Ipumep 2, loxazaTp, 4T0 cO8TH° = _
JoxasaTesnscTbo. by (6
c0875° = cos(45°+ 30°) = cos45°cos30° - sin45°8in3P° =
2

—— —_— ¢

2 2 2 4 ° SR

Hpumep 3% Haiitn snavenne Bmpa.meﬁna A, ECITH: -

a) A =tg(arctg3d + arctg?); :
)A—cos(amoos(—O,S)—arctg(—&/ﬁ)). o Mianadl

b
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Pemenue. a) Ilycrs arctg3d =a, arctg7=p, rorga tgo =3,
tgf=Tr0<a< 5, 0<B<E. 3Hauur,

A tg(a+ﬁ)- tga +tgph _ 3+7 _10 _ 1

1-tgatgp 1-3-7 -20 2°
6) Ilycre arccos(-0,8) =, arctg(—zvfz_}:[}, Torjga cosa =-0,8,
th:~2v'§ u % < <L, —% < B <0. 3nauur,

A:cos(a— B):cosa cos[}+sinr1 sinf =

5
Orser: a)A——— G)A-——— (2+3V2).

- 0,8 \F+J03 (-2v2) \ﬁ_;_h-”_—%(msf)

1. Cohopmynupyiite u ZOKa’KHTe TEOPEMEI CAOKEHUA [JISA CH-
Hyca (kKocuHyca).

2. ChopmymnpyiiTe U AOKaXKUTE TEOPEMBI CIOMKEHHS s
TaHTeHca (KoTaHreH€ca).

3. Tlpu KakuX 3HAYEHUAX O ¥ [} HMEIOT CMBICI 00e YacTH:
a) paseHctBa (7);
0) paBeHcTBa (8)?

YnpaxHeHH s

IlpeoGpasyiiTe BRIpaXKeHHE € MOMOIIBIO (OPMYI CIOKEHMS
(2.131—2.132).

2.131° 1) sin(60° + a);
3) cos(o—45°);

5) sin(a—%);

2) sin(30° — a);
4) cos(60°+a);

6) cos(u + g),

7) ctg(60° - a); 8) ctg(30° + a);
9) ctg(a + —g—]; 10) ctg(a - i‘)

2.132° 1) cos(% + a] - cos(% - a); 2) sin(a + %) - sin(a = %);
3) sm(% a)+cos(a+ SN cos(-g-—a]—sin(a-%);
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5) tg( +c¢)+tg( ); 6) tg(§+a)—tg(%—a);
7) ctg(g = a) — ctg(g + 0.); 8) ctg(% - a) + ctg(i— 3 a).

2.133. Haiiure 3HaueHHUe BBHIDAXKEHUA!

6) sin (o - B);
r) cos(a + B),

a) sin(a + B);
B) cos (o — P);
eCJId U3BECTHO, YTO:

l)sma—g, sinf= —1n5<a<n, 0<]3<E°
_ 20 ____'_ T 3n
2) cosa. =55, cosP= 77 B 0<a<y 57 n<[5< 22
2.134. Haiigure 3HAUEHUE BBIDAXKEHUA:
a) tg(a +P); 6) tg(a—P);
B) ctg(a - B); r) ctg(a+p),

€CJIM M3BeCTHO, 4TO:

1) tga= 12 3 th:—

2)tga=2, sinf=__ u —<B<n
2.135. Haiigure 3HAUEHHE nmpamenns.
6) cos(a - B),
€CJIA U3BECTHO, YTO:

1) cosa:cosﬂ=% n 32“<(1<2Jt, 3“<B<2n,

2) sina=sinﬁ:—% Hu n<a<%’-‘, n<B<%.

a) cos (o + B);

Vnpocrure Beipaykenue (2.136—2.137).

2.136. 1) sin(%+ﬂ)_cos(";_+u); 2) sin(g— )+cos(%_.u);
sin %+a)+cos(%+u) sin(%-u]—cos(%_u)
3) c0$a42c05("§+(1) : J2cosa - 2cos(;‘+a);

2sin (u = %) ~J/3sina

27

9) sinz(—— - a) +sin (2Tr

3 +a]+sm s

3
6) cos® (%" ) +¢0s (éﬁ— + a) +sin®a.
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cos(o+P) + sina sin,

2.137, 1)005(11+B)-oaso.oos[5’
)coa(a-ﬁ)-eosu.oos]}.

cos{o - B) —sina sinp ’

sin(a-i-ﬂ)-sin(%_a)m(ﬂ_ﬂ). a e

) # I-. “.. ) B

oos(a - - con{ ) con(§-5)

1) oos(u+ﬁ)+sm(1t—a)oos(§2i+ﬂ) :
ey (5 1
5) tga+tgh + tg“‘tfﬁ;
tg(a+p)  tg(x-Pp) - A
6) tg(a + B)(1-tgo tgP) + tg(a - B)(1 + tga tgP).

2.138°. Hafinure 3HaUeHHa BHpaeRuil sina, cosa, tga, ctga,
ecnn:

1)a =105 2)o.=T75% Na=-15%
=T, =11z, =K
4)0’.—-1-2-, 5)0‘.—ﬁ, 6)(1— 12°
¥Ynpocture Brpaskenue (2.139—2.141).
2.139. 1)sin69° c0s39° - cos69° sin 39°

2) cos47° cos17° +sind7° gin17%

in® T % R, n Lpe Ty
3)mnzcoa3-+sinacos-z, 4)cos§oos—3- si.nssine,
5) tg16° + 1g44° 6) tg71°-1g26°
1-tgl6° tg4d°’ 1+tgT1°tg26°°
9% _ o T A} ]
%28 " Wig 8) F18 " ®1g

LI - _tg g BR
1+tg7 %808 BT AT

AR YIS

2.140. 1) sm(%’i + a) cos(%-a) - oos(%" + a) sin(} - a);
2) cos(z—;-+ a)cos(is‘— + a)- sin(%"E + a) sin(§+ a).
2.141. 1) sin18° cos812° + cos 18° 5in12° + gin 34° cosd® —
—cog 34° sin4®;
2) 8in39° cos821°+ coe39° sin21° + sinT8° cos18° -
- c0s78°sin18%

DOPMYAL! CIOMKEHHA - - .
=+ 8) cosT0° cos25° + sin70° sin25° + co812° cos33° —~
-8in33°sin12%
4) coa26° cos34° —sin 26° sin34° + c0s83° c0823° +
+ gin83° sin 23°.
2.1428. JoxamuTe TOXAECTBO:
1) cosa cosp(tga—-tgp)=sin(a—p);
2) sina. sinp(ctg o+ ctgp)=sin{a +p);
8) gin® 2a cos® o —cos? 20 sin’ o = sin 3o sina;
4) cos®? 8a cos® 2a—gin® 3a sin® 2a = cos5u cosa;

sin gin{a - p)
5) tgo+igp =;§f%; 6) tga—tgh= "ol

2.143*. HalinguTe 3HAUCHHE BRIPAMKEeHHA:
1) cos(arcsin% + amoos(——;»));
2) cos(amsin% - arccosl%): _
8) sin (arcoos—2= - arcin {2); "

4) sin (arcsin% + arccos%);

5 on{arotg 3 - arctg(- 2]

_12
i3

v
AR I

0 te{arsin(-H) s arsin ),

2.144*%, Pemure ypaBHeRHe:

1) sin x cos2x + cosx 8in2x =0;
' 2) cos8x cos3x + 8sin8x sin8x=0.

2.1458¢%, JoxaxmTre, 9TO: _ _ _
1) sin{o+p) < sina+sinp, ecm 0< o < %, 0<]3<%;

2)Icos(a-B)<cosa+sin|3, e 0<a<§, 0<B<§.
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2. 12 l.’bopuym ABOIHOTO N NMOJIOBHHHOrO YIO0B

Teopenma. MeIOT MeCTO TORACCTRA:

sin2a=2sina cosa, ) -
cos 2a = cos? o — sinla, @) t
2 = 2t¢a

HoraszaTenncTBO ToxaecTsa (1).
M3 rompecrsa sin(o+B)=sinccosP+cosasinp mpn P=a
HONYIHM
sin(a+a)= sina cosa +coso sina
H NoCcJIe IPUBEACHAA NOZOCHEIX CNATAEMEIX HMeeM
sin2a = 2sina cosa.
Toxnecrno (2) noxasniBaerca amanoruuso. ([Iposeamre Aoxa-
3aTeBCTBO CAMOCTOATENLHO. )
TosxnecTso (3) monyqaaerea 3 GopMyJIsl
= ‘8o +tgp
tgfo.+p) 1+tgotgh
npz B=a. .
Ipumep 1. Haitrm smaueHne Bupaxenua tg2p, ecum
tgp=0,7.

Pemenme. tg2p=_26F - 2:07 _ 14 _140 aa
P Ty 1-049 051 81281

Orser: tg2p= 2«5.

Ipamep 2. JoxasaTe TOXAECTBO:

Fg || @ 1+cosa=2c08®Y; A @
L—J’ 6) 1-cose=2sin® S, o (5)
HoxasareabcTro. a) PaccmoTpuM ABa ToxAecTBA:
1 =oos’%+sin’% (6)
"
cosa=cos’i;--sin3%. D
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Cnoxnp nepuie uacTE paeecte (6) B (7) ¥ caoxuEB Hx Opa-
BH€ Y4CTH, HOAYYHM TOXKASCTBO P

1+cosa-20032%.

(M3 srofi GopMyAR cAeAYET: COBH = Zcos -1, uro faer eme

OJMH cnocod BLIYMCIEHNA KOCHHYCA nnoﬁnom yraa.) &

6) Ecn u3 nepoit yacTu ToxaecTBa (6) BulvecTs JEBYIO YACTD
roxkzecTsa (7) m m3 npaBol wacTd ToxAecrsa (6) BEIYecTh Mpa-
BYIO Y4cTh TOXAeCTBA (7), TO HOaYyUuM TOXKZecTBO (5):

1-cosa=2s8in*%

(M3 aroii bopmynm caexyer: cosa =1 — 2s8in? €, uyro aaer eme

2 ’
OA¥H co0col BHITACACHEA KOCHHYCA HBOMHOTO YIJA.)

YacTo HOABIYIOTCS CHEAVIOMMMM ABYMH TOXIECTBAMM, IIO-
JIyueHHBIME B3 ToxJecTE {4) n (b):

2¢ _ 1+ cosa
Cos=—=% + . @
so2x _ 1-cosa
e )

Tomnpectsa (8) m (9) HASHBAIOT GOPMYRAME NOROSURKOZO
yeAa. COOTBETCTBEHHO AJIA TAHNEHCA M KOTAHTEHCA MOMYTHM:

o _ 1-cosa
tgs 2 1 +cosa’ (10)
ctg?® = 1+ cosex (11)

2 1-cosa’

HIpumep 3. Hajith maumerpmee m manbojbinee sHAMEHHA
BHpaXKeHuA A, ecim: :

a) A=16cos*8a + 168in*3u;

6)* A=16cos® 30 - 16sin®30.

Pemenne,

a) A =16(cos*3u + sin? 30)® - 16 - 2e0s? Ba sin’8a =
NPEMEHHMB OCHOBHOE TPHIOHOMETPHUECKOe TOXISCTBO l
l u (opMyay crmHYca JBoHHOro yraa, NoJayyamM

=16 - 8&in’6a.
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i

Hockoasky 0 aABJdgercA HAMMEHLITEM 3HAYEHHEM BHIDA-
sxeHus sin‘6a, a 1 — manGonsmnM, To mpa sin®6a =0 mMeem
A=16, a npu sin’6a =1 nmeen A =8.

6) A=16(cos’3a)® - 16 (sin’8u)® =
& npuMeruB dhopmMyas (8) u (9), nosyuuM * e
_ 1+ cosBayd 1-cosbe\d _
, ‘16( 2 )_16( 2 )'
=2(1 + 3cosbu + 3cos?6a + cos®Ba) ~ 2(1 — 3cosBa + 3cos? 6o -
~- cos®6a) = 2(6 cos B + 2c08®6a) = 12 cos6a + 4 cos® 6a,
Honoxmm cosba = ¢, Toraa ¢ € [-1; 1]. PacemorpuM GyerumHI0
f(t) =12t + 4¢%, rpe t e{-1; 1].
HafigeM maumensnree m HauGoabiree 3HAUCHAA aT0H PYHK-
UMH Ha orpeake [-1; 1];
=12+ 12¢% v
f'(t) > 0 opu Bcex fe[~-1; 1), smaunr, @ynum f(t) Bospac-
TaeT Ha 9TOM IPOMEKYTEe., Taxum o0pasoM,
f(-1)=-12 + 4(-1)=-16 — BauMeHrIIee 3HauYenne QYHKIMY,
f(1)=12+ 4 =16 — nanbosbnree sEayeHne GyHKIHH.
OrseT: a) 8 u 16; 6) -16 u 16,
Ilpumep 4* HaiiTn sHauenue BLIpaKeR¥a A, ecau

A= ain“(% arccos (—0,2}).

Pemenue. Iyers arceos(—0,2Y=a, Torga cosa=-0,2 u
% % 0 % 7. 3HauUUT,

o _ l-cosa _1+0,2

—ainZ & =
A=sin” 5 2 3

=3

5.
Orper A=2
I

Apabexnii acTpoHOM M MaTeMaTHK n3 Xopacana AGy-sae-
Al Beda (940—998) cocraBmn TAGAMIIM CHHYCOB, BHITHC-

JeHHMX Yepes Kaykaeie 10° ¢ TounocTeio AO %{, a TaK-

; e TaOANIE TAHTEHCOB. YYEHHH cHOPMYJIHDPOBRT Teo-
PEeMEI, COOTBETCTRYIIONE GopMyaM

- = int&
gina = 2311120082, 1-cosa=2sg 5
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resca, KOTAHIeRca) apofigoro yria.
2. Banumure B goxkakHTe GOPMYIY CHMHYCA (KOCHHYCA, TAH-
TeHCA, KOTAHINeHCA) NOJOBUEHOrO yIVIA.
3. IIpm KaRHX JHAYECHHAAX ¢ MMEIOT CMEICA 0fe HacTn:
a) papescTBa (3);
6) papencrsa (10);
E) paBedceTpa (11)7?

‘, ] 1, BammmuTte K JoKkakHTe GOPMYNY cunyca (KOCHHYyCA, TaH-
2

Ynpamxaenusn

IIpeobpasyiiTe KaRAce H3 nupamemaﬁ c mmomuo q;opny.lt
prBoitnoro yriaa (2.146—2.147).

2.146° 1) sin3a, cosa, ctgbo;
3) sinba, cosda, tg8a;

2) sina, cosba, tg3a;
4) sinda, cos8a, ctgba;
5)sinZ, cos%, ctg%“; 6) sin ?f, cos , tgZ. 5
2.147°, 1)sin(2a.+ )
u L]
3) cos(de — 5)

2) sin (30. - %);
el - %)

2.148°, TipeobpasyiiTe BHpaskeHwe ¢ NOMOMMBIO HOPMYA NOJIO-
BHHHOTO yIJa:

1) sin4a; 2) cosi6a;

3) tg? ba; 4) ctg® 8o

5) sin3(5a + —}); | 6) cos’ (7(1 + %’1 ;

Dtg*6a+Fy  8)etg’(5a+ ).
2.149°, Haiizure 3HaYeHNEe BHPAYKCERA]

1) 1 - 2sin®15°; 2) 2co8° 75 —

n,

3) sm12 o815

B) 65in T5° cos 75°%; 6) 4s8in?75°;

2tgZ 1-tg?Z

7 g‘fﬂ b 8) ——t-
1-tg'95 gy

4)&1112%—0082%;
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—. CT et 1

anoc'rn're BRIDAXKEHUE (2 150—-2 153).

2.150° 1) cos* 20°-sin* 20%

2.151.

2.152%,

2.153.

2.154°.

2) cos*10°-sint10%;

3) 2sin50°sin40°; 4) cos®50°-cos® 40°%
5)_Stede° ) 10tg65° g
1-ctg?50°’ 1-tg?115°"
1) cosda +sin® 2a; - 2) cosda —cos? 2a;
1-cos2a 1+cosa,
)1+cos2o:’ 4) 1-cosa’

b) 8cos4q cos2a cosa sina;

6) 16 cos8a cosda cos2a sin2a;
7) {cos® a+sin® a)(cosa - sina);
8) (cos® a —sin® a)(cosa +sina);

9) sin* o + costa - %00840.;
10) sin® 2a + cos* 20 - 0,25 cos 8ar.

N1- Ssinz 1% oosz 15, 2) 8sin? 230 23n 226m

16 ° 24 908 34— 4
428 125, ' ¢17x +16n.

3)sin Sz +teos" T3 4)3111 J¢ 008" Jg5
5) sin® =% 13“ =+ cos® 2132“, . 8) oos“laﬁ-—ain" 3%.

1- cos-»
1) 2)

1 +eos2a 1+cosba

) 1-cos2a’ ’ 4) —cosbo

Halianre 3navyenne BHpaxenms:
a) gin2a; B) tg20;
€CJIH U3BeCTHO, ITO!

6) cos 2a; r) ctg 2a,

2)003(1—% m 0<a<%;

4) tga=—ﬁ b |

ina=4 &,
1)3111(1-5 n 0<a<2,

3) cosa=—3 n

.S
5 §<a<1t;

- Tpuromomerpmweckne BHIDAMEHNS

E<a<m

QopMyasl ABOAHONO H NOJOBEHHOIO YIMOB

2.155.

2.156.

2.1587.

2.158.

2.159.

2.160.

Hafigure 3HAYeHNe BHIDAMKCHAA:
a) sina; Q) cosa; B) tgo;
€CJIH H3BECTHO, UTO:

1) sin—-—— n u<a<3—2"*

7) ctga,

2) eos—--— n3n<a<4n,

Haiiaure sEauenue BEIpasKeHEHUS: T
a) sin4a; 6) cosdo; B) tgdo; © 1) ctgda,
€C/AH HIBECTHO, UTO :

1) s1n2a--4;- H -“<a<——

2)cos2a-——i§ m <a<E 3"

HaitauTe sHaueHMe BHPAXKEEAA}
a) tg(2a +p); 6) tg(2a.-P),

eCJIN H3BECTHO, YTO tga-- tg[3=—, .

Haiigmre 3EaUeHNe BEIPAKCHUA:
)sind;  Geosl;  B)tgd
eCcan naaec'rno, uTo:

1) tga---— nZ 7 <20<m

r)ctgd,

2) cos2a=—f;— n 1:<2u.<3—;.
Halignre sHauYeHHe BHPAKEHHA:

a) sin? 4o 6) cos? 4o
B) tgfdo; r) ctg®4a,
ecJIH H3BECTHO, MTO Coa .
1) cos2a=1; 2)cos2a=~3.
JoxaxuTe TOXEECTERO: -

1) 4gin* o —4gin’ a = cos®2a-1;

2) 8cos* 0. =3+ 4co820.+ cosda;

- e



l+sin2u+sm(2

3)

)
1+8in2¢ - sm(azﬁ + 2(:)

1- oos2a+eos(2+za) . '_

4) 1_'.¢a

1+ cos2a —cos(%—za)

2,161. Haitgare manBosablee B NauMeNbIIee mqm BHID&"
P et .

¥

1) (sina-cosa)® +s8in20; - 2) sin2a-(sina +cosa)’;
3)1-8sin’acos’a; | . 4) 4sin’acos’a-1;

51-2c08'(7+F) . &zsin’(f-5)-1.

HaiiguTe 3nagenne Bupaxenus (2.162—2.163).

2.162+. 1) sin(zarcain%-); s 1

2) ooa(2arccos—-);

3
3) tg(2arcsin);  4) ctg(2aresin2);
5) sin (2arctg ), g cos(2arctg ).
2.168%, 1) sin(arccos 2 —2arcsinl); .
2) oos(2arcsin-§-+arocos«§-).

2.13. IIpeoGpazoBanne NpoE3BECHNE B CYMMY
(pasnocts). IIpeobpazoBanne cymMsl (PasHOCTH)
B NPOH3BeJienue

Teopema 1. UmeoT MecTo TOXACCTRA:

ainacosﬁ-—— (sin{(a - B) + sin(a + B)), 1)
sina sinl3=§ (cos(a - B) - cos(a +B)), 2)
cosa cosp =2 (cos(x - B) + cos(a + ). (3)

TIpeobpasoBaHne NPOH3BEJeHAN B CYMMY (PAIHOCTL).
IIpeobpasoBanue cyMME: (DASHOCTH) B NpPOUsBefieHMe 1565

HorkazaTeabcTs0. PaceMoTpuM (OPMYIILI CIOMEHHS ANA

cCHHYCA:
sin(a + B)=sina cosP + cosa sinf, (4)

sin (o — B)=sina cosp - cosc sin . (5)
CnoXuB Jephle YACTE ToxRAecTs (4) B (5) H chaoxus HX Npasue
YACTH, IONYYRM TOxAecTBO sin(o — )+ sin(o + B)=2sina cosf,
OTKYAA H caeayer Toxaecrso (1).
ARanornyso u3 GopMya CEOKEHHS Isi KOCHHYCA
cosf{a +B)=cosc cosP—sina sinf, 6)
cos{a — B)=cosc cosP +sina sinfp (N

MOAY M
cos(ot— B) + cos(a + B)=2cosa cosp,

cos{a— )~ cos(a + B)=2sina sinf,

OTKY/A H caenyior roskaectsa (3) x (2). X

Teopema 2. HMeloT MECTO TOMAESCTBA:

sinx+siny=2sm%cos";y, . (8)
1 sinx -siny = 231n-—-2-£cosx;y 9)
‘ oosx+ooay=2¢os%cos 2”, (10)
cosx - cosy =-2sin =¥ gin X2V, (11)
fo

JoxasaTenscTBo. U3 QopMyn caokeHma ;id cHHyca M
rocunyca (4), (5), (6) u (7), ckiaARBAA AIH BEITATAA COOTBET-
CTBEHHO HX YACTH, TIONYYAEM TOKAECTBA:

sin(a + B) + sin(o - P) = 28in « cos P, - (12}
sin(a + ) - sin(o ~ B) = 2cosa sinP, (13)
cos{a + ) +cos{a~P)=2cosacosP, « (14)
cos(a + B)— cos(c — B) =—2sina sinp. (15)

OGogHaunM Teneps ¢+ B=x, a — f =y. Pemaa cacreMy ypan-
HeHMY OTHOCHTeNBEO c u §, nonydaem:
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{aq-ﬂ:x, {Q+B=x’ B=x-a, B:x;y,
a-Pp=y; [2a=z+y; |a=22Y; a=2ty,

IloACTARME 3TH 3HAYEHNA B TOMIASCTEA (12), (13), (14) u (15),

HOXyIMM COOTBETCTBEHHO ToMAecTBa (8), (9), (10) n (11) (y6enn-
Tech B aToM). X

Teopema 3. Umelor MecTo TOXRACCTBA:

tgartgp=2nth (16)
| o
tga - tgp=2nC-B) an

HAorkaszaTeabcTro Toxaecrsa (16):

_ sing  sinf _ sina cosp +sinf cosa  sin{o + )
tga+tg’l3—wsa +cosﬁ- cos o cosp =cosaaeofﬁ'

Tosxnecrso (17) xorasuBaeTca aHANOMMUHO,
IIpumep 1. Jokasars TOXKASCTRO:

a) gsinx +cosx = \/Esin(x + %);

6) sinx - cosx = \/Esin(x - %)

HoxasarenbcTso. a) IIpeoGpasyem JeBYI0 JACTHh pAaBeH-
CTEBA:
sinx+cosx=sinx+sin(£+x)=

2
,L oo gopmyie (8) noayaum J,
I -2 _
=23inx+§+x cos = g ac=2ﬁ:in(.:c+%)co.s (—%)= \/Esin(x+%).IZI

6) Jora:cHTe CAMOCTOATENBHO,
Hpumep 2. [IpeoGpasosars B mponssegenne cymmy 1 +8inx.
Pemenmne. Cnoco6 1,

1 +sinx=sin% +sinx =

l no dopMyne (8) monmyumm

=2 sin({- + %) cos (% + %)

IIpeofipasoBanne Npou3BeAeEUA B CYMMY (PASHOCTE).
IIpeofipasoeaane cCyMMEl (PA2HOCTH) B NPON3BEAeHNE 157

Cnocofe 2 u 8. Ilokamure, HCHIOIB3YA APYTrHe GoOpMYIH,
yro BEIpakeHWe l +sinx MOJKHO NIPEeACTABHTHL TAKXe B
BHZRE (sm% +¢.',o:3%)z HAH B BUIE 2003"'(%-%).

! ' ! OfpaTHTe BHUMAHME, YTO BMJ DOAYYECHHBIX BHIDAXKeHUIT
PasNKYeH, HO BCe OHH TOKAECTBEHHO PABHEI ACXOAHOMY
BhIpaskenno 1 +sinx.

Npumep 3. JoxasaTs, 4TO
gin 20° + cos 50° = cos 10°,
Jorazarenrcrro, Cnocod 1 (c npamerenrem Gpopmyas (8)).
8in 20° + cos 50° = 8in 20° + sin40° =
=28in30° co8(-10°) = cos 10°.
Cnoco6 2. Bora3aTeanCTBO ¢ UCHOJAb30BAHEAEM Gopmynu (10)

IPOBEAUTE CAMOCTOATENRHO,
Allpumep 4. Pemnuts ypanHeaHE

28inTx cos3x —s8in10x =0,
PemeHHue, IIpeoSpasyeM NeByio 9acTs YPABHCHAA:
28inTxcos3x ~s8in10x =2 %(sin 10x + sin4x)—sin 10x =
= 8in 10x + sin4x - sin10x =sin4x.

CnepoBaTennHO,

gsindx=0.
Taxum ofipasoM, 4x =nk, ke Z, orkyaa x= E, keZ.
OTBeT: ~"4£, kcZ. A

“on ]! 1. Bannmure popMyAR CHOMKEHMA CHHYCOB H KOCHHYCOB.
4 2. 3anmmure topMyas nNpeolpaseBaHUA NPOMEBEAEHHH
sina cos P, cosa cosp, sina sinp B cyMmy (pasHocTb).
3. Banmmmre dopMynm npecfpazoBanna cyMm (pasHocteif)
; sinx +siny, cosxtcosy B mpomaBegeHme.
i 4. Noxaxwure Toxaectsa (1), (2), (3)-.
I §. Horamure Toxaecrsa (8), (9), (10), (11).
8. Hoxramure Toxaectsa (16), (17).




158 TpurosomeTpHuecKkHe BhIpaKeHHA

YnpaxHeHH A

IIpencraBeTe B BHje cyMMBl Bhipaxkenue (2.164—2.166).

Ilpeo6GpasoBanue NPOUBBEACHHA B CYMMY (PasHOCTB).
IIpeobpasdoBaHue CyMMBEI (PA3HOCTH) B NPOU3BeleHHE

2.170. 1) cos(a +%)+cos(a—F);

2) cos( o - —] cos(— - 3(1]

2.164°. 1) sin5° cos85°; 2) sin 50° cos 20°; 3) sin (a ) sm(a 4 2n )
3) sin 35° sin (-25°); 4) sin(-35°) sin 65°; 3
5) 2cos(~10°) cos 80°; 6) 2cos 22° cos (-23°). 4) s1n((1 )+sm(a +Z);
2.165° 1) sin(2a +p)cos(20.—B); 5) 008(4(1 ) cos(l—li _ 4(1)
18

2) cos(a.+ 3p)sin (o —3pB);
3) cos(a.—2B)cos(a + 2p);

4) 2sin(2a - 3B)sin(2a + 3B).

6) sin (2(1 - ﬁ) sm(2a + 3“]

2.171. 1) tgT7a+tg9a; 2) tg13a—tg9a;

159

2.166°. 1) cos(12 +a)cos(12 a); 2) cos(a +o cos( ) 3}tg(%+a)—tg(%—a); 4) tg(%—a)+tg(i—“+a).
3) Sin(% -~ Ol] COS(% + Ot); 4) cos (ﬁ ‘1) sm(ﬁ + Cl) 2.172. Haiigure 3HaYeHNE BLIPAMKEHUS:

5) 2 sin(a - %) sin (% + a);

2.167. [loxakuTe TOMKIECTBO:

6) 2 sin(i = c() sin(ﬂ

z T+a).

) sin35° + sin85° 2) cos24° — cos84°
cos25° ’ sin54° ’

9° + cosl”
3) cos8 osl?

©€0s89” + cos1” 4) sinl5° - sin75° |
sin89° + sin1°®’

‘cos15° + cos75°’
1) 4sinasin(60° - a)sin(60° + o) = sin 3a; cos15° + cos

2) 4 cosa.cos(60° — a)cos(60° + o) = cos 3 5) M;
1-2cos?41°

c0s50° - cosT0°

. 1-2sin?40°

3) sin® o+ cos(60°+ ) cos (60°— o) = L,
2 IIpencraBbTe B BHJAE NPOM3BEAEHHA HMJHA YACTHOTO BbIpaKeHHe

4) sin(60°+ )sin(60°— o) +sin® o = !

1

IIpeacraseTe B Buae nmpousBefieHusA BeIpaskenue (2.168—2.171).

2.168° 1) cos(—9°) —cosb51%
3) sin55° + sin(-65°);
5) c0s315°+ cos225°%;
7) sin275° —sin185°%;

o 7
2.169° 1) sm—ﬁ —sinX 9’

3) cos— +Ccos = g’
5) sin2a + sin8a;

7) cosa.—cosba;

2) cos9° + cos(—51°);

4) sin(-55°) —sin65%
6) cos348° — cos288°;
8) sin395° + sin455°.

Tn
2) smﬁ- +sint 9’

4) cosﬁ— - cr.)s9 :
6) sin5a.—sin3a;

8) cosa + cos3a.

(2.173—2.179).

2.173. 1) cosa +cos2a +cos3a + cosda;
2) sina+sin3a +sinba +sinTa;
3) sinda+sin10a +sin22a. + sinl16a;
4) cos2a +cosl4a +cosba +cos10a.

2.174. 1)sinda-1; 2)1+sindo;

4) %-sinza; 5) cosa — 22 6) cosa + 1
7) tg3a +1; 8)1-tgba.

2) \/5 —2sina;
5) 3tg o —/3;

2.175. 1)1+2sina;
4) 2cos0—/3;

3) sinba + =3

3) \/écoso. -1;
6) V3 +tgo.
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2.176. 1)3 _sin’e; 2) 0,75~ cos® o
3) sin’a - 0,25; 4) cos® a—0,25;
5) 3-tgla; 6) tg’a—%.
2.177. 1)1-2sin%22% 2)1-2cos® 38°;
3) 2cos®18°-1; 4) 2sin*48°-1;
5) 3tg?12°-1; 6) tg®14°-3,
2.178. 1)1-cosa+sina; 2)1-sina +cosa;
3) cosa+sino-1; 4)1-sina—cosaq;
5) 1+cosa+sina +tgeo; 6)1-sina+cosa—tga.

2.179*. 1) Jtga+sina +./tgo~sino opn 0<a<Z

2) Jtg2a +sin2a - Jtg20—sin20 mpu 0< a < £

2.180. Hoxaxnre TOXKZECTRO:

1) oosa+s?nu
coga —sina
2) cosc —sing
cosq + sing
3) sina+sin3u+sin5a+sin7a_t 4o
CO8QL + COB B + COBDO + CoaTa  UB 10

=1g{45°+a);

=tg(46°-a);

) cosQ + c085q + co89a + cosl8a
sino + sinfia + sin9¢ + sinl 8o

=ctgTa.

2.181. Peurure ypasHeHme:

1) 2sindx sinbx +cosl0x =0;
2) 25in8x sin3x —cos5x =0;

8) 2cos4xc0a6x - sin(F + 2x)=0;
4) 25in5x cosTx +sin(n—2x) = 0;
5) tgbx—tgdx=0;
6) tg3x+tgdx=0.

Bripasenne caRyca, KOCHHYCA H TAHTEHCA
yIJ4 4eped TAHPEHC NOJOBHEHOTO YIJa 161

A 2.14. Bupamxenne CHHyCA, KOCHHYCA H TAHTEHCA YIia
yepe3 TAHTeHC NMOJOBHHHOTO Yyriaa

B 3ToM nyHKTe, MCHOAB3YA dopmMyam ApoitHOro yria ¥ oc-
HOBHOE TPHMOHOMETPHIECKOE TONNEeCTBO, ME MOAYIHM psia dop-
MYJ, KOTODhIe TIO3BOASIOT sin, Cosq, 1€ O BRIDAYKATEL JePed TaH-

reHC NONOBHRHOTO YIJa, T, e. 9epes tg %

Teopema. HuewT MecTO TOMNKASCTBA:
[
2tg 2

» 1)
l+tg2%

sina =

1-tg?l
coso= —=, 2
l+tg E
2tgld
tga= ——fg (3)
1-tg*S

3t QopMyJIEl OPHHATO HAJBIBATD YHUSEPCARLNWMU ROD-

cmanoecamy. JoraxeM HX.

HoxasareavcTso papeacTBa (1). Iipeobpazopas neByio
9aCThH paBeHcTBa (1), moxyuHM
a in® cosl
sino o sin(z 2) _ 251:\2(:032 _
1 20 2a
cos 2+sin 3

l PasAeIuB YHCAUTENb U 3HAMeHATeAbh Apodn l

HA cos’-‘?‘z— # 0, moxyunM
&
2tg 2
1+ th%
Papenctso (2) AoxkASHBASTCH ANATOTHYHO (IPOBEATE JOKA3A-
TEABCTEO CAMOCTOATEABHO),
®opmyna (3) — 3T0 yiKe H3BecTHaA HaM QOpPMyNAa TAHTEHCA

ABoiiHOrO yrna {eM. m. 2.12).
HamoMenMm, uTo Kaxkaaa us dopmya (1), (2), (3) moxasusa-
eTca AAA TeX 3HAYeHW o, MPK KOTOPHIX MMEKT CMEICI ofe ee

uaern, Hanpumep, aaa dopmyns (3) ato a;e%n (ne2).

L]
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IIpumep. 35ad, 4YTO tg% =2, HaliTU 3HAYEeHMe BBIPAKexys
A=25sin2a - cos2a.

Pemenune. Ucnonwsdya copmyast (1) u (2), npeoﬁpaayem
BhIpaskeHue A:

1-tg? = 2
A=25- 2tgc; _ tgza _950tga-1+tg @
1+tg°a 1l+tga

l+tg2a

Bripasum tg o uepes tg% o dopmyse (3) u HaiifeM erg gyq-
YyeHHe:

2tg &
tga:—g_z_._.= __4 — —4
1-¢ 200 1-4 3
€2
IloacTaBus tgo = ..;;_ B BEIpa)KeHUE A, MOJIYYUM:
50=%_1.16
A=—3 9 - o318
1+~1—6- 25"
9

- A=-9318
OTrBeT: A= 2325.

‘, 1. Kakne (opMyJBl NPUHATO HA3LIBATEH VHHBEPCATbRy vy
® MOACTAHOBKAMH?

Iokaxkute Toxkaecrsa (1), (2) u (3).

JloxkakuTe TOXAecTBO (2) AByMSA criocobaMHu.

4. Ilpn kakuxX 3HAYEHUAX X HMEIOT CMBICT o0e 4acTH:
a) paBeHcTBa (1);

6) pasenctBa (2);

B) paBenctsa (3)?

o

(24

. Kak Bripasuts ctga uepes tg -021?

YnpaxkHeHH A

2.182. Haitgure sina, cosa, ctgo, ecau:

o _ g, a_ 9,
1)tg5—3, 2)tg2— 2:
3) ctgg—=4; 4) ctg 5 =-5.
2.183. 3nas, uro ctga =3, HaliiuTe 3HAUEHHE BHIDAYKEHUSN:
) cos2a +3 | ) sinZa -4
2sin2a -1’ 3cos2a +1°

BripaskeHHe CHHYCa, KOCMHYCca M TaHreHca
yria Yepe3 TAHTeHC IOJIOBUHHOTO yria 163

2.184. 3Hasd, uro tg % = ‘%, HaWAuTe 3HAUEHWE BhIPAXKEHHA:
1) H5—4cosa 2) 5 - 2sina

.o a)?’ o a\’
(sm— - 2003—) (sin— + 4cos§)

2 2 2

IIpeobpasyiiTe BhIpasKeHHe, HCMIOJIb3YA YHUBEPCAJbHBIE IIOACTA~
nopky (2.185—2.186).

2.185. 1)sina—2cosaq;
3) 5sina+12cosa;

2) 5sina —cosa;
4) 3sina +5cosa.

3 -4sina 5-Tcosa
2.186. 1) 3—gqq Y e ena
) 1-4sin’a %) §—dsin’a.,
1-4dcos’a’ 3-4cos’a’
4+3tga, 7-2ctga ,
%) 5+3tga’ 6) 8 -b5otga’
5——2ctga_ 3_4tg(1
N 3-2tga’ 8) mg_a.
2.187. Bripasure depes tg 20 BhIpakeHme A, eciu:
_ cosda +ctgda . _ sinda + tg4a
N S T P ES E L
_ 1+tgdo _ ctgda+1
DA T digd’ A= T
2.188. JloxakuTe TOXKIAECTBO:
1-tg?% .
= 2, _ tg¥(-a)-1
1) ctga 2tg% ; 2) ctg2a =1

2.189. HaiiguTe 3HayeHuUe tg%, €CJIN:

1) sina+cosu=-§-; 2) sina—cosa=-1.

2.190. Haiigure 3HaYeHUe BrIpakeHHs A, €CJIU:

1) A= sin*a-cos'q u tg%:%;

=3

=33
3) A= asin2a+bcos2a n tga=%;

2) A= sin®a+cos®q u tg%:

4) A= msino - ncosg u tg%=%.
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2.191%*, Bripasure uepes tg% opn 0< % < 3’! BHIDAYKCHHE:

1)J:+ma \/l—sfna; 2) 1-gina  [1+sine,

ging 1+sina 1l+sino 1-sina’

3)\/1—cosa_\/l+cosa, 4) [Lreose f1-cose i,
1+ cosq 1-cosa’ 1-cosa V1+cosu' '

A 2.13. Tipeo6pasoBanna HEKOTOPRX v
TPHTOHOMETPHYECKHX BHIDAXKCOHHIL

PaccMoTpuM HA KOHKpPeTHHIX NpUMepax eute HECKOALKO Zo~

DOJHUTENLHBIX NPHEMOB NPeofpasoBaHmit TPETOHOMETPHISCKHX
BHIDAYKEHHH,

1. lIpeoGpasoeanue swpancenus asina +beosa ¢ ucnoavs0sa-
HUeM 8CnOMOZAMeRbHOZO Y2ia

IIyers a2+bz=0, Toraa
asina+beosa =

¢ BEIHECEM 34 CKOGKH MHOXETENbL +al +b2 l

= vVa? +b2( & sing+-——t cosa)-

NAY Ja?+b?

3aMETHM, TTO OpH MOGIX SHAYEHHSX G U b BepHO

DaBEHCTBO ( V4l b _\oq;
Ja® + b2 Ja? + b ) ’
SHANHT, CYIECTBYeT TaKo# yrox ¢, uro cosp= 2. u
a® +b?

sing=

m (cM. mpumep 5 n. 2.9)
=va®+b*(cosg gina +sing cosqr) =

= Va® +b* sin(a + @).

Taxmm 06pa3oM, UMeeM TOKAECTBO

asina +bcosa=va? +b® sin(a +v9);
TAE YTOX () OOpeAeNAeTCA U3 PABCHCTR

b
s T. €, =~
Vot +b? = [

; .

U‘

008(p=..._2‘1._._, sing =
a® +p?

'_I'pmnduerpneme nm

TIpeobpasoBaMusa HEROTOPEIX TPHIOHOMETPHISCKNE Bupaxkenn# 165

Mpumep 1. Haltvy HanGonbmiee M HAWMCHbINES SHAYOHUA

BHIPAYKEHHA J38 sino —cosa.
Pemenne.

2 2 ,/8 1
Jgsina,— cosQ = \‘(\/g) +1 (—2—sina—§coaa) =
= 2(008% sina - sin% coso.)= 2sin(a - %)
TlocKONBKY HauGOMLIUM 3HAYEHHeM BHIpaKeHHA Sin (u. - %)
sSpaAercs wmeao 1, 8 HaMMeHBIIHM — vucao —1, To mamboan-

mHUM ¥ HAMMEHBIONM SHAYEHHAME BhIpaX(teHAA Zsin(a—%), a

SHAYMT, ¥ SAJAHHOrO BEIPAXKEHHNA, OYAYT COOTBETCTBORHO IMCJA
2u-2.

Orser: 2; -2. ’ )
2. ITpeoBpasosanue evipaxenus 6uda =~ VT
cos o, cos 20, cos 4o c088a. * ... - cos(2at),
zde neN |
HOpumep 2. Hafirn 38aueHne nhrpamenua EEEE AR
2n
A= cos—;—cosT 7

Pemernne. YMHOMXHAB Bpaxenae A Ha Zssin% (nonaaa-renb
cTemeHEn 4Mcaa 2 paBeH 3 — 9UMCIY MHOMKHTeN€H B BRIDAKe-

HUK A, 4 3HAYEHNE CHHYCA BIATC DU CAMOM MAIOM YIVe — -’,;-),
TOAYIRM:
3 . 3 n 2n 4r e
2sm A23m7cos7cos7oos7
MCHONB3YS HeCKOALKO pPa3 GopMyay CHHYyCa l
ABOWHODQ yIaa, mojJaydaemM

an 2x 8r _

2 BlnTcos 7 cos—,r——281n-7— 008—7-—8111 =
= Al=—gin Xt
= sin(u+ 7) -sin .

TaxuMm 06pasoM, 233111 ‘A= —sm7 OTKYAA HAXOZUM A-—E

OTBeT: A=—%.

BaMeTuM, UTO JJd NpeofpA3cBaHHA IPOH3BEAEHNAA TPeX MHO*
suETesell MPROLTOCH TPUIAKAL IPUMEHNTE (OPMYNy CHHYyCA ABOMA-
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e an..  TPHTOBOMeTpPHIECKEE BHIPAMOHNS

HOTO YriA, AHAJOTHUHEIMH DACCY'RIGHHUSIMH MOMHO B obmiem
Buje npeobpasoBaTs NPOMIBEACHNE 7 + 1 MEOMHTENCIH:

cosa cos 2a cosda - .. - cos(2"a) =

l YMHOXHB H Dasfie/INB AAHHOE BHDAKEHME
Ha 2°*!sina, nomyunm l
- 2**15inq cosa cosZa - ... - cos(2*a) _
2"*lsing o

l “P“m n + 1 pa3 popmyay camyca nnoinoro
yriaa, OOAYIHNM l

_ &in(2"*lg)
2"’”‘811‘1!: P P

llplnup 3. Doxaszats, wro sepro panencm |
s 811118“311154“—-&-

,I[oxaaa'rgabc'rno. TIpeobpasyem AesByio 1acTs, puexc-ma
8in18° sin 54° = gin 18° cos 36°=
23cos18°sin18°cosae°
2%co818°
e _ 25in86°c0s86°  8in72°  cogl8°® 1 .,
4c0818° " 4coslB° dcosiBo - 4°

3. IlipeoGpasosanue swpaxenuir ¢ ucno.ubaosanue;»c dopuyxr
ROXOGUHROZO Y2Aq

Ilpumep 4, Halitn nanGonnmee ¥ HauMeHEUIee 3HAYCHHMS
BHIpaKeHUSR

o

M

A = sin*x + cosx.
Pemennme. Cnocob 1, A=(sin’x)? + (cos’x)’ =
l opUMeRAR GOPMYIILI NOJOBHEHOTO YTIA,
OoJIyaaeM l

- (1 - c;szx)z . (l+e12:szx)2

= %(1 —2c082x +c08*2x + 1 + 2¢c082x + cos?2x) =

_2+2c08°2¢  1+cos®2y
= = e A

IIpeofpasoRaHNa HEKOTOPHIX TPHIOHOMETPHYECKHX BupakeRnid 167

Tax KAk HAHGOJLIINM H HAMMEHBIINM 3HAZCHHSIMH BHIDA-
skeEms cos® 2x aeaaored yuena 1 u 0, To COOTBETCTREHHO HAM-
GOJNBINEM U HAHMEHDBIINM 3HAYEHASMH BHPAYKeHHA A ABAATCH

141 4 o 140 _ 1

p) 2 2
Orser: 1; 0,56.

' 4y Cnocos 2. Iloxaxenm cpocoS UPeOGPASOBAENA BHpa-

#eHAst A, OCHOBRHHHN HA HCIIOAL3OBAHMH TOXIECTBA
at+b=(a+b)*~2ab: * °

HHECIA

A =(gin? x)? + (cos® x)’= (sin®x + eos’xf)'" — 2gin?x cos®x =
=1- sin*2x.

Jlna 9TOTo BRIPAXKEHMH TaKKe JErKo HAWTH HauboxbIIee H
HEauMenpmiee smadenmsa: A=1, ecan sin?2x=0 n A=0,5, ecam
gin?2x=1.

INpumep 5. Halitu sHaueHNe BHIDAKEHHST A, eciR ¢

A =s5in® x + cos®x, '

3HadA, 9TO cos4x==% N

Pemenue. A=(sin?x)® +(cos’x)’ = _
l no popmyae a® +b®=(a+b)* - 3ab(a+b) l ‘
MOAYIHM o
= (sin’x + cos® x)® — 8 sin’x cos® x (gin’x + cos®x) =

=1-3gin’xcosx=1- %singzx =

2 ;]

l MOCKOAbKY 8in®2x =
TO OpH COS4x = % TOJTYIUM

l-cosdx l

-1-3qa- _3
=1-31-cosdn) =3

OrpeT: A= %.
4. IIpeoGpasoeanue mpuzoHOMEMPUYECKUX CYMM 6uda
gina+s8in2c +sin8a + .. +sinna 1

cosa + cos 20+ cosBa + ... + cosna.



168 - s .. Tpuromomerpasccrne supamenus Hpeobpasgparmst BEKOTODHX TPHIOHOMETPITIECKHX B

Hpnuep 0 IIpeobpasopaTh BRIpakerue
. A= sm +sin +sin3"

Pemenue. YMHOXTB BmpmenneA HA 2sm—, nouym :

- u . — _-,.E- . I . &:‘ t-
2smﬁ A-2sinu(sm7 +8in 7 +sin

. = k3 2r B pin 8T _ .
i Zsmu sm7+23m14s1n +Zsinusm 7 B

npuUMeHHus hopMyxy
ginx siny = %(oos(x -y} —cos(x+y)),

noayaaM
R _ 3 I 5m bn Tn
—m:ml4 CO8 17 +CO8 17~ 008144-00314 cos 14 =
= ® _ Tn _ -
ml-t o8 1o = co:at14 cos2 00314 0= 00314

Taxkum obpasom, 2s1n—— rA=cos = 1 4, OTKYHAA HAXONEM
=1 to®
A= 5 ctg i
:A=Ltetg ®
Ofrne'r.A-zctgu. .
E" ]; 1. IIpeoGpagsyiite BHIpAXKeHKe BHAa 4sinx +bcosx ¢ momo-
-4

IMEI) BEENeHUA BCIIOMOTATENBHROTO YIIA.

2. KakaM HpueMOM MOMHO MpeoGpasoBaTh RLHIPAKEHNA BAAA
cos 2a - cos4a - cos8a?

3. Ilpeofipasyiite, ncnon:baya tpopuy.nm IOACBHHHOIO YTHA,
BHIpaskenns Buga sin® x, cos™ x, tg** x mpm:
ayn=1; 6)n=2;
B)n=3; rin=-2.
4. IIpeoGpasyiiTe BLIpakeHnue
cosd + cos 2o + cos 3o + cos 4a. + cos S,
YMHOMHB H Pasgeaus ero ga 2sin X,

2
8. TpeoGpasyiite BHIpastennme e
sin 8o + sinfo + sin B¢ + sin 12¢ + sin 150,

VYMHOMHB H pasfgeJHE ero Ha 2sin 37“.

YopaxHeHHSa .

2.192°. IIpeobpasyiiTe BeIpaieHne A, ncuomys BBeAieHHE BCIIO~
MOTAaTeALHOTO yIJIa:

1A= J3cosa - sina;

5.'-'
b

2)A=sina+—‘§3-cosa: '
3)A=J§oos5u+J§sin5G; ‘
4) A = 2cosda - 2sindo; NI

P 1 a. T
5)A=3‘/§3m§+3°°”§’ e e '
6) A=25/3sing ~25¢c08F.

2.193. Haiiaure Hamboablllee M HAWMEHLITee 3HAUYOHHA BHIDA-
sKeHnd A ua yopaxxsenns 2.192.

I

2.194. ¥Yupocrture BHpaxkeHHe A:

2n Br, . .
DA= cos5oosscoasoosT, c o e

2“ ﬂ ﬂ II as e . . ll
2)A= m15m15m15m15 ) :

3) A = cos10° cos20° cos40° cos80°%

- 4) A =8c0820° cos40° cos60° cos80°; - .
5) A =88in10° 5in30° 8in50° sin70°% - _
6) A = 85in85° 5in80° 8in 70° sin 30°% Lok
7) A = sin® 70° sin® 50° £in®10°
8) A=2sin?18° sin®54° sin®72°.

2.195. Joxamure TOXRAECTBO:
15x 2{17n _cosda,

1) sin® (13% - 2a) - cos® (15" - 2a) = - 222,

2) cos? (3 - 20:) - cos? (% - 20)=— 2022,

' 3) eos°0.+sin°a=§{5+ 3cosda);

4) cos®a-sin®a= %cosza.(3+ cos4a).
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2.197.

¥YnpocraTte seipaxenue A (2.198—2.199),

2- 198.

2.199%, 1) A=sin 7 +singy 2%, sin 3z,

R P ﬂ‘wwv"“

Tmeea 8

TpHTrOHOMETPHYCCKHE BLpaXKOHES

¥npoerute BHIpaskeHUe A:

2{8n _a x
1) A=cos® (35— 2) - cog? (Llx , 2, TpuroHoMeTpuyeckue (hyHKLMM
2) A=sin’ (P + o)~ sin? (12 _q);

3) A= 0084(@ _ zu) sin ( 2a) 3.1. TpuronoMerpaueckue PyHKuAM.

IleproaAHYHOCTE
5n
4) A= cos ( + 20‘) sin (20‘ - "f) IIycTs ¥ — AeficrsurensHoe uncyao. PaceMorpum yron, pagu-
Halianre HanGoibiiee M HauMeHbMee BHAMCHMS BHIPA- aHuEON MepoH KOTOPOTO ABJASETCA ITO YHCHO X. 1A aTOro yraa
KeHHHA A: ompefeNeHO YHCAO sinx.,
DA-dsin’a+Seosta;  2) A=2sinta+Boos'o; ctron 5 CovEaenormES oA OxpeTOReRHOS wHORo s, Tox oA
8)* A=4sin*a+cos’o; 4)* A=sgin*a+2cos*a. A pe !

MEIM Ha MHOXecTBe R JeliCTBHTENLHEIX YHCEA OOpeAeHeTcHA

PyBEEOHEA .

1) A =5in10°+8in20° + 5in 30° + 8in 40° + sin 50° yesmE
2) A=£in12°+58in24°+sin36°+ sin 48° + sin 60°;
3) A =c0s820°+c0840°+5in10°+ cos80°+ cos100°;

4) A=c086°+¢c0812°+cos18°+cos24° + cos 30°.

AmanormuEo onpefenderca QyHKOUA
¥ =CO8X,
Ilyers Tenepk AeficTBUTEALHOE YHCNO xaé% +nk, keZ. Pac-

CMOTDHM YT0J, PALHAHHOR Mepoit KOTOpOro ABIAETCH YHCIO X,

17 17°
2) A=sginZ +sin3E 2%, gin3%. Jl1a Taxoro yraa oupegeneHo uncnao tgx.
33 33 38’ TaxuM 06pa3oM, KAKAOMY AeHCTBUTEILHOMY YHUCIY, He DaB-
4n 6x.,
3) A= cosﬁ + 0083y +CO85Ts noMy I +mk, k<2, CTABATCH B COOTBETCTEM® OKHO ONpEAel]IeH-

Hoe unceao tg x. Tem caMbEiM HA MHO)ECTEe AeliCTBHRTE/BLHLIX uH-
% + ntk, k € Z, onpepenaerca GyHKIIHA
y=tgx.
AHaNOrHIHO HA MHOMKeCTBe NeHCTBHTEJBHBIX uucea X # nk,
ke Z, onpepeaserca Gyaruus
y=ctgx.
Mzl BHAEM, 4TO CHHYC, KOCHHYC, TAHTEHC W KOTAHPEHC MOXK-
HO PACCMATPHUBATE KAK (JYHKIHHM %UCA08020 apzyMerma. ITH
PYHKIMH HAZHBAIOTCA MPUIOLOMEMPUNECKUMY .

B s1oii rmase Mu GygeM H3VYATH TPHTOHOMeTpHIecKHe DYHK-
muu. Ux xapaxTeprsiM cpolficTBOM ABAAETCA HEePHOTNIHOCTD.

2x 3x
4YA= cos25+co.325+00525,

rs S 5n cen x#
B A= eosn +C08 7 + cos Ty

on =
6)A= cosm-roosﬁ-l-eoalg

T R TS e
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Onpegenenme, Ilyers T#0, Oyakuna [ masbiBaercs
nepuoduvecxoll ¢ nepuodomn T, ecaxn aan moboro 3madeHUA
X M3 o0nacTn ompenencEns Gymkmunm uwmeaa x+T uw x—T
TAKXKE NPHHA/ICKAT 00JaCTH ONpeAcieHEa H npn aToM
BEpHO PABEHCTBO -

f(x + T)={f(x).

_ Has neproguaeckoit GyHKuuU f BEPHO M paBeHCTBO
‘ ) f(x-T)={(x).

Heficreurennno, ecan x € D(f), ro x - T e D(f), n

fx)=f(x-T)+ Ty=f(x-T).

ITocroneky npm T =2n TpHroHOMeTpHMEeCKMe PYHKNME CH-
HYC, KOCHHYC, TAHI'€HC ¥ KOTAHTSHC YJOBACTRODSAIOT BCEM YCHAO-
BHAM 3TOr0 onpeAesieHAnd (yOemurech B 3TOM), TO BCe OHH ABIHA-
0TCA NePHOZHYECKNMHE ¢ NepHoAoM 2w,

IIpamep 1. Bepuo au, uro mepnofom GyHKIAR y=sinx as-
JAETCA YHCIO:

a) 10mw; 6) =; B) 27

Pemenwue. a) ®yaxuua y=sinx nepmoauyeckas ¢ mepmo-
gom 21, Ilpn6anaa K ApryMeHTy X 9TOT NEePHOA HECKOXLKO pas
(8 uacTrOCTH, 5 pas3), MH He MeHAeM 3HAYCHNA DYHKIMH.

IIoaromy

sin{x + 10n) =gin(x + 2x - 5) = sin x,
R, 3HAYAT, Yncao 10r apraerca nepuogom pyHKkIunE ¥ =sin x,

6) Ecan umeno = — mepuon GyHKEMH ¥ = 8in X, TO IPH JT06KIX
X e R ponacAo GHITH BEPHEIM PABEHCTBO sinx =sin(x +x). A omo
He BepHO, HANpHMeEp, PN X = —%. 3HAYHT, THC0 T He ABIACTCA
meprofioM PyEKIHMA y = sin x.

B) Ecam umeno 2 — mepumon dyHrmum y=siny, To npy Jo6kX
x € R fomKB0 GLITH BepHBIM PaBeHCTRo sin(x + 2) =sinx. Ho, HAaIpH-
Mep, mpH x =0 noayunm sin2=sin0 — neseproe wHCAOBOE paBeH-
CTBO. 3HAYMT, YHC/IO 2 He ABAACTCA IePHOAOM (DYHKITHN y=sinx.

OTseT: a) xa; 6) mer; B) HeT,

JJs HEeKOTOPHIX TPHMOHOMETPUYECKAX GYHKIME MOMHO yKa-
3aTh U MEHLIIHH, YeM 2%, NOJOKMUTENLHELIH NepHos.

Tparosomerpaueckue ¢yHruna. [epnoguanocTs 178

IIpamep 2. HoxasaTk, YTO YHCIO T ABASAETCA NePHOAOM
GbYHKINHA:

a) y=tgx; 6) y=ctgx.

HoxazarenbcTBo. a) Hnsa moboro sHaueRus x#-’zi-i-nk,

keZ,uncna x + T ¥ X — ¥ TAKXKe He PABHH %+1I:k HE OPH KAKAX

keZ, T. e. IpUHALNEXKAT O6AacTR oNpeAeseHna TaRreHca. Oc-
TAETCH COCJAATHCA HA COOTBETCTBYIOIMYIO QopMyny npuseleHUs:
tg(x+n)=tgx.

TakuM oOpa3oM, YHCIO & ABAAETCA NepuoioM QyHRIIH
y=tgx. X

6) JokaskuTe CAMOCTOATENBHO.

NMpumep 3. Pyuxuua safana ¢opmysol y=sinx HA MHO-
sxecTBe D. BepHo nu, 9To 2Ta GYHKOAA NepHOANYECKan C IePUo-
oM 2x, ecan:

a) D=[-2r; 10xn]; 6) D=27

Pemenne. 8) Tox kar 10ne D, a 10n+2n¢ D, To 21 — He
pepuon. U soobme, byurnons ¢ o6nacTsio ompeaenenns [-2x; 10x]
He MOKeT OnITh mepuogmdecKoit,

AHAJOTHYHBIMH PacCYKASHHAMH MOMHO IMOKA3aTh, WTO 3a-
AaHHa#A QYHKIMA He MOeT HMEeTh H OTPHIATE/NbHOrO Neproja.

6) HepepHo, Tax Kak umeno OcD, a umeno 0+2ng Z=D,
(BMecTo Hya: MOXHO 6LUIO 6B B3ATH M0G0 meaoe YHCIO.)

OTreT: a) HeEepHo; §) HeBepHO.

IMpumep 4. HoxasaTb, 9TO YHCJIO
tyurnun

% ABAAETCA TEPHOAOM

y=cosdx.
HorasaTeascTso. OGaacThi0 onNpeaeneHHT QYHKUHN Y=

=08 4x ABIAETCH MHOMKECTBO ZeHCTBATENLHBIX yncen R.
PaBeHCTBO cos4(x + %) =¢os4x BepHO mpn JoboM x cR.

TaxuM ofpa3oM, YHUCHO % — nepuog GYHKUHH Y = cos4x,

Teopema. CIpaBefAHBH CHEAYIOIINE YTBePXRIACHHA

a) 21 — HAUMEHLIIHIl NONTOKUTEILHHI NepuoA GyHKIUA
y=s8inx n PyHKOHH Y = COSX;

6) n — EauMeHbIIMH DOACKHTENLHEIN NepHoA GyHKIHA
y=tgx u bynxonun y = ctgx.
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Joxaszareancrso. a) HamoManM, uto 27 — MONOMHTEIb-
HHY nepuop ¢pyrxnmuE y=siny, Ilyers Teneps T < 2n — nouo-
MUTeNABHRIA Iepuox PyHEKIUU ¥ = sinx.

Iloacrasnaa B TOXAeCTBO Sin(x+ T)=sinx snauenme x =0,
nonyqdaeM sinT =0, Buaunr, T=x uau T=2n. Ho

sin(x + n) = -sinx,
OOTOMY T He ABNAETCH NepuogoM pyRxnuu y=sinx. Cnegosa-
TexbHO, T =21,

TakumM ofpasom, 21 — HauMeHBIIHI NONOKETEABHLIA epH-
on byHROMH y=sinx. ®

JokasaTeancTso ana QyHKIHNR ¥ = COS X AHAJOTMYHOE, IPOBE-
JANTEe er0 CAMOCTOATELHO.

6) HamoMauM, 4r0 # — NONOMMTENbELI IepnoZ PyHKIHRE
y=tgx. Ilycry Teneps T < # — monoxurensusii mepuos GyHK-
nuy y =tgx. lloacrasans B Toxaectso tg(x + T) = tgx sHAueHne
x =0, nonydaem tgT = 0. Cregosareasso, T=1.

Taxum o6paszoM, n — HaMMeHBIMHIE NONOMRUTETLHEIN oepHox
dynxkmun y=tgx. X

Hoxasarenscreo nus GyEKINN ¥ = cig x ananoragHOE, NpoBe-
AHTE €r0 CAMOCTOATERALHO.

A Iipamep 5% VxasaTs RAUMECHBIIHUN MONOMHTEMbHEIN
OepHOR PYHEIHN

y=te3.

Pemerue. Hafigem ofnacTs onpenenenna GyHKIuN y = tg%:

$*5+mh keZ, 1 e x2 3% +3nk, keZ.

Ilyers T — HauMeHBIIME NOMOMXUTENBHBIN Nepuox GyHK-
ey y=tg%. Toraa T — HauMenblliee MOJOKHUTENBLHOS YHCAO,
YAOBJETBODAIOIMEE YCIOBKIO

x _ x+T
x _ x, T
e =te(F+3)
IockonbRy © — HaMMeHBIINIT IOJORATETLHEE TepRoy PYHR-

XY TAHreHC {CM. TeopeMy), To % =%, T. & T=38n.
OTBeT: 3n. A

TpurosoMeTpudeckire ¢dyaxnna. IlepuoanunrocTs - 175

2]

3.100

3.2.

3.30

3 .4.

r—ba i e e

1. NoacauTte, noueMy qgopmynolt y=sinx (y=cosx) Ha MHO-
mecree R sapaerca ¢yHKOHEA.

2. Moaceure, MouyeMy dopmynoil y=1tgx Ha MHOXKECTBE BCEX
AeliCTBETENBHBIX UHCeN X # — + nk, ke Z, sagaerca QyHKEIuA.

3. INoscaure, mouemy bopMyiaolt y = clg x Ha MHOKeCTEE BCEX
DelicTBUTeNBLHEIX MHCEN X # Rn, i € Z, 3anaerca QyHKIUA.

4. Cihopmynnpyiite onpeaenenne nepuoamieckolt pyaxnuu ¢
nepuogom T'.

8. HMoxammure, 4yTo PyHRIHA CHHYC {KOCHHYC) ABAAETCH He-
pHoznYecKoli ¢ nepuogoM 2x.

6. Noxamnre, 9yTo HyHKIUA Tanrenc (KOTAHTEHC) ABIAGTCH
MepHOAMIECKOR ¢ HepHoAOM K.

7. HoxasxnTe, 4TO HAHMEHLIINM NOICHHTEILHLIN NePHOAOM
PyHROuE cuEye (KOCKHYC) gBaAseTcH 2w,

8. Joxaxure, YTO HANMEHLIOAN TON0KHTEALHLIM NEPHOAOM
GYHKIME TARTEHC (KOTAHI'GHC) ABNAETCA T,

YupaxHeHn®
Kaxue ns wncen 4, 5, 9, 18, %, %, x, 2r, 3n, 4xn, 5=, 6x, Tx,
10m, 11x, 12x, 16xn, 21x aepagioTca nepuogaMB MyRKIAR:
1) y=sinx; 2) y=cosx; Ny=tgx;
4) y=ctgx; 5) y=sin§; 6) y =cos2x;
7 y=ctg2x; 8) y=tg%?
Ona GyHrnun B3 ynpasxHeHRda 3.1 HA30BHTe ee HAHMEHb-

mHi NoNoKHATENbHLIN Nepuox.

Hoxaxure, ur0 PyRKOUA ¥ = f{X) neproAMIecKad ¢ IEPHO"
oM T, ecam:

1) f(x)=38sinx, T =2r;
8) f(x)=1sin2x, T=-m;

2) f(x)=6cosx, T=2n;
4) f(x)=2cosdx, T=—g.

Ha muosxecrse D sagana QyHRUua y=f(x). Bepno au, a0
PyBEKEUA [ neploZuYecKan, eCH:

1) f(x)=cosx; 2) f(x)=sinx;

3) f(x)=1gx; 4) f(x)=ctgx,

a D — omgmr M3 DPOMEeXYTKOB:

a) [-2m; =} 6) (-oo; Ok ) [-4m; 20nf; 1) [0; +oo);
a) [-3m; 51); €) Z; k) (~o00; 0) U (0; +00); 3) [-=; 2x]?
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8.5% lIna dysxuuu f yxaxknre T — ee HaEMEHBINHI IIONOKH-
TEeJIbHEIH OePUOA, eCan:

1) f(x)=—4ctgx+2;
8) f(x)=1cos3x-6;

5) f(x)=sin2x;

) f(x) =3 cos;

2) f(x)=61gx-1;
4) f(x)=-28in2x+3;

6) f(x)=8cos4x;

z 8) f(x}=3sin%;

9) f(x)=gte 5 10) /(x)=10ctg%.

3.6. Ona xaxkaoil pyHKnwA A3 yIpaxHeHus 3.5 gokaskuTe, 9TO:

1) uncao -12n aBnserca ee nepmomoM;
2) umcno 24n ABAAETCH ee NEPHOJOM;

3) uncao % He ABJIAETCA €€ IePHOZOM;

X
4) ancao —§ He ABIAETCA ee NepHoAoM.

Vxaxure obmacTh onpesesnenns GYHKUMY f 4 ee HAMMEHBIIME
OON0XKATeALHEIH nepuoa (3.7—3.8).

3.7. 1) f(x)=-sin(-x); 2) f(x) = -cos(~x);
3) f(x) = (-1)"* tg(-x); 4) f(x) = (1) ctg(~x);
5) f(x)=ctgx sinx +cosx; 6) f(x)=sinx+tgx cosx;

_ 1—(sinx + cosx)® 1-(1-sinx)(1+
7) f(x) = grsnx 8) f(x) = ;1:::& . cosz)

9) f(x)= 4oos§sin%eos(% - %) —sinx-1;

10) f(x)=-1+cosx + 4sinicosﬂcos(1‘— - %')

2 4 4
8.8. 1) f(x)=+/sin’(~x); 2) f(x) = Jcos?(—x);
3) f(x) = \tg* (-x);

4) f(x) = Jetg?(~x);
5) f(x)= |——-1;

cos’ x 6) f(x)=\lsi:3x_1;

8) flx)= 11502,

7) f(x) =, 1-0082x,

2
9) f(x)=\[{7os%;  10) fla)= [Aroosd,
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A 3.2. epuonuueckne GynRIHN

IIpamep 1. Ha pucyaxe 96 usobparkena uacTs rpadu-
KA mepuoAudeckoil dyHrkoun y = f(x) ¢ obaacTeio OnpeAeNieEUA
D(f)=R m HauMeHLIMIAM NONOKHTEALHHIM mepuogom T, HUemy
paBHO sHadeHuMe QYHKOMHK f(x} OpH X, paBHOM:

a) T; 6) 3+4T; B) 29?7

Pemenue. Ha pucyare 96 sugso, uro T=5.

H

18
. -
S

-l
1

Puc. 96

TIo onpefieneHu:o nepuoArYeckoil DyHKNHE ANA JN10boro X us
ofuiacTu onpeneneHud GYEKINN BepHO paBeHceTBo f(x + T) = f(x).
Henonpsysa 9T0 PaBEHCTBO, HaiiieM 3HaveHndA f(x) Ana crydaen
a) — B).

a) f(T)=f(0+ T)=F(0)=0,75 (cv. pme. 96; agecp x=0).

6) f(8 +4T)=f(8)=2 (cMm. puc. 96; snecsr x =3).

B) ITockonexky T =15, T0, npeacrapaga 29 B spge 29=-1+
+30=-1+ 6T, monyqsaem (cM. puc. 96; sgecr x=-1):

f(29) =f(-1 + 6T)=f(-1) = 0.

Orser: a) 0,75; 6) 2; B) 0.

IOpumep 2. Ha pucynke 97 usofpaxeHa 4acTh rpadpuxa
nepuoguueckoi bynrxan [ ¢ obnacrrio ompenenenua D(f)=R
U HAHMEHLIINMM IONOKHTeNBHHIM nepuogaoM T =4. Hso6pasuaTs
rpaduk QyHRIME ¥ = f(x) Ha apome- —r
smyTre: a) [-1; 117; 6) [-9; T].

PemenHe. a) JIuna npoMesxyT- _ %

LY

[

xa [~-1; 3] paBEa 4, T. e, HAMMEHDL- f
meMy NOJNOMHTeNLROMY mepuopy T =
dyrKmuu. Yrober monyuurs naobpa-
skeHHe rpaduka GyEknum f na mpo- ..‘gx y
Mekyrre [-1; 11], caemBem 3ajaH- N7
HOe Ha pHcyHke 97 wusobpaxenue =8
ga 4 egpnvnsl (T. €. Ha T exmHuUD) Puc. 97

r

-

b
L
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BOPARO BAONE OcH OX M eme pas BOpaBo HA 4 exmamnsl. Ha pu-
cyHke 98, @ n3olpaxked DOMyYeEHbl rpadmk GyHKIEH [ Ha oT-
peske [-1; 11].

6) Ha pucynxe 98, 6 usofpaxer rpadux dysxnun f Ha 0OT-
peske [-9; 7]; uTobml ero moaywuMTh, JMHMIO, H3OGPAsKEHHYIO Ha
prcyHEKe 97, cABUHEM BAOAL OocH Ox BJIeBO (aBaxan) M oZMH pas
BIpAEO,

:-!J; Hsobpaskenne rpadmka nepuogmdecko#i GyHKIUM i
: | ¢ HAWMEHBIIHM NOJOKHTENBHBIM mepnoxoM T MOK-
i HO MONYYHTH TaK: M300PA3HTh YACTh 3TOTO Tpaduxa

| HA OAHOM M3 NPOMEKYTKOE o6IacTH OmpefeseHus,
i JJIMHA KOTOpOoTo paBHa T, a saTeM NOCHEZOBATENBHO
CABMTATE 3TY JHHUIO BJIEBO W BOPABO BAOIL OcH Ox
Ba T.

IIpamep 3. Ha pucynke 99 uzofpaikena 4acTo rpadpHKa me-
proauyeckoil yakunn [ ¢ 06AACTBIO ONpese/eHnA, COCTOAMEE
H3 BCeX YHCeN X #-2+ 3n, n€Z, U HANMEHLUINM IIONOKATE k-
HEIM nepuofioM T =3, HaolpasuTs rpadbux dyarnmn y = f(x).
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Pemenue., [auaa mIpoMe- EA
smyTka [-4; —1] pasHa 3, T. €. HAM- b
MEHBIIEMY NOOJOMHTEJbHOMY Ie- \ ¥ 1
puony panno# ¢ysknmm f. Iloay- \ I Fi
yrrh H300paskeHHe rpadnra GyEK- =T E
muy f MoxcHO, cABUras uaobpaxken- A N\T/ER =1 1
HYI0O Ha pucyHKe 99 4acThk rpadu- V
KA BJIEBO M BIPABO BAOAL ocH Ox | _19_‘

(puc. 100). Prc. 09

AT AT AT
b

fB = pft =g =

EHEAEN G e

Pre. 100

ul
)

L%

Teopema 1. Eciu uucno T — mepuoa ¢yskumu f, To npu
mobom nenoM i =0 uucao nT — Taxsxe nepuoA ot GyEKOMA.

Doxaszarensrcreo. llyers n=-1. Tax rak T — mnepuog
dyurnuu f, o T 0.

Iycrs x € D(f); no olpeAeseHNI0 MepROAVIECKOH DYHKIHH
uMmeem: x+ (-T)=x-TeD(f), x-(-T)=x+TeD(f), a Taxme
f(x -T)=f((x—T)+ T)=f(x).

Dro osmauaer, uto —T — mepunog pyErouk f.

Myert n=2. Tag kak T+0, o 2T=0.

Hycts x € D(f). [lo onpenenennio nepnogndeckol dbyHKuun
x + T e D(f), cnenorarensro, (x+ T)+ T=x+ 2T e D(f), a Taxxe
x— T e D(f), cepoparensno, (x— T)— T =x - 2T € D(f).

U maxormetn, f(x +2T) = f((x + T)+ T) = f(x + T) = f(x).

Bro o3uauaer, ure 2T — mepuox gpyrknunM f.

AHanorauHo AOKA3EIBAaeTcA, 4ro ecam 2T — mepmon, TO
3T =2T+T — mnepnoga, ecim 8T — mepmog, 1o 4T=3T+T —
TepHox U T. 1.
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Teopema 2. Ecin y = f(x) — mepmoguueckan pyERIUA ©
nepuogoM T, 10 y = f(px) — mepuozmueckaa GyEKUHS ¢ me-
T

puosoM .
fokasarenscTBo. OBaacts onpeneneEnms QyHEKDUR

¥ =f(px) cocrour ma Tex uwmcen x, A Kotopmx px < D(f). Ho
ecnu px € D(f), ro obnactu onpesenenma D(f) upMBajIexRUT I

uncno px + T, a 970 MOMHO 3amHcaTh TaK; p(x+%—)eD(f).

TaxuM oGpasoM, ecm 4uCA0 X NPHHALICEHUT O6IACTH ompe-

Aenennsa GyRKROUH ¥ = f(px), TO ¥ TucHO X + Z OPHHAZAESIKHET 00-
JacTH onpeReneHnd sTol QyHKIUAN.

AHaJOTHYHO ZOKA3BIBAETCHA, YTO €CAH UHCITO X npnna,:mem
ofnacTe oupepeneHua ¢byHKuMM y=f(px), TO M uUHCIO X -%
NPUHAJJIEIKAT 06/IACTH oHmpefieNieHHs »To# dynxknmu. (IIposegu-

Te¢ AOKASATENBCTRO CAMOCTOATENBHO.)
QOcraeTcsa 3aMeTHTH, 4TO;

f(p(x+F)) = fox + T)= ().

ITockoabky 06MacTe ONpeAeeHMs NepHOANIecKOH
OYHKIMK HEOrpaHNYEHHA, TO PYHKINH C OrpaHHUYeH-
HOH 00JACTBIO ONpeAeJeHAsT He MOTYT GRITH HePHOXU-
JecKHMHA.

Kpome Toro, ecnu xora OB omHO 4HCIO He OpuHEALIE-
KUT 00JaCTH OmpeseseHUs MEPHOAWYECKOH PYHEIHUH,
TO eH He NPHEAIeKUT GeCKOHEYHO MHOT'O YHCEN.

IIpamep 4. HaBectno, yro dyrxmus f ¢ obaacreio oopege-
Jenus D — nepuopuveckas ¢ nepuogoM T. Mosxer a1 6RITh:

a) D=N; 6) D =(~o0; 0) U (0; +o0)?

Pemenue, a) Her, He MOXKeT, TaK KaK II0 ONPEASNCHHAK) e~
prOnIIeCcKOoil PYHKIHH, eciH, HAUPUMep, Ynciao 1 mpaHa IeKuT
MHOKeCTBY D(f), 10 wucna 14T u 1~ T npumasizeskar sToMy
MHOMecTBY. Ho Tak rak T # 0, To oAHO W3 3THX uMces He oyaer
HATYpPaNEHHIM K He Gyzer mpuramiexaTh mHOXKecTBY D(f)=N.

6) Her, ne Moxer, Tak Kax uncao T OpHHALIKNT MHOMECT-
By D(f), a uncao T - T'= 0 He OpHEAATEHAT eMy.
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dyHEROHEY ¢ tepHonoM T CORMelnaeTCH CAM ¢ coboii?

9. Hazopure ocofeRHOCTH OBIACTH onpeAeNeHHS ITepPHOAH-
yeckoll QYyHKIHH.

3. IlpusenuTe OpuMep TNCIOBOrO MHOXKECTEA, KOTOPOe HE MO~
sReT 6BITH OBAACTHIO OOPEACNeHAA HepuoAndecKol GyHrIua.

4. Oyrrnusa f — nepmoxudeckas ¢ nepuogom T waxme emie
aueaa MOTYT GHTH NepHOAOM QYHKuME f7

5, DymRkLua ¥ = f(x) — nepuosuvecxas ¢ mepuogonM T. Yka-
SKHTe nepnoj QYRKIHN:

8) ¥ = f(32) o) y=1(Z) 8) y=1(x), p>0.

EI 1. Tlpu xaxkmx npeoGpasoBaHEAX rpaduk MepAORHYECKOH
.

¥YunpaxHeHnHa

3.9. Moxer qu 6T, neprognueckodl HyHxnua f, 3aJaHBAA HA
MHEoxecTBe R, ecam oHa:
1) Bospacrarouias Ha B;
8.10. Ha pucynkxe 101 nsobpayxkena 4acTb rpadKa nepHOAHIe-

cxolt pysxrEY f, onpeneneHHoll Ha MEOXkecTse R, ¢ nepr-
omom T, rae 0 < T < 8, ¥xaxmure BEauMenbmee 3aagenue T

Yemy papHo sHaueHHe GyEKDuHU f(X) OpH X, PAaBHOM:

2) y6usaromad Ha R?

DO+ T 2)2+T; 3) 12+6T;
4)8+3T;  5)18; 6) 327
ia) u
\ \ \ N
3 \ t N N
- 3
B e k! 8- /8
\ \\( \Y \Y/
6) |
y f, ,
X - L
=F /0= =Ir§ /72 i& 172 I#‘ AEFA |
P
Puc. 101
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Puc. 102
3.1 1.

3.12,

3.13.

3.14.

Tpuronomerpuueckue GyExau
it
VNP . \
. Ol

Pue. 103

Ha xaxzgom ns pucynkos 102, 103 uzo6pakena “acTh rpa-
buxa nepuogudeckoii GyREMUE [ Ha HPOMEXKYTKe, AIH-
HA KOTOPOrO PABHA €€ HANMEHBIIEMY IIOJOMXKHTEILHOMY
nepuogy 7. Oupepenure HAMMEHBIIMH IOJOKHTENILHBIR
nepnoa T ¢yaroum f u usobpasure ee rpadur Ha JI060M
TpOMeXYTKe, BAHHA KOTOPOTO PapHAa:

1) 2T; 2) 3T; 3) 5T, 4) 4T.

Dyurnua ¥ = f(x) — nmepnoamyeckas ¢ nepuogoM T=2 u
D(f)=R. Ha npomexyTre D sHavyeHne QyHKOMHU f COBMA-
AaeT co sHaveHMeM Gyaxnmm y = g(x). Haitanre anavenue
dyuxunyn f(a), ecnan:

1) D=[0; 2], g(x)=2x%-4x Hwa=3;

2) D=[-1; 1), g(x)=x"-x na=2;

3) D=[-2; 0], g(x)=x*+x* ua=5;

4) D={3; 5], g{x)=8x%+3x> n a=-8,

Hoxaxute, uro QyEKUUA f He ABIASTCA MepHOAUYECKOLH,
ecJIn:

Di(x)=2x-5;

) (@) =11

7) f(x) = xsinx;

9) f(x)=2x+cosx;

2} f(x)=4x +8;

5) f(x)=x;

3) f()= 15
6) )= [%;

8) f(x)=xcosx;

10) f(x)=sinx -4x.

HasectHo, uTo dyErnus f nepuogudeckas ¢ nepuonoM T.
Moxer ym ofaacTeio onpegenenna D(f) sroit dyHERDER
BLITH MHOKECTBO!

1) Z; 2) N;

4) [-8; 8]; 5) (—o0; 0);

7} (o005 =2) L (-2; 4) U (4; +oo);
8) (—o0;3 ~6) L (-6; 1) (1; +o0)?

3)[-1; 2);
6) (0; +o0);
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3‘15.

MosxeT an o6JacThiO OmpeAeacHNA MepUOAHYecKol PyHK-
HHE ORITE MHOMKECTBO BCeX AeficTBUTENLHEIX IHCeX X, TA-
KHX, 4YTO:

1) |x|=-5; .

3) x#19, x=12;
5)x#3p-2, peZ;
7)x¢%’5+nk, keZ;

2) x#+13;
4) |x]| =4, |x]|= 7T
6)x=2p-1,peZ;

3)x¢n+%, EeN?

VKORHTe HAMMEHbNINH HONMOKHUTeNsHEH nepuos dyHrmmMm f
(3.16—3.17).

3.16.

3.17.

3.18.

3.19.

Df(x) = %cos (% - 5x);

4 f(x)=te(3] - L5z
68)f(x)=sin2x-sindx;
8)*f(x)=5cosTx—-12cos87x.

1) f(x)=4sin(8x - Z;

3) f(x) =ctg(35 - 0,2x);

5) f(x)=cosx+cos3x;

7)* f(x)=3sin2x + 4cos2x;
1) f(x)=sinnx;
3)f(x)=tg(nx+1);
5)f(x)=sin’ 8x; =5

N #(x)=|cosl,5x]; 8)f(x) =|sin0,5x|.
VxaxuTe mepuogndeckyw Gpysrnmo f, y KoTopoii:

1) HeT HAHMEHBIIETO MOJOKUTENLHOrO Neproaa;

2) mepuoAOM ABAASTCA JI000E JEHCTRUTEABHOR YHCHO,
Bagaiire dopMyoit MepHoZHYecKy GyHKOMIO [ c HAM-
MeHbIIEM MOJOXKATeNbHBIM nepucAoM T, paBHEIM:

1) 2; 2) 5; 3) 1, 9 3

2) f(x) = cosmx;

4) f(x) = ctg(2-nx);
8)f(x)=cos®2%;

3.20*, ®yuxnua y=f(x) neproguyeckas ¢ HAAMEHBIIUM MOJO"

skuTensHM nepuogoM T =3 1 D(f) = R. Ha npomemxyTke
[-1; 2) ee 3HAYEHUA COBIAAIOT CO IHAYCHMAMH PYHKIAM
y = g(x). Haobpasure rpadux GyEKunE f, ecau:

1) g(x)=x-~1; 2) g(x)=1-x; 3) g(x) = -x"

4) g(x)=2% 5) g(x)=|x|; 6) g(x)=—|x|;

7) g(x)=-x% 8) g(x)=x",
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3.3. ®yarnma y =sinx

PaccMOTPHM QYHKYUIO CURYC, 30TARHYIO thopmymoit y =sinx,
¢ o0JacTLIO onpeAeeHMs ~—— MHOMKecTROM R.

Mzobpasum rpadur Pynrmunm y=sinx. CaenaeM sto cmaua-
J1a HA NPOMEXXYTKe IJIMHON, PaBHOH mepuoay cumyca. Jlaa aro-
PO 3anOMHUM TafNuny 3HadeHHH QYHEKOUN CHHYC KAA sHATeHMI
apryMeHTa Ha npomemyTke [0; 2n], B3aATHIX Uepes %, ¢ TOYHOC-
Tei0 X0 0,1 (mpubnmxerHule sHaueHmA CHHyca MOMXHO HaiiTH,
HCIOB3YH TPHPOHOMETPHIECKYIO OKPY/RHOCTE (cM. pHe. 72)).

x sn
8 8
sinx| 0 0,4 1 07 3 09

Sz [ 8n | Tn
8 |4 | 8§ | *

09 | 0,7 | 0.4 0

x 0

N

S LNE]

e | = | 9= ] 52 [1x | 3c |18x | 7z | 15% | 2s

8 4 3 2 8 4 8
ginx 0 -0.4 | -0,7 | -0,9 -1 -0.9 | 0,7 | -0,4 0

OTMETHB 9TH TOUKH HA KOOPAMHATHON MIOCKOCTH {puc. 104)
¥ COSAMHUEB MX NIABHON aumumeit (puc. 105, nomyuaum usobpaske-
HEe rpaduka PyHKIUN y =sinx Ha npoMesxyTke [0; 2rx].

ITockoabky, kak GBL0 moKasaHo B 1. 3.1, byuruMa canye —
NEpHOANIECKAS C HANMEHBIINM [IONOKHTeNLHEIM IEPHOOM, PaB-

Y
T .
O_j_’c:: - '::a:: :E. ’.;
8 % -3 3 . 2n
- ] s T,
Puc. 104
1) J\
& o
(REFRENENNEN
0 T ' T I'a’t | oA X
5 F N
=1 -
Puc. 105

¥ N N
| 5 ';'." ';‘.-.@ nE {1 b e |-
ol R sl et LRSS o

Puc. 106

HBIM 27, T0 ee 3HAYEeHHA NOBTOPAIOTCR Yepes 2. Hamu nonyueso
nsobpakenne rpaduKa Ha MPOMEKYTKE, JJIAHA KOTOPOTO pABHA
27, CaBuras 9Ty JHHHMIO BIPABO M BJEBO Bjonb ocm Ox na 2r,
moxyunM maobpaxenne rpadura PyHrOun y =sinx (puc. 106).
I'padux dynxoum y =sinx HassiBaeTca cunycoudol.
Wzobpaxente CHHYCOMAN AaeT HATAAXHOE NpPeACTABJICHNE
oo Beex cBoiicTBax PYHKIMH CHHYC.

Teopema (o caoiicmeax pynxyuu y=sinx).

1. O6nacts ompegencHus GyHKIHMHM y=s5inx — MHOXKe-
cTBO R, .

2, O6aacTh (MHOMKeCTBO) sHAweHUH GyHKREHE ¥ =s8inx —
npomesxyrox [-1; 1].

3. ®yRKnEA ¥ = sin X IeproAHYecKad ¢ HEPHOAOM 2.

4. HaumeHbOiee sHavenne y =-1 QyHKUHA ¥ =sinx npn-

HUMAET B TOYKAX X = -%+21:k, ke Z. HanGosbmee 3HAUEHHE
y=1— B Toukax x =4 +2nk, keZ.

5. Hynavpm GyHKIMA J = sinx ABAAIOTCA 3HAYEHHR apry-
MeHTa x =1k, keZ.

6. dynxnEa y = sinXx OPHHEMAET OTPUNATEILHbIC 3HAYeE-
HMA Ea KaXXAOM m3 mpoMemxyTroe (n+2n; 2n+ 2nk), keZ,
H NOJOKATEAbHbIE SHAMEHMA HA KAXIOM U3 IPDOMEXYTKOB
(2nk; n+ 2nk), ke Z.

7. Oyukuua y=sinx HeveTHAA.

8. ®yrkuua y=sinx B03pacTaeT HA KaXKIOM U3 IpoMe-

HKYTKOB [—% +2nk; % + 2nk], k c Z, u yOBIBaeT Ha KAXKAOM H3
NPOMERYTIOB [-’2'- + 2xk; % + 2:rtk], keZ.

. . R e
[ A A e
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HoxasarenbcTBo. CBoltcTBa 1 1 3 GHIAIM yCTAHOBIEHH! B
n. 3.1,

Croiicrsa 2, 4—7 MoxXHO yBRAeTs Ha H300paskenry rpadbuxa
dyaroEn y=sinx #a pucyake 106 (eme rosopaT: «IpOYHTATH
cpoiicTBa Mo rpaduKy»). Oru GaxkTHYeCKH OnIIM 0GOCHOBAHL! B
m 2.4 n 2.5.

CaolicTpo 8 To/e MOKHO IpounTaTH OO rpaduKry. [IpoMeskyT-
KM BO3PACTaHUA N yOLIBAHHA MOYKHO TAK)KE YKASATDH, HCIOAb3YH
CAUHUYIHYI) OKPYKHOCTD.

A TIpoBeaem moKasaTeancTBO CBOlicTBa 8. PaccMorpuM dyHK-

OHI0 ¥ = §iN X Ha IPOMEMXYTHE [—%; %:I TIycTs x,, X3 € [—-’25; %:I "

x; < x,. Torzaa sinx,; - sinx, = 2sin xz;xl cos xg;xl 0.

Heticreurensno, 0 < -x‘";—xl <3 (momaxcure sro). Bmauur,
sin-’f";—xl >0. A rak Kag ~%<$<ﬂ’2& (a0KaKHETe 3T0), TO

cos i}f‘- > 0, Ataxk, sinx, > sinx,,

Taxum o6pazom, Ha TPOMEACYTKE [—%; %:I GonbITeMy SHaue-
HHIO aPTYMeHTa COOTBETCTBYeT GoJibillee 3HAUeHNe PYHKINH, a
3TO 03HAYAET, YTO QYHKOHUT ¥ =Sinx HA 3TOM NPOMENKYTKe BOS-

pactaer. B cuny nepuofUYHOCTH OHA BO3PACTAET HA KAMIOM M3
TIPOMEYTKOB [—% + 2nk; -E? + 2nk], keZ.
ABAJIOTHYHO JIOKASBIBAETCA, UTO (PYHKIUA ¥ =sinx yOmHBaer

HA TIPOMEXYTEe [%, %’1], & CJEeNOBATeJIBHO ¥ HA KAMXKAOM H3 NPO-

MEKYTKOB [§+ 2nk; 32“ + 2mk:|, keZ. A
HanoMuuM, 9TO No OmpeZesICHMI0 HA IPOMEKYTKe BO3pac-
rTaana (yOwBaHWA) dyHrOoum f, ecam x,> x;, 10 f(x,)> f(x,)

(f(x2) < f(x,)). BepHo u ofpaTHOe yTBep)KAeHME, KOTOPOE ML
yacTo OyZeM HCIOAL3OBATE B JafbHeRITem:

HA TPOMEXXYTKe BOIDACTAHMA GQyHKOEA [, ecam
f(x2) > f(x;), TO 23> x,, 8 HA TPOMEMKYTKe YORIBAHUA
dyrrnun f, ecnn f(x;) < f(x,), T0 X3 > X5.

Joxa:xxure 9T0 YTBePHKACHNE METONOM OT MPOTHBHOTD.

Dy y=sins e,
y y
1 _r 1
N i N
Io T o x - O X gx
2 <1 2
Pue. 107 Puc. 108
v
1

MoxE0 OBLIO NOAVUNTE H3olpaXkeHune rpaduka pysrkmEn
CHHyC¢ HeCKOJBLKO HHAYe, NPHHUMAA BO BHHMAHHE He
TONLKO NePHOANTHOCTS PYHKINHA, HO M ee HEYETHOCTE.

IIns aTOr0 AOCTATOYHO MOAY4YMTH R3obpasxenwe rpaduxa na
opomesxkyTke [0; n], 3aTeM MCNOAL3OBATH CHMMETDHIO TpadHKa
HeueTHOU QYHKIIMH OTHOCHTENLHO HAUaNa KOOPDAWHAT U OEepHO-
IAYHOCTE GyHRIME (puc. 107, 108, 109).

NMpumep 1. CpaBERTL 3HAaYeHHA BHIpaxeHm# sin7, sinl,
sind,

Pemerne, HmeeM s8inT7 =s5in(7 - 2n)~sin0,72 <sinl, rTax

Kar 0,72 1 1 npuHAI/IEKAT TPOMEKYTKY [0; %], a Ha 3TOM Npo-

MexyTKe GPYHKIUA ¥ =sinx BO3pacTaeT N e¢ 3HAYEHHR HEOTPH-
OATENbHEL.

Takx Kag yroJ, pafHaHHAS Mepa KOTOpOro paBHa 4, OKaH4m-
paerca B III gersepru, To 8ind <0,

Orser: s5ind <sin7 <sinl.

TIpumep 2. Pemunts ypapBenne sin(3x-1)=-1.

Pemenne. PemenuaMm ypapHeHHA sinu=-1 sBaaioTesd

BHAYECHHUA U = —325 +2nk, ke Z, npu KoTOpEX GYHKIMA y=sinu
OpPHHIMAET HAHMeHbOINE 3HAYeHUA, paBHHe —1. Ilpy u=3x-1

HMeeM:
x 1 =n 2nk
3x-1-—-——2 + 2nk, kez,x—--—s——6+—3 » ReZ.

OrseT: 1_

n , 2nk
5 '6—+—3—, keZ,
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IIpumep 3% Pemurs HepaBeHCTBO:
a) sini- >0;
6) sin(bx +8) < 1.
Pemenne: a) Pemenne nepaseHcrsa sinu >0 coBmagaer c
IPOMEXYTKaMH, Ha KOTOPhIX QYHKIUA y = sinu NpuHMUMAET TIo-

JIOXKHUTEeJIbHbIe 3HaYeHusd, T. e. 2nk < u < n+ 2nk, ke Z (a1 npo-

MEIKYTKH JIETKO IPOYeCTh Ha CXeMaTHYeCcKoM rpapuke pyHKIun
CHHYC WJIM HA €QUHUYHON OKPYIKHOCTH).

X

IIpu U= uMeeM 2nk<§<n+2nk, keZ, . e

8nk<x<4n+8nk, ke Z.

6) IlockonbKky 06aacTRIO (MHOMKECTBOM) 3HAYEHUH (DYHKIHUH
y=smu saABIAeTcA HpomMexyToxk E=[-1; 1], To HepaseHcTBO
sinu < 1 BepHO IIpH BCeX 3HAUYEHHMAX U, KPOME TeX, rae sinu = 1.

Hrak, u # % +2nk, ke Z. llpn u=5x + 8 umeem:

5x+8;&—+2nk keZ, x;x:—s f 10+-2~’5E, kelZ.
OrBer: a) (8nk; 4n+8nk), ke Z;
) x-S+ + 2k pez,

IIpumep 4. Pemurhs HepaBeHCTBO 51nx< + Ha IPOMEXYT-
n, 3w
Ke [-2‘ 7]
Pemenue. Ha npomesxxyTke [g 3?] byEROIHA Yy =sinx npu-

HUMAaeT 3HaYeHHe % B TOUKE X = -56’3 u yosiBaer ot 1 mo —1.
Ilockonbky sm T <sinx < sin 56“, 10 3% < x< % (puc. 110).

6
OTrBerT: (éﬁi‘-; % .

yA
1+

L -,
Il
DO

o
IMER
ol

Puc. 110 1T

DyHKIHAa y =Ssinx 189

=

. HaszoBuTe ocHOBHEIE CBOIiCTBA (DYHKIIHH y =Ssinx.
@ 2. Uzobpasure rpadpux dysknun y=sinx. Kax HassiBaerca
aroT rpadpukr?
3. Kak Ha usobpakeHum rpadura GyHKUuM y=sinx orpa-
JKal0TCA CBOMCTBA:
a) IepHOAMYHOCTE (DYHKIIUH;
6) HeueTHOCTH QyHKIUU?
4. Ucnonsaysa nzobparkenue rpadpura GyHKIuY y =sinx, yka-
JKUTE IJIA Hee:
a) HauMeHbIllee (HauboJiblIee) 3HAUEHHUE;
0) mpoMeKyTKU 3HAKOIIOCTOAHCTBA U HYJIH;
B) NpOMeKyTKH yOBIBAHMA (Bo3pacTaHusd).

5. Uemy paBeH HAMMEHBITHAH [IOJIOKHTEIbHBIA TePHOS PYHK-
ouu y =sinx?
6*. [lokaskure, 9To (PYHKIUA Y =Sin X BO3pacTaeT Ha Kaix/J0oM

M3 ONPOMEeKYTKOB BUAA [— + 2nk; - +2nk] keZ.

7* Jokamxure, 4To (PYHKUUA Y =sinx yObiBaeT Ha Kam/J0M U3

IPOMEKYTKOB BHAA E + 2nk; 3?“ + 2nk], keZ.

YupakxHeHHUSHA
3.21°, Vraxure obnacTe ompefeleHHs M 00JacTb (MHOMKECTEO)
sHaueHuil QyHKIUH f:

1) f(x)=sinx+1; 2) f(x)=sinx —2;

1 2tg§
3 flx)=———; ) Hx)=—"==+8;
) 1(x) 2sinXcos® -3 )1(x) 1+tg®%

5) f(x) =|sinxl; 6) f(x)=+1—cos®x.
3.22. VkakuTe KOOpPIAUHATHI TOUEK mepecedenus ¢ ocamu Ox u
Oy rpacduxa GyHKIUHN:
1) f(x)=sinx - 2,5; 2) f(x)=sinx+1,5;
*3) f(x)=sinx—1; 4) f(x)=sinx+1.
3.23. Pacrnonosxure B MOpsjKe yObIBAaHUA HHCIIA:

9n, 6, n. EE
1) sin—— 10’ sm?, sm],, sin %

2)sin(-235); sin( -4 sin(-45); sin(-%);
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3.24°,

3.25°.

3.26°

3.27°

.Ucnonesya rpadpur Gysxnum y=sinx (cm. puc.

Tpuronomerpuueckue GyHKIHH

3) sin(-0,3); sin(-2); sin(-1,5); sin(-4,5);
4) sin 5,4; sin 3,1; sin1,2; sin1,6.

CpaBHure:
1181117 u sm%", 2) sm—?-’zi u sin 78"
3) Sin(—a—;) % sm( 10) 4) sm(—;‘r—g) u sm( I;)

5) sin(-3,14) u sin(-3,2); 6) sin(—4,78) u sin(-5).
YcraHoBUTe, YeTHOW MJIM HEYETHOM ABIsAerTcA GyHKIHA f:
1) f(x)=sin’x;
3) f(x)=x"+sin’ x;

2) f(x)=x"sinx;
4) f(x)=x*—sin® x;

3*sin®

6) f(x)=— 2,

8) f(x)=x"sinx.

B) flej=Anin0x,
x
7) f(x)=xsin’x;

106),
CpaBHHTE C HYJ/IeM 3Ha4YeHHEe BhIDaXKeHHuA:

1) sin ‘11’5[, 2) sln-lgJI

5 3
3) sm( . ) 4) sm( 7“),
5) sin2,3; 6) sinb,1;
7) sin(-1,7); 8) sin(-4,9).

. Pyrknusa f 3agasa popMysioi y=sinx Ha MHOKecTBe D.

Yxamure pia Gyakuuu f:

a) HauMeHbIllee 3HaYeHWe; 0) HaubosbIllee 3HauYeHHE;
B) IPOMEXKYTKHU BO3PACTAHHSA; ') IPOMEKYTKU YOBIBAHHUSA;
A) MPOMEXKYTKH 3HAKOIOCTOAHCTBA, rae y < 0; e) mpome-

JKYTKH 3HAKOIOCTOAHCTBA, rjae y > 0; k) Hyau, ecau:

1) D=[0; 3xl; 2) D= [-n; 2n];
o33} 0033}
5) D=[-5; -]} 6) D=[2; Tx];

7) D=[-1; 0]; 8) D=[0; 1].

DyHKIUA Y =sinx 191

3.28.

3.29.

3.30.

3.31.

3.32.

3.33.

Ucnonsays nsobpaxenne cuaycounsl (cm. puc. 106), naii-
IuTe TPUOIMKEeHHOe 3HAYeHUe BhIpaKeHud (C TOYHOCTHIO

no 0,1):

1) sin2; 2) sinl;
4) sin(-2); 5) sin 5,5;
Pemure ypaBHeHUE:!

1) sin6x=0;

3) sin(2x+3) =13

5y sin(ly - 2]

7) sin® (i

5+~ 1=0

Pemure HepaBeHCTBO:

1) Biﬂ% <0
3) sin(2x-2)>-1;
5) sin(n—4x)<1;

3) sin(-4);
6) sin 3,8.
2) singro;
4) sin(0,1x-5)=1;
6) sin(%x + %): 1
8) cos(--——4x)\ 1=0.
2) sin3dx > 0;

4) sin(3x+1)<-1;
6) sin(2x-m) > —1.

Vkakure, B KAKMX TOUKax mpomexkyrka [-2m; 2m] ompe-
neneHa (pyHKIus, ¥ u3obpasure ee rpaduk:

I B
1) y—251n2c052,
3) y=tgxcosx;

5) y=(\fsinx)2;

2tg§
2) =0

1+tg 2
4) y‘ smx

6) y=(Vsinx+1) -1

IIpu KaKUX 3HAUEHUSX /M CYIIEeCTBYIOT TaKHe 3HAYeHUd X,
IpH KOTOPBIX Oy/leT BePHBIM PaBeHCTBO:

1) 2sinx=m+1;
3) sin’x =m;

2) 3sinx=m — 2;
4) sinx-1=m?

Pemure Ha IIPOMEXKYTKE [—%; %} ypaBHeHHe sinx=a,

€CJIH a paBHO!:

2, A,
nZ; 2
5, -1
6%  n-L

-2 9-L
8) 1; 9) V3;

5) 0,13;
10) —/2.
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3.34. Ilpy KaKkMX BHAYEHUAX X U3 NPOMENKYTKA D byHKRIHA
Y =sinx NpUHMMAeT: a) MOJOKUTEeNbHbIe 3HAYCHUS; 6) OT-
punarejgbHbIe 3HAUEHUS, €CJTH:

1) D=[-23m -]; 2) D=|82n; 103x|;
3) D=(-0,9m; 4,1n); 4) D=[-1,3n; 1,6m)?

3.35% PemunTe HA MPOMEIKYTKE [—g; * | HepaBencTBoO: a) sinx < a;

2.
0) sinx > a; B) sinx < a; r) sinx > a, ecnu a paBHO:
\fé 5 \'% 3 _é. o o =T

1) _'2""! 2) ?: 3) 2 ] 4} 2') 5) 1’

6) 1; 7 2 8) 0,43; 9) % 10) —/=.
3.36*. Haiinure Ha npomexxyrke [-n; 1] pemenus YPaBHEHHSA:

1) sinx=0,3; 2) sinx =0,6;

3) sinx =-0,T; 4) sinx =-0,2.
3.37*, Haiigure Ha npoMeskyTKe [-7; ] pelneHns HepaBeHCTBA:

1) sinx <0,7; 2) sinx > 0,4;

3) sinx < -0,4; 4) sinx = -0,3.

3.4. DyHKUUA y = cos x

Pacemorpum  ¢pynryuro KOCUHYc, 3aJaHHYI QOpPMY.JI0i
Yy =cosx, ¢ 06/1acThI0 ONpPe/IeIeHUsT — MHOMKecTEOM R.

HNsobpasum rpaduk pyakuun y = cosx. Cuenraem sTo cHavasa
Ha NIpOMeXKyTKe JJINHOM, DaBHOW nmepuoxy kKocunyca. s aToro
3aIIOJIHUM TabJNIy 3HAYeHHH (DYHKIHUU KOCHHYC AJA 3HAYEHHI

aprymeHnTa Ha npomexxytke [0; 2n], Ba3sThIX uyepes %, ¢ TOYHOC-

710 710 0,1 (mpubinikeHHble 3HAYEHUS KOCHHYCA MOYKHO HAHTH,
MCTIOJIL3YA TPUTOHOMETPHUYECKYIO0 OKPYKHOCTE (CM. puc. 72)).

2 0 n n | 3n n 5t | 3n | Tm x
8 4 8 2 8 4 8

cosx 1 0,9 0,7 0,4 0 -0,4 | -0,7 | -0,9 -1

% x 9nx | 5z [ 1lr | 3n |18z | 7n | 16m |
8 4 8 2 8 4 8

cosx [ -1 | -0,9|-0,7|-04 /.0 0,4 | 0,7 | 0,9 1
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OTMETHB STH TOYKM HA KOODAMHATHON miockoctH Oxy
(puc. 111) u coeAwHMB MX IIaBHOW JuHHMed (puc. 112), momy-
uyuM uzobpakenue rpadpurka GYHKIHUU Y =COSX HA NPOMEKYTKe
[0; 27] .

ITockonbKy, Kak ObuIo mokasaHo B 1. 3.1, QYHKIUA KOCH-
HYC TIepUOANYECKas C HAMMEeHbIINM I10JI0KUTEJbHBIM IIEPHO/IOM,
PaBHEIM 27, TO ee 3HAYEHUs MOBTOPAIOTCA uepes 2n. Hamu momry-
yeHO M300parkeHne rpaduka Ha OTpe3Ke, JAJAWHA KOTOPOro paBHA
nepuony 2n. Caeuras 3Ty JMHHIO BAOJbL ocu OXx BIpPaBoO U BJe-
BO HaA 27, monydaeM H3o0pa)keHue rpadukra (QyHKIHU Y =COSX
(puc. 113).

i

Puc. 113

13 Anrebpa, 11 k. F
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T'padpur dyExOun y=cosx HASHIBASTCH Kocunycoudol.

Haobpaxkenne KOCHMHYCOUAB AAeT HATJARHOE NPOACTABICHRE
060 Bcex cBofieTBax GYHKIHMH KOCHHYC.

Teopema (0 ceolicmeax pynryuu y=cosx). :
. 1. OGaacTb ompeferends QYHKIAEM Y =COSX — MHOMKE-
; ¢80 R,
; 2. OGnacTs (MROMECTBO) SHAUCHNH GYHKIMH I =CcO8X —
npoMesxyTok [~1; 1].
3. @yHKUMA ¥ = oS X MePHOAUIECKAN € NepHOZoNM 2.
4. Hammenemee sHadeAWe ¥ =-1 QYHRUMA y = cosx Npu-
HHMAET B TOYKAX X=7n+2nn, neZ, Hauboasliee 3gaseHne
- y=1 Ppyuxnua y = cos X NDUEAMAET B TOUKAX x= 2nn, n e Z.
' 5. HynaMu GyHKOUM y = COBX ABAAIOTCHA 3HAUYCHAA APTY-
.. MGHTA x=g-+1m, neZ '
N 6. OYHRIEA y = CcO08X NPHHAMAET OTPHIATEJbHEE 3HATe- _
' HUA HA KaXAOM N3 IPOMEKYTKOB (% + 2nn; % + 21m), nez,’
X NONOMKHUTENbHEIE 3HAYCHHA HA KAXKAOM H3 NPOMEKYTKOB '
h (-—-’2-5+ 2nn; %+2nn), neZ. :
7. DyEROUS Y = COSX YeTHAS. '
8. Oynxnna y=cosx y6LiBaeT HA KQIKAOM U3 OPOMERYT-, .

kOB [2nn; n+ 2nn), neZ, ¥ Po3pacTaeT HA KAMKAOM H3 NpPO- ¢
' MEXYTKOB [n + 27n; 2n+ 2an), ne 2.

HoxasarenbcTBo. Croficrsa 1 1 3 65111 yeTaHOBACHBI B 1L 3.1,

Caoiictea 2, 4—7 Jerko nmpounTaTs HA B300paskeHMH TI'pa-
¢HKA QyHROHHE ¥ = Cosx. BaMerTHM, YTO OHM (haKTHUeCKH GBITH
o0ocHOBaHL & 0. 2.4 1 2.5, CBoMCTBO 8 ToXKEe MOXHO NpOIAUTATH
#a rpadure. IIpomesxyTxm BospacTaHmsa M YOHBAHES MOMHO
TAKKE YKa3aTh, HCIHONE3YA eAHHEYHYI0 OKPYXKHOCTH.,

A Toxammre cBoficTso 8 caMocToaTeaLHO {CM. 11. 3.3).

Moxno ucnmoabsoBaTs HpH n3obpakeEun rpaduka y=cosx
HEe TOJLKO CBOMCTBO NEPHMOAMYHOCTH, HO M CBOMCTBO YETHOCTH
KOCHHYyca (IOACHUTE Kak).

Eme ozuu cnocof mocTpoeEma rpadpmea $yHunuMm y=cosx
0yzeT PacCMOTPEH B CAEXYIOIEM LIVHKTE,

Qyaxnns y=cosx - ! 196
} + } ouul
o ) 4 Sn 2n x
2 2

Mpumep 1. Pyexnusa sagana GopMyaoci f(x)=cosx Ha MHO-
smecTre D, fApngerca nu sva GYHKOHS YETHOH, eCnul:

a) D=(-2n; 2n); 6) D=2?

Pemenne. a) PyHrous He ABNAETCA YETHOH, TAK KAK Opo-
MexyTork D — ee o0nacTh onpefenesnsas — HECHMMETPUHEH OT-
HOCHMTENLHO HAYAAA KoopAWHAT: 2ne D, -2rne D.

6) dyuKnua YeTHAR, TAK Kak ee ofjacTb onpeAeyeHHS

D =Z — MHOXeCTBO, CHMMETPHIHOS OTHOCATEeNLHO HYJIA, U NJIA
moboro x € Z uMeeM

f(-x)=cos(~x)=cosx = f(x).

HOpumep 2. Msobpasurs rpaduk Gynxmun f, saganHok dop-
Myaod y=cosx HA MHOMKecTBe D =(0; n) U (r; 2n), ¥ Ha3BATH 1O
rpaduKy cpoltcTsa aroll GyHKIMKA.

Pemerne, 'padmr gansoi GyHKRIEN H300paKeH HA PUCYH-
ke 114 (noacHmTe, KAK OH NOJYYEH).

CroiicTra 2ol HQYHRHHHE CIeAYIOIHE:

1) D(f)=(0; =) U (n; 2n).

2) E(f) =(-1; 1) (noacanTe moyemy).

8) ®dyuxnua f HemepHOAMUECKa (IIOACHHUTE IOYeMY).

4) Qyrxnus f He ¥MeeT HA HAMMEHLINEro, HH nanﬁonmem

3HAveHH (MOSCHATE IOUEMY), ,
5) Hyasamn dyExnun f apasiores x, =3 H Xy =
6) ®yuxnua f IPHHUMAST OTPHUATENLHEIC 3HAYCHHA HA TIPO-
MeXYTKAX (—’é‘—, 1:) " (n; %) Oyarnua i npnn;mae'r OOJOXRHE-
TejbHbIe JHAYCHHA HA MPOMEKYTKaX (0; E) H (T: 21:).
7) Oyuunua [ He ABjaeTca yeTHoH (DoAcHUTe IOUEMY).
8) ®ynxnua f yGrBaer Ha nmpoMexyrke (0; m) H BospacraeT

Ba npomemyTre (i) 2n). A

Puc. 114
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Ipumep 3. Pemwrs ypasHEeHnHe oos(%—l)=—~l.
Pemenne. DyHKOUs ¥ = COSu MIPUHHMAST HAMMEHBINGE 3HA~
ueHHe y =—1 B TouKax u=n+2nn, neZ; opu u=%-—1 HMeeM:
%—1=n+21m, neZ, orkyna x=8+3n+6nn, neZ.

Oreer: 3(1 +r+2nn), neZ.
IIpamep 4% Pemurs HepabBeHCTBO;

a) cos(%-—3)<0; 6) cos3x < 2.
Pemernne. a) Oyuxnua y-oosu OPUHAMAET OTPHLATENDL-
HHe 3HAYEeHWA npH + 2rn<u < t+2nn, neZ (atm opoMe-

YTKH JIETKO NPOYECTh Ha CXeMATHYeCKOM rpadmie yERIIA
RAN HA eJHHHYHOH OKpPy:xHOCTH). Koraa u=£—3 HMeeM:

g+2m<“’ —3<3n +2nn,neZ

n+6+411:n<x<31t+6+41m, neZ.

6) HepasercrBo cos3x < 2 pepHO npH JIOBEIX anaqemx x
(noacanTe mouemy).

OrBeT: a) (x+6+4an; 3n+6+4nn), neZ:

6) x — nmboe uneno, T
ATllpnmep 5*, Pem}m.nepanencr-
7 .='J_23 ~ BO cosx> % HA Opomexkyrke [0; m).

A Pewmenne. Ha npoMexyrre [0; 1)
~, Gyrkous y=cosx yOmBaer u no yeao-

-
\n: X BHIO: cosx)%, T. e, cosx)cos%.
" BHauwr, 0%.1:(% (pnc. 115).
Pac. 115 . x
c OrBeT: [0; 6)‘ A

&J 1. Hasosate ocHOBHBIE cBOficTBa PyHKINH y=cosx.

2. Hzobpasure rpadux QyHmnm y=cosx. Kax masumaercs
aToer rpadur?

3. Kax na maobpaxieHmm rpaduka QyHRIum y=C08x orpa-
AT CBOHCTBA!
2) DepPUOANMYHOCTE DYEKIIHL; 6) YerEOCTE GyERKIAR?

4. Henomaya rpadux dyHxonu y = cosx, yRamaTe I8 Hee:

Oymemay=cosr - - 197.

' a) HauMennmee (Hanbosbmee) sSHATSHAS;

6) DpOMEIKYTKH 3HEKONOCTOAHCTBA H HYJIM;
B) IPOMEXYTKH yOnlsanna (BO3PACTAHNA).

5. Yemy paBeH HaMMEHBIIXH HONOXKHTENLEEY mepuop GyHK-
oun y=cosx?

6%, Noxamure, 9T0 GYHKNNA Y = 08X BOIPACTACT HA KAMAOM
73 OpoMexyTKOR Buaa {x+ 2nn; 22+ 2nn], neZ.

7%, Hoxammre, 9T0 GYHKIHA ¥ = Cosx YOLIBaET R KAXKIOM U3
OpOMeXYTKOB BHAA [2rn; n+2nn), neZ.

YopamHeHHnsn
3.38°. Vka:kuTe 06acTh (MEOMECTBO) 3HaYeHAH QyHxuun f:
1) f(x)=cosx+2; . 2) f(x)=cosx-1;
3) f(x)=1-4cos(Bx+x);  4) f(x)=2sin(F—x)-4,5

5) f(x)=|cosx|; " 8) f(x)=+1-sin’x.
8.89. Yraure KOOPAMHATH TOYEK MepecedeHns ¢ ocamu Ox M
Oy rpaduka pyHEKOUH:
1) fx)=sin(F+x)  2) f(x)=cos(10r—x);
3) f(x)=cosx-4,T;  4) f(x)=cosx+1,2.

3.40. Pacnonoxkure B NOpAZKEe BO3pACTaHUA THCIA:

2
1) cos{gs cosgg; o83 cos 53

2 con-55) oon(-45): con(-5): oon{-12%)

3) cos(-0,4); cos(-1,5); cos(-0,8); cos4,9;
4) cos0,6; cosl,4; cos(-1,7); cos0,2.

8.41. Cpasumure: ,
1) cos5,;,‘ % 00879“, 2) 008% 4 008%’-‘-
o cool3) m oo eon %) m (-5
5) cos(-1,7) n cos(-3,14); 6) cos(-1,57) u cos(-6);
7) sin{-T5) = cos(~73); 8) cos(~ ¢}  sin(-TF);

9) sin(-18,1) u cos(-6,28); 10) cos(—4,58) u sin{-8).
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L TpPHIOHOMETPHYCCKEE dyExuun

3.42°. Yeranosure, UeTHON MM HEYeTHOR ABAZeTCH ¢yEROEA [:

3.438.

1) fix)=x®cosx; 2) f(x)= cosxsinx;

_ cos8x _ 1
3) flx)=22%; 4) f(x)= : +x
2

5) f(x)=c_o;x‘; 6) f(x)=;;sf25;

T) fx)=vsinxcoss;  8) f(x)=2lsinx|cosx.

Hcnompsya rpagmk QyHrmum y=cosx (cm. puc. 113),
CPABHHTE ¢ HyJICM 3HAUSHUE BHIDANKEHUN:

1) 00565" 2) cos3® 3 s 3) cos( 3;),
| 4) oos( 98“) 5) cos2; 6) cosb,2;
7) cos(-4); 8) cos(-2,1).

3.44°.

®yaxuua [ 3afaHa ¢opMyiolk y=cosx Ha MHOMEeCT-

. Be D. YraxuTe Ana GyaKIuu f; a) HauMeHbIee 3HATCHHE;

8.45.

3.46'

0) uanbonrwmee 3Havenwe; B) OPOMEIKYTKH BO3DACTAHMA;
r) NPOMeKYTKH YOHEBaHUA; J) OPOMEXYTKH 3HAKOIOCTO-
#HCTBA, I'fAe ¥ < (; ) IPOMEeXYTKH 3HAKONOCTOAHCTEA, /e
y > 0; &) myau, ecam:

1) D=[-2r; =]; 2) D={0; 3n); 3) D:[_zt_. 3.5].
Ho=[-55F  ®D=[-E-I e Dp=[X )
7) D=[0; 1) 8) D={-1; 0).

Henonnays wusobpaskenme rpajuka OQYEKIHM y=cosx
(M. pue. 113), maiiaure MpUGIMHeHEOE 3HAYEHHe BRIPA-
seHus (¢ ToudocTsio xo 0,1):

1) cos2; 2) cos(-1); 3) cos1;

4) cosd; 5} cos(-3,5); 6) cosb,5.
Pemnte ypasuenue:

1) cos4x=0; 2) cos-;i=0, o

3)cos(8x-1)=1; 4) cos(%+3)=

5) 003(25" ) -1 6) cos(%‘”—-"f)
7) cos’ (5 -3)-1=0; sin (%-6x)|—1=0:
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3.47. PemuTre HEpaBEHCTBO:

3.48.

8.49.

3.51.

2) cos—'>0'

4) cos(4x—-3)<-1;
6) cos(5x-m)>1.

1) cos¥ >0

3) cos(8x+1)>-1;
5) cos(2n—-2x)<1;

VxaRmre, B KAKAX TOUKax npomMexyrka [-2n; 2n] onpeae-
seHa (pyHRIUA, B HaobpasuTe ee rpapuk:
1-tg?% 5

1) y=cos’ — sin’3; 2) y=—2;

) y= )y TewE )
3) y=ctgxsinx; 4 y=1:—; .
5) y—(\l ax)s' 6) y==(\( sx-1)2+1.
Ipy KaKUX 3HAUEHHSX 7 CYIIECTBYIOT TAKHE SHAYCHAM. x,

TIIPE KOTOPHIX Oy/lleT BEPHRIM DABEHCTBO!
2)decosx=2-n; -
4) 1-cos’x=n?

1) Seosx=n+1;
3) cos’x=n;

Pemnre ypaBHEHHe COSX =g [JIf BCEX X M3 npouemyma
[ 35 -—] ecnu @ PABHO: ' '
ni, 92 3-8 H. L 502
6-5 D-L 8L 9% 102

Ilpy KaKux sHAUEHEAX X M3 HpoMexyrxa D dynkuna
= COS X MPUHHMAET: 8) NOJOXKUTENbREIE 3HATEHAA; §) 0T-
pUMHATEIbHLIE 3HAYCHHA, eCHAn:

1) D=[-43m -15n}  2) D=[53m 7qn)
3) D=(~1,2%; 2,9n); 4) D=[-2,3n; 1,4%)?

8.52* Pemure Ha npoMexyTke [0; ©] HepaBeHCTBO: a) cosx < a;

6) cosx > a; B) COSX % @; I') COSX 2 4, €cAN @ paBHO:

12, 9l g-i 9B 5

6)-0,58, N1 . 8-1; 9) —J§; 10) Jr.
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3.53* Hailignre Ha mpoMexyTke [0; 2n] pemenna ypasHeHHA:
1) cosx=0,4; 2) cosx=0,2;
3) cosx =-0,1; 4) cosx =-0,9,
3.54* Haiigure na mpomexxyTke [0; 2n] permenus HepaseHCTBA:
1) cosx > 0,2; 2) cosx < 0,3;
3) cosx < -0,6; 4) cosx = -0,8.

A 3.5. IIpeoGpasosanne rpaduxos GyHrimit

B 9-M Kjacce MBI Haydmanck u3 rpadura QyHxmmEn y = f(x)
Pa3ANYHEIMA Npeobpa3oBaHMAMH NONYYaTs rpaduem PyHK-
muit: y=-f(x), y=1f(-x), y=Ff(x)+t, y=f(x—35), y=flx-8)+¢,

y=HfE) (> 03, y=1(Z) (m > 0), y=|f(D), y=1(x), y=|r(=)-

HanomMauM »TH mpeofpazoBaHMA M MPOMLIIOCTPHPYEM UX HA
npumepe $yHKINHA ¥ =sinx.
O 1. 'pagur pynryuu y=-f(x)
Hanomuum: 4ro6s1 B306pasuts rpaduk Gyarimy i = —f(x),

MoXXHO oTo0pasuTh rpapmr GymroER y=f(x) CUMMEMPURHO
omrocumenvio ocu Ox,

Mpumep 1, HsobpasuTs rpadur GyERIHK
y=-sinx.
Pemenue nzobpaykeno na pucynxe 116, noscHnTe ero.

y=-sinx

~ DA S
/ x

Pnc. 116

M, y=sinx

O 2. I'paux pynxuuu y = f(-x)
Hanomuwm: uTo6sr usoGpasuts rpaduxk Gyuxouu y = f(~x),

MOKHO 0TOOpasmTh rpadpmk ymrman = f(x) CUMMEMPULHO
omuocumensio ocu Oy,

NMpumep 2, Mso6pasuts rpaduk dyEKOUR
¥ =sin(-x).

IIpeofpazoparue rpadgHKoB d)ynxn‘gﬁm . S )t

Pemenne m3olpaxeHo HA pucyHKe 117, moscHmTe ero.

vk

\0—"1: M y=sin (—x)

Pme. 117 Y TSI X

ﬁ OGpaTHTe BHEMManWe, IT0 ¥ =sin(-x) n y=—sin:x — 9TO

OflHA& W Ta 3Ke PYHKIHUA, TOCKONLKY Sin(-x)=-sinx, no-
STOMY MONYUYeHEl OAWHAKOBHE rpadmxm (em. pme. 116, 117),
XOTA HMCIOAB3OBAHK pasHble MpeoGpasoBaHM.

3. I'pagur dynrxyuu y=f(x)+1
O HanomuuM, uTo rpadux dyrxoun y = f(x) + 1 MOKHO 1o~
Syamrs cdeuzom rpaduka GyHKIEA Y = f(x) sdoab ocu Oy na |t|
edunuy (8BepX npu t > 0; BEA3 mpn ¢ < 0).
HMpumep 3. Haobpasurs rpadpux dysaruun

y=sinx-2.

yh

M, \_/ *
\/ }\ ) /\
-\/y= sinx - 2

Puc. 118

PeumeHHe Haobpakeno Ha pucyrEke 118, noacunre ero.
'y 4. P'pagur pyuryuu y=f(x—8)
l HamomauM, uro rpadux GyExnuM ¥ = f(x — 8) MOKHO 1O~

AyINTE cdeuzom rpadbura dyuxmmm y=f(x) edoar ocu Ox na
|s| eduruy (supaso npu s > 0; Baeso npu s < 0).
Ipumep 4. Hso6pasnTe rpadpux GyHKIRE

y:sin(x + g)
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2 “.3n

=Y

Puc. 119

Pemenwue. IlpeacraBum ypasHeHHe y= sin(x + %) B BHJE
y=sin(x—(—%)).

H3obpasum cuHeit jguaHell rpaduk GYHKIUK y=sinx, casu-
HEM 3Ty CHHYCOHAY BA0Jb ocH Ox BJIeBO Ha —;, noJiyyuM usobpa-
JKeHHe rpadura (QyHKIHH yzsin(x+ %} (puec. 119, kpacmas

JUHUA).

2y Bameuanme. Tak Kak sin(x+%)=cosx, T0 rpadux

“=J (yHKIMU y=cosx — KocuHycomaa (Ha pucyuke 120 ona
IIOKas3aHa KPacHBIM LIBETOM) — COBIajaeT ¢ rpaduKoM QyHKIUH

y=sin(x+ %)

Pue. 120

Ol 5. I'papur pynryuu y=f(x—s)+t

Pacemorpum dynknuio y = f(x — s) + t. Ee rpaduk M0oxHO
NOJYyYHUTh U3 rpadguka GyHknuu y = f(x) ciaepyromum obpasom:
cdeuzom edonv ocu Ox na |s| edunuy (Bupaso, xorma s> 0;
B1eBO, Koraa s <0) u cdeuzom 6donv ocu Oy na |t| edunuy
(BBepx npu ¢ > 0; BHu3 npu ¢ < 0).

IIpumep 5. M306pasurs rpadukx GyHKIHK

y=sin(x-1)+2.

Pemenue usobpaskeno Ha pucynke 121, noscaure ero.
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YA :
i )
2 |/ ’ \ .
5 By /
S e =
& S — o~
\ S e
iy /,/ 01 N \/ “x
= Y =Sina Puc. 121

Q 6. I'pagur pynryuu y=kf(x) (k> 0)

' HamoMeuM: uT0oOBI NOJAY4YMTH TOUYKH rpadura y=kf(x),
MOKHO YMHOMXHUTH OPJMHATY Ka)KA0H TOYKH rpadura GyHKIUH
y =f(x) Ha uncyo k, T. €. BHIMOJHUTH DaCTAKeHUe (MU cxKaTue)
IMHAY BRoab ocu Oy.

Ecnu k> 1, TO roBopaT 0 pacmaxcenuu édonv ocu Oy 6 k
pa3. Ecim 0 <k <1, T0 TOBOPAT O ciHmamuu édonv ocu Oy &6
% pas.

IIpumep 6. U306pasurs rpapuk QyHKITM:

a) y=2sinx; 6) y:%sinx.

Pemenne a) nzobpakeno Ha pucyHKe 122, YMHOXKHUB Opau-
HATY KaKJ0# TOYKHM CHHYCOHMABI ¥ =sinx Ha 2 (abcuucca ocraer-
ca 6e3 u3MeHeHU), NOAYINIH n3obpakenue rpahpuka QyHKIIAM
y=2sinx.

yA ;
24 e
\ 11 /' :’L.i \\_ ./
L A1 A g x
angt® L 1 \\‘\”’f/‘
N/ Y = 2asini Puc. 122

31ech MPUMEHUJIM pacTs)keHHe rpadura QyHKIUM y=sinx
Broab ocu Oy B 2 pasa.
Pemenue 6) nokazaHo Ha pucyHke 123. YMHOXHUB opANHA-

TY KamJ0¥ TOYKHM CHHYCOHJBI I = SinXx Ha —% (abcnucca ocraer-

cda 6e3 U3MeHeHMIT), TOJVIUIN u3o0pakeHue rpadpuka QyHKIHUHA

1.
y=gsinx.
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4
M 1.
1 - roozsiny
oOT. L éi

Pue. 123 y=sinx

3aecs NpUMeHHAH c:xaTHe rpaduka GyHRUME ¥ =sinx Baoas
ocu Oy B 2 paasa.
O 7. Tpagux dynxyuu y={ (%), 20em>0
HamoMHKM: eclMH YMHOMETL abciHcehl BeeX TOUEK Tpa-
(uxa byERnMM y=f(x) HA YHCHO m (PTO BHAUMT BEIOOAHMTL
pacTaxKeHue (MM CKaTHe) BAOAL OcH Ox), TO MOAYHATCH TOU-
KH rpaduxa y=f(ﬁ-). Eemn m > 1, To roBopaT o pacmancenuu
680ab ocu Ox 6 m pas. Ecau me 0 < m < 1, To rosopar o eaxca-
muu eédonv ocu Ox & ;:l— paa.
Ilpumep 7. H3o6pasaTs rpadur GyHKoAnR;
a) y= sin-;—; 6) ¥y =sin 2x,
Pemenne. a) FMeem f(x)=sinx, a f(i)=sin-"3, IHAYUT,
m=2, ™ 2

YuuOo)NE afcmuecy KaXkAOH TOUKH CHHYCOHALL y=sinx Ha
2 (opammaTa ocraerca Ges maMeHeHM#), TOAYUMAN H30OparKeHHe

rpaduka GyHKONR y=sin% (puc. 124, xpacras TuEHA).

y
M M y=sinx

N TN N
\MO ﬁ\/\v?

—oain X
Ppe. 124 Y =sin 5
3pecr NpHMeHHAH DacCTs:KeHHe rpabuKa HYHKINM y=sinx
BRoaL oca Ox B 2 paza.
6) meenm f(x)=sinx, a f (—;—) =gin2x, 1. e. y=sinZ, guaunr,

l =
=1 2
m=3
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y‘ \w y=sinx
L N AN
* x
° U \
Yy = sindx Prc. 125
.

VuMuOoKHAE alcIpiccy KaKZoH TOYKH CHAYCOMALI ¥ =siny Ha
% (opauHaTta ocTaercAa Ge3 MaMeHeHmMil), moaydmum usobpance-

mRe rpadurka pysronan y=sin2x (puc. 125, kpacraa auHHA),
3peck IPpUMeHHAN cxRaTHe rpadbura dyHROHU ¥ = sinx BROME
ocu Ox B 2 pasa.

OI 8. I'pagpur pynkyuu y=af(mx+b)+ec, m>0
3anumem 5Ty GyHKNAIO B BUuge y=af (m (x + %)) +¢.

IIpu raxoit samicu AcHO, YTO rpadHK 210k QYHKIME OOay9A-
erca M3 rpadbura GyHKROUU y=f(x) B peaynbpTaTe IOCHENOBATEND"
HOCTH TIpec0pas3oBaHMH, Y:Ke H3yYeHHHX HAMH: pPacTAKeHHeM
{wm cxxarueM) BAoas ocm abcmuce ¢ koaddumueRToM &, =%;

pacTaKeHHeM (HIH CXRaTHeM) BAOJIE OCH OPAHMHAT ¢ KoadhummueH-
TOM Ko, = @; CABHIOM BXONE ocH afcnpce BOPABO (AAH BJIEBO) HA C.

Hamenernme rarxofi-nan6o BeaMYMHBI II0 3aKOHY
y=Asin(ox+¢)+b BasHBalOT CHHEYCOMZANLHEIM KoxelaHH-
eM, NOCKOABKY rpadmr ¢yErRmER y=Asin{ox+¢) Apxaerca,
BooOwre IOBODA, CHHYCOMAOH, Kax ¥ rpadpuk dyaxnum y=sinx,
M3 KQTOPOro OH IOJyYeH OpHA BRINOJHEHHH DasjAYHHX npeobpa-
goBaHU (DOACHATEe KAKHX). Tuciao A HASHBaeTCs AMILTHTYAON
(s pazMaxoM), (» — KPYroBoil ZacToToil, ¢ — HaTANEHOH da-
ol kKoxelanns.

IIpuMepaMH CHHYCOMZANLHHX KoneOaHHI, KOTOPHIE OOUACHI-
BawTcA 3Tok (hopMynoil, REAAIOTCA! KoNe0AHHA MAATEHMKA, KO-
AefaHnA HAOPAKEHHA B JEKTPHIECKON CeTH, NSMEHEHHA TOKA
H HAUpMKeHNA B KoaefarelbHOM KOHTYDE, KoneOaHUsA BO3HyXa
(3ByK) 1 gp.

B ¢msuke o BesMUHEAX, KOTOPHE H3MEHAKNTCA IO 3IAKOHY
f(t)=Asin(wt + y), TOBOPAT, YTO OHM COBEDINAIOT TAPMOHHYE-
cxre KoneGanma.
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\

(QI—! o Oo
-y

3

= Ry

Puc. 126

IIpumep 8, Msobpasuts rpaduk pynxmun:

a) y = 3sin(2x - 8); 6) y=3sin(2x-8) + 1.

Pemenne. a) Bamnmem PpYHKOHIO B BHAE

y=3sin2(x - 4).

Yro6ur noxyunTs rpadgux AaHHON GyHKONN U3 rpaduKa dYHE-
oy ¥ =sinx (xa pucyaxe 126 on cumero mpera), HY:KHO nocJe-
JOBATEALHO BHIIOJHUTE ¢ HAM CAeAYIOWAEe NpeobpasoBagmsa;

1) pacrsi:xkenne BAOAL ocH Oy ¢ KoapHIUEHTOM ko, = 3; mo-
ayqaerca rpadnk Gpysxoun y = 3sinx (Ha pucyake 126 om gep-
HOT'Q OBETA);

2) cxxatie BAoas ocn Ox ¢ KoadpAnMeHETOM ko, = , noayda-
ercH Tpadur q)ynm.mn Yy =38sin2x (5a pucynKe 127 on rosyGoro
nBera);

3) capur BROAL ocH Ox BOPABO Ha 4 eNMHMIB; TMONYIACTCA
rpapur GyHKInUn y = 38in 2(x — 4) (na pucynke 128 on xpacnoro
IBera).

vk y = 3sinx
31 Val
21
14+
O 4 J,
T = oo
- 1 | 2t X
| 7= 3sin2x

Pnc. 127
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Pumc. 128

y=38sin2(x 4)+1

i

"\l N

\\/01 : 4 X
\/

y=sinx Pac. 129

6) I'padux sTofi GPYyEKUNK DOAYIHTCHA, ecqu rpadpmux pyHK-
nau y=sinx (Ha pucynke 129 oH cuHero mBera) HOABEPIHYTH
npeobpasosanuaM 1)—3) U3 3aaHKA a) K ellle BRINOMHUTE CABAD
BAosb ocH Oy Ha 1 egununy BBepx (Ha pacyHKe 129 oH KpacHO-

o uBeTa).

O 9. I'pagux dynrxyuu y=|f(x)|
HanoMunrM: urodnl HaoGpasnte rpadur GyRRoun
y=|f(x)|, Moxno wacTm rpaduxa ¢yEKmHE y=f(x), Tesamme
BEIINE OCH afcnmee man Ba Hell, ocTABHTL Oe3 Aa3MeHeHNS, a dac-
TH, Aexanide HuxKe ocu afemuec, oTo0pasuTh CHMMETPHYHO OT-
HOCHTEJBHO 2T0l ocH,
IIpamep 9. Haobpasurs rpadnx GyHKIERA

y=|sinx|.
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y=lsinx] Y
B N i . o~ ) y
.‘\ / \_\ \__\. /! \ 7 -
—1Tt T
Puc. 130 Ol 2m x

Penienune uzobpaxeno Ha pucynke 130 (moscHUTE, KAk OHO
MOJIY4YeHO).

OI 10. I'pagur pynryuu y=f(|x|)

HanomeMM: uT00Bl u300pasuTh rpaduk QyHKIUM
y=f(x|), Moxno uacrs rpaduxa byuxmnuu y=f(x) ¢ Heorpuma-
TeJbHBIMH abCIuCccaMM OCTABUTHL 0e3 M3MEHeHMs, a YacTh Ipa-
duxra pynkunn y=f(x|) ¢ orpunarensabIMu abCnuCCAME TIOTY-
YUTh U3 [E€PBOM YaCTH CMMMETPHYHBIM OTOOpAKEHHMEM OTHOCH-
TeJIbHO ocu Oy.

" | 3aMeTHM, 4YTO YacThk rpadmka GpyHKouu y = f(x) ¢ orpu-
| e | marenpHBIMH abcnmuccaMu npu HU300payKeHUH rpaduka
. Qymxnuu y={(/x|) me mcmonssyercs.
IIpumep 10. Us3o6pasurs rpadpuk GyHKIUNA
y=sin|x|.
Pemenue nsobpakeno Ha pucynke 131 (nosicHuTe, Kak 0HO
TIOJIYYEHO).

y = sin|x| h
\\\ 7 N -
—2m\, ) 7T O" 7 /2% x
Puc. 131 '

O 11.I'pagpuk pynryuu y=‘f([x|)!
Ina nonyyenus rpadpuka GQyHKIHU BUa Y =‘f([x|)‘ MOK-
HO, HAIPUMeEP, MOCJeJ0BATEILHO H300PasUTh:
1) rpadux dpyuaxoun y = f(x);
2) rpaduk dynxmun y=f(x|) (mokHO BropEIM H30GpakaTH
u rpaduk byukmun y=|f(x)|);
3) rpaduK QYHKIUH y=‘f(|x|)i.

IIpeobpasosanue rpapuros PyHKIAN 209

1) y

AN

Y sinx

. il
0 \/ x

2) y
) X
3) v
NN NN
Puc. 132

IIpumep 11. M3ob6pasurs rpaduk GyHEKIUN y:\sin‘xﬂ.
Pemenue. a) [lociegosarensHO n300pasuB rpapuku QyHK-
muit y=sinx (puc. 132, 1), y:sin|x1 (puc. 132, 2), okoHua-
TeJLHO mojydaeM rpaduk QyHKIHU y:‘sin|xlt (puc. 132, 3).
MoskHO ObLI0 mOcsae m3o0pakeHNsa rpaduxka (QYyHKIHH
Y = sinx moay4yuTh cHavasa nsodpaskenue rpadura QyHk-
mum y=|sinx|. Dro msobpaxcenue copmagaer ¢ usoOparKeHUEM
rpaduKa QYyHKIUU y=‘sin[x|‘ (puc. 133, 1, 2, 3).

1) y y=sinx

TN TS

2)’ 3) y 11
- . —— e ¥
N N Nl \/
Oi . X
Pue. 133
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:’J 1. Kax mpeofpasorare rpadpur ¢yukmm y=7f(x} B rpadur
4 bynxuun:

a) y=-f(x); 6) y=7(-x} B} y =—f(-x)?

B raxyo Toury orobpasurca Touka M(s; t), mpuHanmemxa-
waa rpadury Gysxnum y = f(x)?

2. Kak npeobBpasopats rpadbux dyHKmummE y=f(x) B rpadux
byarguu:
a) y=f(x)-3; 6) y=Ffx+4) B) y=Ff(x-2)+5?
B raryio Touky orofpasuTca Touka M(s; ¢), mpuNagaexa-
maa rpadmry pyaknwm y = f(x)?

3. Kax npeobpasosars rpadmuk dyHknumr y=f(x) B rpapux

dbyHKITN:
8) y=3f(x); &) y=1(%)
5) y=3762); r) y=4/(2x - 6);

n y=5f(2x+4)-3?
B rakxywo Touxy orofpasnrtca Touxka M(s; {), npuaannexa-
maa rpabuky dyRRUMA ¥ = f(x)?

4. Kax npeobpasosars rpapux ¢ymarnuu y=f(x) 8 rpadmx
dyaroan:
a) ¥=f@); &) y=f{=); 5 y=|r(=)f?
B rakywe Touxky orolpasnTea Touxa M(s; i), mprEazIema-
mad rpadpury dysxnma y = f(x)?

YnpamHeHHA

Haobpasure rpadpux Qpyuxonm (3.55—3.61). (Fpaduk nepuomu-
decKoil GYHKOUN ¢ HAUMEHBUINM NOIOKUTEeNHHM nepaogom T
JAOCTAaTOUHO M300pAsUTh HA OTPE3Ke, AJAHA KoToporo paeHa T'.)

8.85. 1) y=-sin(F+ x);

3) y=sinxcos2x-cosxsinx;
4) y=sinxsin2x +cosxcos2x;
5) y=sinx-1;

T y=cosx+2;

9) y=—cos(-x)-2;

2) y= —eos(-g« + x);

8) y=sinx+3;
8) y=cosx-1;
10) y=-cos(-x)+3.

TIpeoBSpasopanue rpaburos dyHrmmi
3.56. 1) y =cos(x + %);

3) y= —sin(x - %);

5) y=cos(x+2)-3;
7) y=—sin{x+3)-2,5;

3.57. 1) y=>5sin{x-1);
3) y=1cos(x+3)+%

5) y=cos?l,5x—sin’1,5x;
7) y=2cos’2x-1;

3.58. 1) y=2sin(0,5x+1)-1;
3) y=3cos(3x+ )+ 1
5) y=1sin(0,5x+1)-4;

3.59*.1) y=|sinx-0,5;
3) y=|2sin(x-%)‘;
5) y=cos{|x|-2);
7) y=38sin(|x|+1);
9) y=|3sin(|x|+1)-2

+*
]

3.60%.1) y=|sin(x-2);

3) y=|cos|x|-1

5) y=|sin|x|-2|+1;
gin2x,
3.61%.1) y="7"%;

3) y=\f§cosx- 2sinx;

211

2) y= sin(x + %);

4) y =-cos(x - ;1’5);

6) y=—sin(x-3)-2;
8) y=-cos(x+1,5)-0,5.

2) y=3cos(x+2);
4) y=3sin(x-1-2;

6) y=2sin2xcos2x;
8) y=1-2sin’x.

2) y=1sin(@x—4)+3;
4) y=-%cos(l,5 -—})—3;
6) y=>5cos(4x-4)-1,5.
2) y=|cosx+0,5;

4) y=|%cos(x +§);

6) y=sin(|x|+2);
8) y=4cos(x|-1)
10) y=|4cos(x|-1)+2].

2) y=|cos(x+2)f;
4) y=|sin|x|-3

»
L]

8) y=|cos|x|—2|+2.

v

4) y= J2cosx+/2sinx.
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3.6. dynkuua y=tgx

Paccmorpum  @yrkyuro manzenc, 3ajaHHYI0 (HOpMyJIOit

y=tgx, c obnacTeio onpesesIeHUsi — MHOIKECTBOM JIeiiCTBUTENb-
T
2

Hzobpasum rpadpuk dpysrnun y=tgx. Caenaem sTo HA npo-
MEeKYTKe AJUHOM, PABHOM IIePHOJY TaHTeHca.

Ilns aToro 3amoaHMM TAOJMMANY 3HAYEHUNH (QYHKIMY TAHTEHC

HBIX YHCEJ X# -+ nn, neZ.

AN 3HAUEHHH apryMeHTa Ha IPOMEKYTKEe |(——~; ~|, B3ATHIX Ue-
pes —g ¢ rouHocTbio no 0,1. IlpubnuikenHbie 3HAYEHUA TAHTEHCA

MOXKHO HAWTH, UCMOJB3YA TPUTOHOMETPUYECKYIO OKPYIKHOCTh U
JUHUIO TaHreHCcoB (puc. 134).

& x| 8| mn | _=m b n 3n n
2 8 4 8 0 8 4 8 2
tgx | — | 24| -1 |-04] 0 0,4 1 2,4 | —

OTMeTHB 3TH TOYKH Ha KOOPIH-
HaTHOH IIockocTn Oxy (puc. 135)
U COEJWHWB MX IUIABHOU JHUHWEH,
noiryuuM  m3o0pakeHue rpaduka

ool

pysEKIHH y=tgx HA IOPOMEKYT-

_x. R _z I
Ke ( 5 2). Yepea TOUKH 3 ¥ 3
NpoOBeJeM BEPTHKAJbHBIE MIPAMBIE

N

x=—~72—r u x=g~ (oOHU He HMeET 00-

WAX TOYeK ¢ rpaduroM QYHKIHU

TAHIeHC, TaK Kak 9ra (yHKOUSA

B TOYKAX ";“ H —;- He ompejeJe-

Ha) (puc. 136). Hamm woayueno
nzobpakenue rpaduKa HA IOpoMe-

b1 7
KYTKE (—E;%
paBHa m — nepuoxy TaHrenca. CaBu-
HYB 9Ty JIMHUIO BHOJb ocu Ox Bmpa-
BO U BJIEBO Ha 7, MOJYy4HUM H300pa-
s JKeHHe rpadpura QyHRUMH y=tgx
(puc. 137).

=

Y

ol <

~

N

), AJIUHA KOTOPOTO

DyHKOuA Y =tgx ) y _ 213
— j_g_“- —T

Nl?l-
H"

1 O N T I I |
Puc. 135

Ipaduk GyHKIMH Y = tg X Ha3BIBAETCA MaHzZeHCOUJOlL.

(= .
JIMHMIO HA KaKJA0M M3 IPOMEXYTKOB BUIA (-——2- +nn; 5+ rm),

neZ, HA3bIBAIOT 6emeEbl0 manzencoudvt. TaHTeHCOUTA COCTOUT
U3 6ecKOHeTHOr0 MHOKECTBA OJMHAKOBBIX BETBEM.
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Haobpaxxenne rpadura ¢yHKmEM Tamrenc (cM. pmc. 137)
TOACKASKIBACT CEQHCTBA 9TOM QyHKIHH.

Teopema (0 coolicmeax pynxyuu y=igx).
1. O6nacTh onpenenenus GyRKIME y = {g X — MHOMECTRBO
ReHCTBUTENLHBIX TUCeN X # 5 +1n, neZ., ¥
. 2. Obnacte (MHOMeCTBO) 3HAYCHHY QyHKOEE y=tgx — .
- BCe JefiCTBATeNBHBIE UUCAA, T, €, MHOXeCTBO R. =
3. PyRKNNA y = tg X NepHOANYECKAS ¢ IEPHOACM X. a
. 4. HanGonpiiero u HayMeHbIIEro 3HAYCHMH QYHKUHA '__
"y =tgx He AMeerT, g

5. Hynamu Qpynknmm y = tgx ABASIOTCH SHAYEHHA apry- -
MeBRTA X=7n, neZ, :

6. OyERIMA y=tigXx NPUHAMAET OTPHUUATONbEHE 3HA-
YeHHS HA KAXKAOM M3 NPOMEXYTKOB (—32‘-+1m; nn), neZ, .
| M NOJOXKUTENbHEIe SHAYCHAS Ha KAX/OM H3 IPOMEKYTKOB
, (m, —+:m) nelZ,

7. Oyrxnona y=tg x HeueTHas.

8. Dyukuusa y=tgxr po3pacTaeT HA KaXMAOM M3 IpOMe-
SKYTKOB (-%+ nn; %+ nn), neZ.

RoxazaTrennbcTso, Ceolictsa 1 u 8 6E1IM YCTRHOBJCHEI B
o 3.1.

Caofictea 2, 4—7 MOXHO TPOYMTAT, Ha M30GPayKeHUM rpa-
¢uka GpysRunE y=igx (cM. puc. 137). Oun daxTHueckn Grau
ofochoBanr B m. 2.7. CpolicTBo 8 TOMe MOMXKHO YBUAeTH Ha
H300pamennu rpadnka.

A TlpureseM noxa3aTeascTso ceoficTea 8. PaccMoTpum (ynk-
nuio y = tg X HA IPOMEIKYTKe (—12'~; %)

Hyems x,, x,€ (-—%; %) u x; < x,. Torga:

= 8inX;008%; - coaxysinyg _ sin(x - x) >0
CO8 X9 COBXY COBXy COSX,

(moscaATe mOCNexHEe HEPABEHCTERO).

OyExuua y=tgx ___ s
BmaunTt, tgx,> tgx;, T.e. Gyurnua y=tgx Bo3pacraeT HA

NPOMEKYTHE (—«’é‘-; E). BospacraHde 3T0M GYHKIHE HA KOXKAOM
U3 IPOMERYTKOB (— +nn; o + 1m), neZ, cnenyer u3 ee IePHO-

auuHocTH. X A

SameuaHue., Pyuxyua f(x)=1gx uMeem moOAbLKO

_!J NPOMENKYMKYU 603PACMAHUA, HO OHA He sA8azemca
soapacmaoweir 8 obaacmu onpederenus D(f). (OGBac-
HHATE OYEMY.)

A Haofpanenne rpadpmra dysxnuu y=tgx MOXHO HO-
& AY4YMTL HECKONBKO HHaye, deM ORIIO MOKASAHO, YUHTHI-
BASA HEYeTHOCTb QYVHKINH TAaHreHC. A

Ipuamep 1. PemuTh HePABEHCTBO:

a) tg(5x-2)<0;  6) tg($+83)>0.

PemeHue. a) Orpumarensarie sHaveHns GyEkmaa y=tgu
NpHBMAMACT IOpPH —-%+ nk<u<aR, keZ (3TH ODpOMEXYTKH Jer-

KO NIPOYecT: IO CXEMATWIeCKOMY rpadhwky (GyHKOHA TaHIeHC
(cM. pre. 137)). Oaa u = 5x — 2 nonydaem:

—1+1:k<5x-2<nk, keZ;

T uk -n:k
-0+ <x< +=, keZ,

|

6) meen: uké-i—+3<g+ nk, ke Z (noscHATe, MOYEMY COPA-

Ba 3HAK CTPOroro HepaseHCTBa). OTCIOAA MOTYUMM:
“12+4nk < 2 <-12+2n+ 4nk, keZ.

2 ﬂk
OrBer: a) (—g-—% "5", 5+ keZ;

6) [-12 + 4nk; -12 + 21't +4nk), k& EZ_'

A lMpumep 2. PeinTh HEPABEHCTBO
tgxsl

HA TPOMENKYTHE (—%; %)
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Pemenue. ®PyHruus y = tg x Boa-

pacraer Ha TIPOMEKYTKe (”;f; ;—)

no yeaosuio tgx <1, r.e. tgx < tg;’;-,

;-—;— 3HAYMUT, xé-}, HO x>—g. Hrak,
—% <x< E (puc. 138).
puc. 138 OTBeT (-3 ﬂ A

@ 1. HasosuTe oCHOBHBIE cBOMCTBa (hyHKIMHU Y = tg x.
2

nun y=tgx?

. Ugobpasure rpadpur dyHkuum y=tgx. Kax Hasnisaercs
rpadur 2170 QyHrIHEN?

3. MoxHO M YHKUMIO TAHIeHC HA3BaTh BOZpacTaomeil Ha
BCeit obsactu onpegenennsn? [ouemy?

4. Kak Ha rpaduke QyHKUMM ¥ = tg x OTpaKeHBI CBOHCTBA:
a) HeueTHOCTH; 6) mepuoguUHOCTH?

5. Yemy paBeH HAUMEHBIIUIl MOXOKUTENLHEIN TIEPHO] PYHK-

6*. [lokaxure, 4To HyHKIUA | =tgx BO3pacTamnlas Ha Kaux-

I0M M3 IIPOMEKYTKOB BHIA (—% +nn; X+ nn), neZ.

2

YnpamuaeHusn

3.62°. Yramunre o6nacTb onpeAesneHUs U MHOMKECTBO 3HAUCHHI

byaKIUN f:
1) f(x)=tgx+1;

3) f(x)=(tgx-4)%
5) flx)=[tgx
) f@)=—;

tg“x

3.63. Vkaxure KOODAMHATHI
Oy rpadura QyHKIHU:

x
)

]~ tg2X
tg 2

3) f(x) . g-ix = tg(—3x] .

.
?

1) f(x)=

?

2) f(x) =4tgx-3;
4) f(x)=(tgx+2)";
6) f(x)=/16tg’x;
-1
8) f(x) . 1+ tgzx ’
TOUEK IIepecedyeHHUd C OCAMH Ox H
x
2 .

tg?Z -1’
cig 2

2) f(x)=

_ tghx + tg(-4x)
PN 1-tgoxrtg(—4x)"

DyHKINA Yy = tgx 217

3.64.

3.65.

3.66°.

3.67.

3.68°,

PacnosioxxuTe B nopAaKe yﬁHBaHHH qucsaa:

1) tg.%s tglg—g‘;

2 tg(- ) te(-55) te(-):

3) tg(-5); tg(-3); tg3; tg(-1);
4) tg6,4; tg4,1; tg2,2; tg3,6.

tgg:

CpasHurTe:

1) tg(-2,6n) u tg(-2,61mn); 2) tg(-4,75n) u tg(-5,6m);
3)tg2 u tg3; 4) tg4 u tg6;

5) tg(-3,14) u tg(-3,2); 6) tg(-4,78) u tg(-7).
YerHOM WM HedyeTHOI sABasgercs GyHKIUA f, ecam:

1) f(x)=xtg’x; 2) f(x)=x"tgx;

3) f(x)=2sinx® + tg’x; 4) f(x)=tgx® —sinx'’;

5) f(x) =tg+x3; 6) f(x) = (2sinx)® +?§x§;
7) f(x)=x’tgx’; 8) f(x)=tgx’sinx?
HUcnonbays rpaduk dysknun y = tgx (cm. puc. 137), cpas-
HHUTe C HyJIeM 3HaUeHHe BbIPaKeHH:

1) tg 15 2) tg 12%;

3) tg(-15) 1) tg(-3F);

5) tg 2,3; 6) tg5,1;

7) tg(-1,8); 8) tg(-4,3).

dyuxnus [ sagana popmysoit y=tgx Ha mMHOMXKecTBe D.

Vraure aas QyHKIuH f:

a) HauMeHbIIee 3HaYeHue; 6) HanbosbIllee 3HaAUCHHE; B) IIPO-
MEXYTKH BO3PACTAHUA; I') HIPOMEKYTKHU yObIBAHUSA; 1) IPO-
MeIKYTKM 3HaAKomocTosHcTBa, rae y < 0; e) mpoMeKyTKH
3HAKOIIOCTOSAHCTBA, rae y > 0; ) Hyn H, ecan:

1) D=(3%; 2n) 2) D=[-m —3);
ool figh ool i)
5) D={0; 1]; 6) D=[-1; 0].
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3.69°. Ucnonbsys wusobpaskenne rpadpuxa ¢QysExknum y=tgx
(cm. puc. 137), Haligure npubivKeHHOEe 3HAYEHUE BHIpA-
sKeHua (¢ rouroctsio go 0,1):

1) tg1; 2) tg4; 3) tg(-2);
4) tg(—-4); 5) tgh,2; 6) tg(-4,3).

3.70°. ®dyuxuus [ samaHa ¢opmysoi y=tgx Ha MHOKecTBe D,
Wneer mn dpyuxnusa f Haubosbliee 3HAYEHUE, €CJIH;

l)D ( 2? 4] 2) D= ( 2 :)
3) D =[6m; 137); 4) D=[~4n; —%];
5) D=(14; 15); 6) D=[5; 7]2

3.71°. ®yurnusa f samana ¢opmysoil y=tgx Ha MHOKecTBe D.
YKaKuTe IPOMEKYTKHU, HA KOTOPBIX (DYHKIMA NPUHUMA-
eT: a)IOJOKUTEeNIbHbIE 3HAYeHUA; 6)OTpHIAaTe bHBIE 3HA-
YeHUsH, eCJIn:

Vo= Boe( )
8) D=[4m; 7); 4) D=[-%%; —2x];
5) D=(5; T); 6)* D=[14; 17].

3.72. Pemmre ypaBHeHuUe:

1) tg(2x+3)=0; 2) tg(4dx—5)=0;

3) tg(3 - 7)=0; 1) tg(% + 7%)=0.
3.73. Pemnre Ha npoMexKyTKe ( 3 2) ypaBHeHHe tg x = a, ecau
@ pPaBHO:
1) 1; 2) V3; 3) —/3; 4) -3
5) -T; 6) -5; 7) 15; 8) 21.
3.74. Pemute HepaBeHCTBO:
1) tg%éo; 2) tg3x<0;

3) tg(2x-2) = 0; 4) tg(3x+1)<0.

3.75%, Pemvite Ha MpOMEIKYTKe ( HepaBeHCTBO: a) tgx < a;

3
272
6) tgx > a; B) tgx < a;r) tgx > a, ecnu a pasHO:

DyHKIMA y=ctgx 219
1 J3,
X 2 - 3) % 4) -1;
1) = ) /3 3 )
5) 6; 6) 7; -3 8) -2
H3zobpasute Ha oTpesxke aauHOH 3T rpapurk dyHKnuH, rae
T — HaWMeHBLIIMHA TOJOMKHUTEJNBHBIN Tepuoj aTol (QyHKIHH
(3.76—3.78).
3.76. 1) y=tg§; 2) y=tg3x;
3) y=tgdx-2; 4) y=tg5+3;

5) y=tg(x+1);

7) y=2tg(5 - 1);

9) y= 2(tg——1) +3;
3.77*.1) y=tg|x|; 2) y=-|

3) y=[2tgx—4|; 4) y=|3tgx+6};

5) y=2tg(|x|-1); 6) y=3tg(|x|+1);

7) y:12tg[lx|—1]; 8) y:‘3tg([x|+l)'.

3.78*%.1) y= %tg o

3) y=(Jtgx);

5) y=tg(—2x) ctg 2x;

6) y=tg(x-2);
8) y=3tg(2x+4);

10) y=3tg(2x+4)-1.

2y ij= ]—‘;Tctg(-;ﬁ + x);

4) y= thzx;

6) y=tgxctgx.

3.7. ®yaxknusna y =ctgx

PaccMoTpuM @QyHKYUIO KOmawzenc, 3aJaHHY0 (OPMYJION
y=ctgx, ¢ obnacTBI0 OIpEJeNeHuss — MHOXKECTBOM JeHCTBH-
TeJILHBIX YHcel X #nk, ke Z.

U3zobpasum rpadux dyaxuun y =ctgx. Caenaem aTo cHavana
Ha MMPOMEKYTKe AJIHHOI, PABHOM meprojy KOTaHreHca.

Jls1is1 9TOTO 3anOTHUM TabNHUIy 3HaUYeHUH PYHKIMU KOTAHTEeHC
IJIA 3HAueHWil aprymenTta Ha npomexyTke (0; m), B3ATHIX yepe3

% ¢ Tounocthio fo 0,1, IprbiruskeHHEle 3HAYEHNA KOTAHTeHCA
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Pue. 139

MOXXHO HaHTH, UCIOJNb3Ys TPUTOHOMETPHUYECKYIO OKDPYIKHOCTE U
JMHUIO KOTaHreHcoB (puc. 139).

T ki _3:_75 g br 3n n
x 0 8 4 8 2 8 | 2 | B n
ctgx = 2,4 1 0,4 0 -0,4 -1 -2,4 —

OTMeTHB 3TH TOYKM Ha KOOPAMHATHONH IJIOCKOCTH Oxy
(puc. 140) u coeAMHUB WX IIABHON JUHMEH (puc. 141), nony-
9uM u3obpakeHue rpaduka QYHKIUMA y=ctgx HAa mpomemxyT-
ke (0; n). Yepes Touku 0 u m MpoBeJeM BepTHKATbHELIE npsMEele
x=0u x=n (0HM He HMEIOT OBIIUX TOYEK C rpa@uKoOM QPYHKITHH
KOTaHIe€HC, TaK KakK 3Ta (QYHKIUA He olpefeneHa B Toyxkax 0
u m) (cMm. puc. 141).

(wd [T ] |
’ [ | | '
1L | NN

EAENEN n

———— |

— !

I T A ]

| HrH—+

HENEIES x

| N B

i’ _‘1 __-_l B _‘! _—| "_._}__ J

LT T 11T )

T i

Puc. 140

]
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Puc. 142

Hamu nosayueno wusobpaykeHHe rpapuka Ha HIPOMEXYTKe
(0; m), AJTMHA KOTOPOro paBHA M — MeEpPUOAY KoTaHrenca. Casu-
ras 3Ty KPHMBYIO BAOJb ocu Ox BIPaBO M BJIEBO Ha T, MOJy4YaeM
nsobparxcenne rpadhuka GyEKIuu y = ctgx (puc. 142).

Il'papur dyHrnun y=ctgx Ha3bBIBAKOT Komanzencoudoii.
KpuByio Ha KaK[A0M M3 IPOMEKYTKOB (nk; n+ nk), ke Z, Hassl-
BAIOT 6emeévi0 KomawzeHcoudbl, — TAKUX BeTBell OeCKOHe4YHO
muoro. KoTaHreHcouma COCTOMT U3 OECKOHEYHOTO MHOXKEeCTBa
O/IUHAKOBLIX BeTBEH.

H3obpakenune rpadmka QYHKIMM KOTAHTEHC MOJCKAa3bIBaeT
BCe cBoiicTBa aT0i (pyHKUIMU (cM. puc. 142).

Teopewma (0 ceouucmeax pynkyuu y =ctgx).

1. O6nacTte onpeneieHuda GYHKOUHN Y = ctgx — MHOMKeCT-
BO NeHCTBHUTEJbHBEIX YUCesl X # nk, ke Z.

2. O6aacts (MHOeCTBO) 3Ha4YeHUH QyHKIUH Yy =ctgx —
Bce neficTBUTeNbLHEIE YMCIA, T. €. MHOMXKecTBO R.

3. ®yHKnua y = ctg x nepuoguyecKas ¢ IepHOJOM T,

4, HambospIiero ¥ HAWMEHBIIEr0 3HAYEHHH QYHKIUAA
y=ctgx He nmeer.

5. Hynamu ¢pyEKnun y = ctgx ABAAIOTCA 3HAYEHUSA apry-

MeHTa x=-;—+nk, keZ,
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6. Oynxnma y=ctgx OPUHHMAET OTpPHUIATEALHHE 3HA-
YeHUS HA KAXKJOM M3 HPOMEXYTKOB (%+Tl:k; 1|:+1:k), keZ,
H DOJIOMUTE/NBHME SHAYCHHA HA KAMAOM U3 HPOMEIKYTKORB
(nks 3+ k), keZ.

7. ©Dyurnnsa y = ctg x seveTnasn.

8. ®yErnua y = ctg ¥ yOLIBaeT HAa KAMK/AOM H3 IPOMEXKYT-
k0B (nk; n+nk), ke Z.

JoxazaTeJbCTBO AHANOrHYHO JOKASATENLCTEY TEOPEMBI O
cBoiicTBax byERINMHE I = tgx.

' 3aMeTHM, ITO PYHKYLIO KOMARZEHC HeAb3R HA36aMb YObi-
o eawweil 80 scell obracmu onpedenenus, XOMa y Hee ecmy

MOALKO TNPOMENYMKU YyOweanus (DOACHHTE nDOUEMy).

ey

A Ilpn m3ofpaxkernn rpadnxa dyHKIHK ¥ = ctg ¥ MOKEHO
& HCIOJIL30BATE TeOMeTpUdecKne npeofpasoBaHud rpadpura
by y = tgx. ITockonbKy

oz ~x)=—te(+~3)
TO rpadpuk GyHKOUE y=cigx aBnserca rpapuroM GQYHKIMM

y=-tg (x - 12'-), yGenmrecs B 3TOM CAMOCTOATENBHO, A
IIpamep 1. PemuTek HepaBeHCTRO
ctg(¥+1)<0.
Pemenne. Hemoao:kuTeAbHBE 3HAYCHAA PYHKORA ¥ = ctgu
DPMHAMAET OpH % +nk Su<n+mnk, ke Z (3TH NPOMEKYTKH Jer-

KO mpodecTs N0 rpadmky QyHKIWA KoTaHreHe (cM. puc. 142)).
Ana u=% +1 nonydaem:

k<L +1<n+wk, keZ
(noacmmTe, MOYeMy CIPaBA 3HAK CTPOTOrO HEPABGHCTBA);
~5+ 21 +5nk < x <-5+5n+5nk, keZ.
Otser: [-6+ S+ 5nk; ~5+51+bnk), keZ.

Dyaxmma y=cigx 223

trvm——. e - v ke e

Aldpumep 2. PemnTe: HePABEHCTEO
ctgx <1
Ba npoMexyTie (0; w).
Pemenne. Oyurnna y=ctgx you-
BaerT Ha npoMexyTike (0; 7) @ mo ycno-

pio ctg<1l, T.e.ctgx< ctg%, 3Ha-

qHUT, x>%, go x < n. Hraxk, %<x<1t

(puc. 143). Puc. 143
OrseT: (%; 1:). A

" 1. HazoBuTe OCHOBHBIE CBOiicTBA QYHRIHMHA KOTAHTEHC.
_‘.,] 2, Haobpasure rpadur dbysruun y=ctgx. Kax HasnsaercA
rpadmx aroit pyHknmA?
8. Moxmo nu ¢yExnomio y=ctgx Haspars yGnisalomed Ha
Beeit ofnacte onpegencuan? [louemy?
4. Kax 8a rpadure Gyrxknun y = ctg x oTpaykeHsl csofcTna:
8) HeYeTHOCTH;
6) nepuopguaaOCTH?

5. Hoxaxmare cpoiicrea 2—8 QyHKODER KOTAHIeHC, YHKA3AH-

HBIe B Teopeme m. 3.7.
6, UYemy paBeH HaNMEHLINEIL DOJOMHTEILHELH NepHOA QYHR-
nau Korarredc?

YropasxHeHRS

8.79°, YramuTe 0fJacTh onpeAesieHHA H 0B6aacTh (MHOMECTRO)
sHageHnH PyHROHH f:
1) f(x)=ctgx +4; 2) f(x)=9—ctgx;

3) f(x)=(ctg x-4)%; 4) f(x)=(ctg x+9)%;

5) f(x) =|ctg x| - 2; 6) f(x) =5 — \/3ctg’x;

D )=k 8) ()=, 4.
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3.80. Vkaxure KOODAMHATHI TOUEK nepecedeHns ¢ ocamy Ox o

Oy rpadnka dynxnun;

25:__

)@=zl 2) f(x)=22e
2ctg§ cos2x’

_ ctgBxetg(-Tx)+ 1,

8) f(x)= ctg8x - ctg(-Tx) ’

* 1+ etgbxctg(-5x)
4* f(x)= ctgbx + ctg(—5x)

3.81. Pacmoao:xure B nopaske BO3pACTAHUA JHCAA:

Detggh ctgd; ctgll; otg 30,

2) ctg(~17) cte(-T) ctg(—?); ctg(~T5)
3)ctg (-6); ctg(-3); ctg4; cteg(~4);
4)ctg4; ctg8,1; ctg8,1; ctgh,9.

3.82. Cpasrnre:
1)ctg(-1,5n)= ctg(-1,6x); 2)etg (-5,27)u ctg(—4,9n):
)ctg?2 netg3; 4)ctg6 m ctg5;
5)ctg(-5,1)u ctg(-4,2); 6)ctg (-7,6)m ctg(-6,2).

3.83°. YcraHoBHTe, weTHoit NN HeyeTHOMN SBAsETCS dbyeERDRS f;

1) f(x)=ctg’x+4;
3) f(x)=2sin’ x ctg®x®

2) f(x)= xsinxctgx,
4) f(x) =ctgx® —tg'"x®;

) f()= 2 6) f(@)=(ctg)+ —L;

7) f(x) = °W2§ + cosx; 8) f(x) =2 mn§+\fctg”x

3.84. Hcnonbays rpadpur GyERnERD y=ctgx (cm.puc. 142),
CPaBHATE C HYJeM 3HAYEHHE BLIDAMKEHUA:

1) ctg 3% 2) ctg 32;
3) ctg(~3%); 4) ctg(-25);
9) ctgb,1; 6) ctg4,9;
7) cig(-2,5); 8) ctg(-4,3).

Oysnma y =ctgx . 28

85°, ®yuxnna f aagana dopmyaolt y=ctgx Ba MBokecTBe D.
Vraxare and GyErouy f:
a) HauMeHbIlIee 3HATCHNE; §) HarGobIIce 3HAYCHNE; B) IPO-
MeKYTKH BOZPACTAHUA; I') HPOMEKYTEH YOEBARUA; X) NPO-
MEJKYTKW SHAKONOCTOAHCTBA, TAe y < 0; e) MpOMexyTKH
IHAKOHOCTOAHCTEA, TAe y > 0; 3K) HyaH, ecau:

1) D= (__ —n); 2)D=[ﬁ; 21:);

3)1):["?; '%]; 4 D= [10 2]
5) D=[1; 2}; 6) D=[4; 6).

3.86. Hcnoaraya naobpaxkenne Tpadpmira ¢QyHRORE Yy=cigx
(cM. puc. 142), Hafigure npMOIRMKERHOE SHAUYEHHME BLIDA-
skernst {¢ TouHOCTHIO Ao 0,1)

1) ctg4; 2) ctg B;
3) etg(-1); 4) ctg(-0,5).

3.87°, ®yaxnoua sagaHa dopMmynolt y=ctgx Ha MHOKecTse D.
Nnmeer ar yuxmua f sanbonniree sHAUCHHE, €CIIH:

S
3)D= [1311: 411[) 4 D= [ —4,5m; 171‘(]
5) D=(T7; 8); 6) D=[20; 22]?

88°, Oynknus saxaHa Gopmynoft y=ctgx Ha MHOKectse D.
VKaxuTe IPOMEKYTKH, HA KOTOPHIX QYHKINA NpMEMMA-
eT: 8) NOAOKHTEARHNE 3HAYeHUSA; §) OTPHUIATENIbHEE 3HA-
YeHUA, eCIH:

1) D=(-2m 2; 2) D=(-2m 1X|;
bofgi%h  0p-%-i)
§) D=(1; b); 6) D={4; 12].

3.89. Pemmre ypasHeRue:
1) ctg(8x—2)=0;

3) cteg(3E +3)=0;

2) ctg(0,5x+3)=0;
o oieflf- )0
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3.90. Pemmre ypaenenme ctgx=a na npomeskyTre (0; n), ecan
@ PaBHO:
1)1; 2) -1; 3) —V3; 4) %‘3;
5) -9; 6) -8; 7) 37; 8) 43.
3.91. Pemmnure mepasencrso;
1) ctg% < 0; 2) ctg3x <0

4
3) cthxN}; 4) ctg%?O;
3) ctg(2x-2)>0; 6) ctg(8x+1)<0.
3.92* Pemnre Ha npomexkyTre (0; m) nepasencTeo:

a) ctgx < a; 6) ctgx > a;

B) clgx < a; rjetgx>a, ecain a paBHoO:

DB - gl 4,

5) —17; 6) —-n; 7 2, 8) 2
=

Hsobpaznre rpadux (bYHRIUH Ha oTpeske Aummoi, pasron 27,

rae T — RanmMembnTHi MONOKUTENLHEHE Ie iHI%0%
HO,
(3.93—3.95). pron amol dyx

3.03%.1) y=otg;
3) y=ctg2x-1;
5) y=ctg(x+1)-2;
T y=2ctg(5-1)+4;
3.94%.1) y=-|ctgx|;
3) y=[0,5ctgx—4
5) y=3ctg(x|-2);

2) y=ctg3x;
4) y=ctg§+z;

6) y=ctg(x-2)+3;
8) y=3ctg(§+%)—2.
2) y=ctglx|;

; 4) y=|3ctgx+6;

6) y=2ctg(x|+4);

7) y=ll3;c‘;g(|x,-2),; 8) y=,2ctg(|x]+4),.

* — -
3.95%, 1) y="—ctgx; 2) y=ﬁtg(§+x);

4) y=+fctglx;

6) y=1tg(-0,5x) ctg 0,5x.

3) y={ ctgx)’;
5) y = tg2x ctg 2x;
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A 3.8. DyExknuu y = arcsinx u y =arecosx

Paccmorpum dyarouio y=sginx, Koraa aprymesT x <nopo-
feraerT» MHOMKECTBO BCeX AefiCTBHTENBHBIX MHCEN, PYHKIUA ¥
NPHHUMAaeT BCce 3HaYeHmA OT -1 zo +1, mpuueM KaxxAOe TaKoe
SHAYCHAE ORS NIPHHAMAET 0eCKOHEUBO MHOIO pas.

Oanaxo B o0JacTH onpeaeneHnd PYHKIHH I =sinx ecTh Ta-
KHe IPOMEKYTKH, HA KOTOPHIX 0HA NMPUHHMAET KAIKAOoEe U3 3HA-
genuil oT -1 g0 +1 poBHO oa¥H pas. Hanpamep, HA NPOMEXKYTKE
[—%; %] dysarOua y =sinx Bospacraer or —1 go +1.

Taknm o0OpasoM, ecam pac-
CMATPHBATE PYHHKIUIO, B38JLHHYIO

y=sinx yA
dopmynolt y=sinx, B obmactu € 531 1

frr

onpeaeIeHAs [—%; %] (pnc. 144),

x

n 0 n
TO He TONBKO KAXKAOMY 3HAYECHHIO —3 2
X M3 STOr0 NPOMEKXYTKA COOTEET- -1+
CTBYeT €IUHCTBEEHOe SHATEEHEe Puc. 144

y u3 mpomexyrka {-1; 1], HO =, ]
HA060POT, KAXNKIAOMY 3HAYEHHIO y M3 mpoMexyria [-1; 1] coor-

BETCTBYeT eMHCTBEeHHOe 3HAYCHHE ¥ U3 MPOMEKYTKA [—%; —E],

Takoe, 4T0 y = sinx. HanoMuuM, uro 2To 3HaveHue X ofosnada-
IOT arcsiny, a paBeHCTBO ¥ =arcsiny osHadaer, YTO y=8inx u

xe L;Og; 3] (em. n. 2.6).
pPMyAol X = arcsiny KamaoMy 3HAYEHHIO i M3 TMTPOMEKYT-
ka [-1; 1] cTaBuTcA B COOTBETCTBHEe €AWHCTBEHHO® 3HAYCHHE X

H3 NPOMEKYTKA [—%; %] Tem came dopmyaol x =arcsiny

sagzaercAa ¢yEKORA ¢ o6NacThI0 ONpefeAeHHS — IPOMERYTHKOM
[-1; 1]. 3aeéb y paccMaTpHBaeTCA KAaK APryMeHT (He3aBHCHMAas
TepeMeHHAA), & ¥ — KaKk DyHEKOnA (3aBucEMad IepeMeHHAas).
Yrobn COXPAHNTL NPUBHIYHLIE O003HAUEeHHA, GYKBH X M ¥ B
aToll GopMy/ie MEHAIOT MECTAMA M NEIIVT Y = arcsinx.

Hazobpasum rpapur PyERIHME Uy =arcsiny KPacHBIM OBETOM
(puc. 145). 3amMeTuM, uro mouxu M(a; b) u N(b; @) cummempuy-
Kbt OMHOCUMERbHO NPAMOTL Y = X.
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¥
%l ¥ = arcsin.x HHHE
EYR TN o O
1477 : T2l
. h Hoode T SR
LE' HE i Mo
: T rn
O a.-l g4 x [T i Hiipyana »
2 EIFIR 1
e L
_'_1 oy r-'-i'J-‘a b 1
T-2 S
2 o
Puc. 145 Puc. 146 SR

HYCTB TouKa M(e; b)) nemur =a rpadmxe  QyHROHER
g:arcsm X. OTo 0BHAUAET, uTO BEPHO YHCIOBOE pPABEHCTRO
=arcsina, a s@aumr, BepHO M YHCIOBO@ DaBeHCTBO 4 =sind
R ’

be [ : 2]. B c¢Bowo OUepbensb, mocKexHee VTBepiKIeHAe 03HAYS-
€T, 4To TouKa N(b; a) aemur Ha rpaduxe Gpyeroum y=sinx
L ,

xe[—g,f.

‘TBRFM obpasom, kaxaod Touxe M ma rpadpuke Qyrrnmu
Yy -ﬁarcsm_ X COOTBETCTBYET CHMMETPHYHAS eff OTHOCHTEJIbHO Opsa-
MOM ¥ =x Touxa N Ha rpaduxe dyRKOMM, sananno} dopMynoit

y=sinzx, ¢ obnacrrio on — z
s , PeAesieHns — oTpeaxoM [“E; g], ¥ Ha-

Caeaosarentyo, spaduku @pynxyuii y=sinx ¢ obaacmuio
R, N .
onpederenus [—-5, ~2—] U y = arcsinx cuMMempuyHb: omuocumeny-
RO NpAMOL y = x (cM. puc. 145).
Ha pucymke 146 rpadbur dynx = i
orars B dyrKnuMu y = arcsinx H300pasken

Teopema (o ceoticmsax dynxyuy y = ;arcsinx).

1. O6aacrs onpeaenerus dyux aresin
OHY Y= -
Eyrok [-1; 1], Y R

2. 06aacTs {(MroxecTRO) 3HAYOHAI dynxun y = arcsin x —
HPOMeRYTOK [-——2’?; %]
3. OyHrnua y = arcsinx ge HBJIeTCH NepuoaKndecKoil,

OYEKOUH I = arcsiny u y =arccosy 229

4. HanmMeHbInee 3HAYEHHE ¥ =—% dvERKDEA ¥ =arcsinx
DpHHUMAET B TOUKe X =-1.

Hambonbmnee sHavenHe y=3 (GYHKOUR y=arcsinx npu-
HUMAET B TouKe X =1,

5. HyneM byHKUME i = arcsin x apiasgeTcs sHaYeHHe apry-
meaTa x =0,

6. dyErIIUA ¥ = arcsinx IPAHAMAET OTPHIATEIRHEIE 3HA-
UYeHHA Ha nNpoMexyTie [-1; 0) m monoRUTeNbHEIE SHAYEHUA
Ha npomexytre (0; 1].

7. OyExnua y = aresinx HedeTHad.

8. ®yaxnua y=arcsinx soapacramwman s oGnacTm onpe-
Henenud,

JorgasartenscTso, Cpofictea 1—56 nenocpencreenno caeny-
10T U3 onpeneNenna. CrolicTBo 6 caexyer us croiicte 5 m 8 (06B-
gcanTe nouemy). Caoficrso 7 aokasano B 1. 2.16 (upumep 2).

Hoxaxem cBoitcrso 8. [onycTHM DpOTHBHOE, T. €. AOMYCTHAM,
49T0 X, < X3, H OPH 9TOM arcsiny, = arcsinx,, Toraa

sin{arcsin x,) > sin(arcsin x,),

TaK KAk arcsinx, ¥ arcsin X, IpUHAANEKAT TPOMERKYTKY [-—%; %],
a HA STOM OpoMeXyTHKe QYHKNNAA CHMHYC BO3pacraer. Orciofa
crepyer: x, =sin(aresiny,) > sin(arcsinx,) = x,, 7.e. x; 2 x,.

Honyunnn npoTHBOpEYie C YCI0BHEM X, < X;. SHAYMT, AONY-~
meHNe HeBEPHO,

PaccMorpEM dyvakumio y=cosx. B oGmactE onpefeiaeHHA
QYBROUE y=COSX ecThb TaKHe NPOMEKYTKH, HA KOTODHIX OHA
NpPHHUMAET Kaxkzoe na sHagzeHmit or —1 Ao +1 poBHO OAMH Da3,

Hanpumep, Ha npomexyrke [0: n]

tbymim y=cosx ybmmaer or +1 vi y=cos x

Ao b 14 x€[0;®]
Taxum ofpasoM, ecan paccMat- x\

puBars QPYHRIUIG, 3axaHHy1o Gop- . .

Mynoit y=cosx, B o0JacTm ompe- D - %X

neaeand [0; n] (puc. 147), To He 2

TOABKO KamAOMy sHaueHMIo x us -1+ o
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! P HEHHEH
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o1
]
_E \ h .
: O 1=z bomox [
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| "‘5-3-}. HH Y
Puc. 148 149

SAHHCTBEHHOE 3HAYeHNe Y U3 npomexyrxa [-1; 1], ro n, naobo-
POT, KaNIoMy 3HAYEHHIO ¥ U3 UpoMexyTka [-1; 1] coorBeTcTRy-
€T eAUHCTBeHHOE SHAYCHNE X U3 mpoMekyTka [0; n], Taxoe, wro
;a;= cos x. HamoMHuM, 9T0 970 3HaUEHUE x 06o3HAUAETCH arcc:os X,
(c hzarxtzti'gi;? X =arccosy osHAYAeT, 4YTO y=cosx u xe<[0; n]

PopMyso#l X =arccosy KamIOMY SHAYEHHIO Y B3 TIPOMEKYT-
Ka [-1; 1] craBHTCA B COOTBETCTBHE AMHCTBEHEOR 3HAYeHUe X M3
npomeskyTka [0; n]. Tem cambim dopmyioit x = arccosy sagaerca
byrknmEa ¢ ofsacTeio oupeseneERs — npoMexxyrkom {-1; 1],
3hecCh J DACCMATDHMBASTCH KAK apTyMeHT (He3aBHCHMAA Nepe-
MeHHANA), & X — Kak PYHKOuA (3aBHcHMas nepeMerHan). Yrobrm
COXPAHHUTL OPHBEITHEIC 0G03HAYEHH, GYKEH X U y B sTOH dop-
MyJlé MeHAIOT MeCTAMH H IHIIYT J = arccos x.

I'pagur Qynryuu y=arccosx cummenipuven zpaury dynx-
yuu y=cosx ¢ obaacmovio onpedenenus [0; n] omuocumensno
npamol y=x (puc, 148). Hrak, eciu Touka M(a; b) nexmur ua
rpaguxe QyRxoum y=arccosx, To Toura N(b: ) DPHHEAJIeNMT
rpaduKy GyEkmmM y=cosx (xe[0; =)). (MoxassiBaerca, kax
AHANOrHIHOE yTBepP:KAGHME A HDyHKNAM Y = arcsin x.)

Iia PHCVHEKe 149 l"paq);m (1) —
VHEILTH =arece
. ¥ 08 X HBOﬁp&JReH

Teopema (o caoiicmeax pynryuu Y = arccosx).

1. O6racrs ompegenenns GyHEIMU y =a
= Arccos X — -
myrTok [-1; 1]. f =)

281 ‘

2. O6nacThb (MHOMECTBO) 3HaTeRHMH GYHKIHH ¥ = arccosy —
npomesxyrok [0; ©}.

3. OyHKOUSA ¥ = arccosx He ABAACTCA nepuogMyuecKolf.

4. Haumennimee sHauenwe y=0 ¢yExnua py=arccosx
npurnMaer B Touke x = 1, Haubonbinee sadenne y = 1 QyHR-
IHMA ¥ = Arccos X NPHENMAET B TOUKE X = -1.

5. Hynem GYHKIUHE ¥ = arccosx ABAAeTCA 3HAYEHHE apry-
MeHTa x = 1.

6. OYHKOHA Yy =Aarccos¥ OTPHLATENbHEIX spavYeEHk He
NPUHHMAET, TOJOKUTENLHEE 3HAUCHAS MPUHAMAGT HA NPO-
mexyTie [-1; 1).

7. ODYyHKUMA I = arccos X He ABIACTCA HedeTHON B He AB-

lisercd deTHON.
8. OyHKOUA y=arccosx yGmBaiomas B ofaacTh ompefne-

JcHHA.

DyHKONY i = arcsinx I y = arccosx

IIpoBeAuTe AOKA3ATENBCTBO CAMOCTOATENHHO, OPUEHTHPYHACH
Ha TO, KAK HOKASHIBAIOTCH AHANOIMUHbLIE CBOUCTBA A1 QPYHKILNH

APKCHHYC.
Ipumep 1. Haittn mauMensiiee A HANGONbIIee 3HATEHUA

BEIpaXKenns an
aI'CCOBx - To

Pemenne. B ofracrm ompeaenenus (5a npomesryrxe [-1; 1))
GYHKIAA Y = arcCOS X MMEeT HAYMeHbillee JHATeHNHE 0 u sanbosan-

mee sEAYCHHE N, 3HAYNT, HAMMEHLIIAM 3HAYCHHEM BEID&HEHHNA

arccosx — Lo HBAASTCA YHCIO -'?'21 = —3—;', a HauOO/MLLUIUM 3HA-

2
YyeHRmeM — 9HCJO 1:—%’5=-%.

OrpeT: '-"823 — HauMeHbLIIee IHAYSHHE;

—% — nanBonnhree 3HAYCHAE.

Mpamep 2. Hzobpasuts rpadur PyHKnmn:
a) y = cos(arccosx);

6) y=|arccos x-1
B) y =arccos(|x| -1},

+
¥
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i ]y‘_,_ [ 1'_' Pemenue.
1, { R \ L a) PaBeHCTBO Yy =cos(arccosx) pas-
I ] | _‘ HOCHJIBHO CHCTeMe
— 13 ;
b b 8 N y=x,
[ | {xe[—l; 1].
x l Takum obpaszom, wmzobparkeHnem
|

L rpaduka faHHON (QYHKIIUU ABISETCHA
|| OTpesoK mpsAMoii y = x (puc. 150).
| | 6) Crauana  usobpasum  Tpa-
Pcs: 150 duk byHKIHH y=arccosx —1
(puc. 151), a sarem rpapux GyHKIHH
y =|arccos x—1| (puc. 152).
B) Crmauana msobpasum rpagpuk ¢yHKuum y=arccos(x—1)
(puc. 153), a sarem rpadpur GyHKIHE Y= a.rccos({x[—l]
(puc. 154).

[l [T lwh 1 [ T1]

_ y Flarecosy —|1]
=1 =1

—
=
R

o
el

I
[SE]
ndjA

: L1/
‘ - V|
ol [ 1]}« (e i lol [ hl l2

Puc. 153 Puc. 154

Ry
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IMMpumep 3. Pemure ypaBHeHME!:
a) arcsin(3x + 5) = 0; 0) arccos (% - 4] =T.

Pemenue. a) Hynem dyakuuu y =arcsinu asasercs u =0.
IIpu u =3x + 5 umeem 3x + 5 =0, orkyAa xzm—g.

0) 3HaueHWe y=7 QYHKIKUA Y =Aarccosu DpPUHAMAET B TOU-
Ke u=-1, moaromy npu u= —;i -4 nonydaem -;— - 4=-1, oTkyzna
x=9,.

Orser: a) —2; 0) 9.

IIpumep 4. Peuruter HepaBeHCTBO!

2x 21

0) arccos (? - 4) = 3

Pemenue. a)Cnoco6 1. Ilycrs 2x+1=u. Haobpasum B
OJHOM CHCTeMe KoopauHaT rpadu-

a) arcsin(2x+1) < %;

ki OQyHKMi y=arcsinu u Y=g
(puc. 155). OHH mnepecekawTCs B

Touke M (g, %) HepaseHncrsa
—-;—éarcsinu <% u -1<u <% paB-

"HocunbHBl. IlozcTaBisasa B mocienHee

HepaBeHCTBO u =2x+1 u pemas ero
OTHOCHUTEJIBHO X, MOJyJyaem:

J3 o1
—1€x<7—§.
OrBer: [—1; ﬁ;—z)

E“Z] Cnoco6 2. Tlo yenosuio umeem arcsin(2x +1) < -;-, T. €.

—% <aresin(2x +1) < %
910 HEPaBEHCTBO PABHOCHJILHO HEPaBEHCTBY
sin(—7) < sin(aresin(2x +1)) <sinZ,

HOCKONBKY (YHKIMA CHHYC BO3pPACTAOLIAd Ha IPOMEXYTKe
m, T

[*2’ 2/
Pemnasa mocjegHee HEPABEHCTBO, MOJIydaeM:

-1$2x+1<i2?l, T.e. —-1<x< "34'2.
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Pemure caMocTOATE/IBHO HepaBeH- |
crBo 0) cmocobom 1 m cmocobom 2, T
HuCnoib3ysa pucHoxk 156 (cm. pemie- 2n
HHE a)). F%"—----:f-
OTBerT: [%; %] 2
r g’ 1. Yro o3HavaeT paBeHCTBO:
_.J ' a) x = arcsiny;
. 6) x = arccosy? g 1 u
2. Iloxakure, urorpaduxn Qysk- Puc. 156

IU# Yy =arccosx u Y =CcosXx

(x€[0; n]) ch*MMeTPHYHBI OTHOCHTEJIEHO IIPAMOM ¥y = X.
3. ChopmynupyiiTe TeopeMy 0 cBOMCTBAX (PYHKIIMH:

a) y = arcsin x; 6) y = arccos x.
4. loka:xkure cBoiicTBa PYHKIIHH:

a) y = arcsin x; 6) y = arccos x.

YnpamHeHHUn

5 3n 3 V6 x _x n oz J3
3.96°. Cpenu uucen By T TaE TR Tgr R I g \[?:,
5n

3 J5, —ii VKa)KnTe Te, KOTOPbIe MOTYT OBITh 3HAUEHH A~
MM BLIDAKEHHA:

1) arcsinb; 2) arccosb.

Yraxute obnacts onpegeneHus u ob6jacTh (MHOMKECTBO) 3HAYe-
it bysaxuun [ (3.97—3.98).
3.97°.1) f(x) = arcsin3x;

3) f(x)=arccos(-5x);

5) f(x)=arcsin (—.’.2".);

2) f(x)=arccos2x;
4) f(x)=arcsin(-3x);

6) f(x) =arccos (- X);

) f(x)= .‘.’chcos(—%i + 1]; 8) f(x)= arcsin(--’z-‘- - 3):

6

9) f(x)= arcsin%; 10) f(x)=arccos .

3.98. 1) f(x)=arcsin NPT
3) f(x)=+/arcsinx;

5) f(x)= g —aresinx;

2) f(x)=arccos J=x;
4) f(x)=+arccosx;

6) f(x)=m - arccos x.

MyHKIUHN § = arcsinx u y = arccos x 2356

3.99°. UmeeT Jin CMEBIC BbhIpaKeHUe:

1) arcsin J2; 2) arccos(\/g —1)2;
3) arccos -325; 4) arcsiny/n—2;

4 4
i a a +1
5) arcsin——; 6) arccos —;—?
a +1 a

3.100. Vxakure KOOpAMHATHl TOUYEK IepecedeHus ¢ ocsamu Ox
n Oy rpaduka QYHKIAHA:

1) y =arcsin(2 - 0,1x);
3) y =arccos(4 —0,2x);

2) y =arccos(0,6 - 12x);
4) y =arcsin(0,5 - 5x);

6) y = arccos(4x® —4x +1);
8) y = arccos(4x® + 4x +1).

S y= arcsin(x? + 2x + 1);
7) y = arcsin(x”® — 2x +1);

3.101. KaxkomMy u3 YMCJIOBBIX IPOMEKYTKOB (~%; 0); (0; %],
{-;—; n) NPUHAMIEIKUT KakJoe M3 dYHcen arcsinb u

arccosh, ecnu b paBHO:

. . _2, _ =,

1) -0,48; 2) 75 3) \J/;
4) %; 5) 0,95; 6) 1?

3.102. Pacnosoxure B IOpPAAKe BO3PACTAHUSA YMCIA:
1) arcsin%; arcsin(——g—); arcsini;

2) arcsin%; arcsin(-0,6); arcsin0,9;

3) arccos0; arccos(-0,7); arccos(—g]:

4) arccosg“—; arccos(-0,5); arccos(-0,9).
3.103°. YcraHoBuTe, Y4eTHOM UJIN HEYETHOU sABaAeTcA QyHKIMA [

arccos| x|

1) 1) =sinx + 5o 2) f(x) = tgx — orecosl¥

arcsinx ’
3) f(x)=arcsinx +4arcsin2x;
4) f(x)=arcsinx arcsin2x;

5) f(x) = arcsin® x + sinxarcsin 2x;

6) f(x) = Varcsin® x +4arccos| x .
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3.104°. ®yukuua 3agaHa dopwmyioit y=f(x)Ha MHOxecTBe D.

3.105%.

3.106.

3.107.

VrkarkuTe AJ1A Hee: a) HAMMeHbIllee 3HaYeHue; 0) HAHOOJIL-
Ilee 3HAYEHHE; B) MPOMEKYTKH BO3PACTAHHA; I') IIpoMe-
JKYTKM YOBIBAHMSA; 7)) IMPOMEXYTKH 3HAKOIOCTOSHCTBA,
rae y < 0; e) IpoMeXXyTKM 3HAKOIIOCTOAHCTBA, rae y > 0;
JK) HYJH, ecnu:

1) f(x)=arcsinx,

D
2) f(x)=arccosx, D= [_%; 0};

8) f(x) =arccosx, D=[-1; 1}
4) f(x) = aresinx, D=[-2; 2]
5) f(x)=arcsinx, D=|-2; 1]
6) f(x)=arccosx, D= [-l?_; :;2]

Hcenonbaya usobparkenus rpadukoB MyHKIUHN Y =arcsinx
u y =arccosx (cm. puc. 146, 149), maiigure npudiIuKeH-
HOe 3HaueHue (¢ TouHOoCcThIO A0 0,1) BEIpasKeHUA:

2) arccos0,8;
4) arcsin(-0,7).

1) aresin0,4;
3) arccos(-0,2);

Pemure ypaBHeHue:

1) arcsin(1-2x)=—2;

3 2) arccos(3 —6x)=m;

3) arccos(15-2x—x%) = —;5; 4) arcsin(x® +10x-23) = %;
5) arcsin(x®-10x+9)=0; 6) arccos(x® +14x+12)=0;
7) arccos(12x+1) = —-%; 8) arcsin(10x-6)=m.

Hcnonwsadyss usobpaskenusa  rpapuxkoB  GQyHKIUH

y=arcsinx u y=arccosx (cm.puc. 146, 149), pemmure
npubian:kerHo (¢ Tounocteo go 0,1) ypaBHeHMe:

< 3
1) arcsinx =&; 2) arccosx:%“;

8 »
3) arccosx = %; 4) arcsinx = —%;

5) arcsinx =1,5;
7) arccosx = 2;

6) arccosx = 2,8;
8) arcsinx=1.

DYHKIMM Y = arcsinx u y = arccosx
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Pemwure nepasenctso (3.108—3.110).

3.108. 1) arcsin(x+1)<0;
3) arccos(x—-12) = m;

5) arccos(6x—1) = 12‘-;

3.109*. 1) arcsinx > 0,3;
3) arcsinx = —1,5;
9) arcsinx < 2;
T) arccosx > 0,2;
9) arccosx < 3;
11) arccosx < 4;

3.110%. 1) arcsinx < *;
3) arccosx > 2—“;
5) arcsinx > &;
7) arccosx < %’E;

3.111%, [Ipn KaKUX 3HAYEHHUAX P

4) arcsinx = —

8) arcsinx < —

2) arccos(x+10) < 0;
4) arcsin(4x-2) > —%;

6) arcsin(5—-4x) > ~-’25.

2) arcsinx < -0,7;
4) arcsinx <1,2;
6) arcsinx > 2;

8) arccosx <0,8;
10) arccosx = 1,6;
12) arccosx > 4.

2) arccosx < *;

.
§$

b1
6) arccosx = 3

L]
6

CYIIECTBYIOT TaKWe 3Ha4YeHNsd

X, IIPH KOTOPBIX 6}?11,8'[' BEePHBIM PaBEHCTBO:

1) arcsin® x = p;

3) arccosx=—-p—m;

G ey B
5) arcsinx % A

2) |arccosx|= p;

4) arcsinx = p + %;

6) arccosx = E:’)’i?

Nzo6pasuTte rpabukr dyaroun (3.112—3.114).

3.112. 1) y=-arcsinx;
3) y =arccos(—x);
5) y =2arcsinx;

TNij= arccos%;

2
3) y=3arccos(2x - 6)+ 3;

3.113%. 1) y =2&rcsin(£ + %] -1,5;

2) y=—arccosx;
4) y =arcsin(—x);
6)y= %arccosx;

8)y= arcsin%.
2) y= —2arccos(-’2-‘- +1)+3;

4) y=—4arcsin(3x-1)+1.
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3.114*. 1) y=arcsin|x}; 2) y = arccos|x;
4) y =—aresin|x|;
6) y=|0,5arccosx —1f;

8)y =|-g~arcsin(2x +4) - l'.

5) y=|0,5aresinx -1[;
D y=|3

A 3.9. Oysrnun y = arctgx u y=arcctgx
Pacemorpum dyuxnuio y = tg x. B o6nactu onpeaeneans arolt
byEKknuE y=tgx ecTh TaKwe NDPOMEXKYTKH, HA KOTODHIX OHA

DPUHAMAET KaXKI0e 3HAYCHHE N3 MHOMECTBA AeiCTBHTEALHBIX

yucel poBHO ofmH pas. Hanpumep, ma npoMesxyTtke (-— E)

2!
pyEEIUA y = {g x BO3pACTAET OT —0C JIO +0a,
TaxknM 06pagoM, ecns PacCMATDHEBATH PYHKIHIO, 38JaHHYIO
tdopmynoit y=tgx, B obnacru on-
/¥ | pefieleHUA (—%; %) (pme. 157), o

y= ;gi KaiKAOMY 3HAYCHAIO Y B3 MHOKECT-
¥€[-3:3] Ba R coorBercteyer emumcrmen-
HOC 3HAUGHHME X M3 NPOMENKYT-

n_n
¥  Ka (—~2—; —2-), TaKoe, ure y=tgx.

[S1E]
(SR

HamoMHEHM, 4TO »T0 3HaUeHHe X
obosHauaeTca arcigy, a paBeBCTEO
Xx = arctgy o3Havuger, uTo y=tgx n

xe( —) (cM. . 2.8).

Dopmynoit x =arctgy KamA0My SHAYCHHIO ¥ B3 MHOMKECTBa
R cTaBHTCA B COOTBETCTBHE CAUHCTBEHHOE 3HAYEHHE X M3 IPO-

MEXKYTKA (_.g,; %) Tem caMmM GopMyaoft x=arctgy 3amaerca
byaRuUA ¢ ofaacThi0 OUOpeflefIeHKA — MHOMKECTBOM Beex meii-
CTBUTEJNBHEIX Uncea R. 3xech y paccCMATPUBAETCE KAK APTYMEHT
(HesaBuCHMasA DepeMeHHAN), & X — KaK QYHKIHS (3ABACAMAIA Tie-
perenHasn). UTo0bl COXPAHUTH TPUBRUHEE ofo3HATeANS, OYKBLL
X ¥ ¥ B 9T0il opMyNe MEHAIOT MecTaAMM M OHMYT ¥ = arctg x.
Tpagur Pynryuu y=arctgx cuMMempuien OMHOCHMENLHO
npamoi y=x epagury Pynxyuu y=tgx ¢ obracmosio onpedene-

HUR (—%; %) (puc. 158). Urak, ecan Touxa M(a; b) Aexur Ha

Pac, 157

e

PDyukuny y = arcigx u y =arcetgx 289

y= arctgx i

13
A )

b AANEN SN RS NAG RN A S EEN AT
Tt
I

u gl
T o
i S
1 .

&

Puc. 159
rpaduke hynxonnr y=arctgx, To Touka N(b; a) npuaasiexAT
rpapury GyHroun y=1igx (xe( 35 E)) (llorkazsiBaeTca, Kak

AHAJIOTAYHOE YTBEpAcHNE ANA GYHKOAHA y = arcsinx.)
Ha pucyake 159 rpadpur hynxnun y = arcig x nsobpaxen or-
OeJLHO.

Puc. 158

Teopema (0 ceolicmsax ¢pyrryuu y = arctg x).

1. OGnacTes ompegeneEHA GYHKOHAR Y = arctg‘x — MHO-
AECTBO BCeX AelicTBATENBHBIX uncen R.

2. O6nacTs (MHOXKECTBO) 3HAYCHMN GyHRINY I = arctg x —
TIPOMEMYTOK (—-;—; %)

3. Dyuxnusa y = arctgx He ABAgeTCH MEepHOAUUECKOI.

4. DyEROHA y = arctg X He IPUHUMAaET HA HANMEHBIIETO,
HY HauGoJboIero 3aHadeHni.

5. ©yaxnua y = arctg x nMeeT efHHCTBEHHHIH HYJb B TOY-
ke x=0.

8. ®yHrnua y=arctg ¥ OpEHEIMaeT OTPHNATENLHEIE 3HA-
deHHA HA MHTepBate (—co; 0) m monorATeIbHEIC 3HASCHHSA —
Ha pHTepRane (0; +co).

7. ®yERIUA ¥ = arctg X HeweTHas.

8. dyarouma y=arctgx Boapacraiomas B obiacTd omnpe-
AcHCHAA.

IIpoBeATE AOKAIATENLCTEO CAMOCTOATENLHO, OPHEHTHDPYACE
HA TO, KAK AOKA3LIBAIOTCA AHAJIOIHIHEIC CBOMCTEA ANA QYHRIOUK
ApKCHUHYC.
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vl PaccMorpum  dyEKDEI Y=
y=ctgx =ctgx. B obnacTm onpeneneHus
x€[0;®] byuknmmr y=ctgx ecTs TarRme
NPOMEKYTKH, HA KOTODHRIX OHA
MpAAAMaeT KaMAOe 3HAYeHHE N3
!; MHOMeCTBA feficTBATENEREIX uYH-
_ ¢eJ pOBHO oxmH pas. Hampumep,
\ Ha npomexyrxe (0; n) Pyuxnns
' Puc. 160 y = cigx yGrBaer or —co Jjo +o0.
Taxmm ofpaszoM, ecam paccMaT-
pHBATE GYHKOMIO, 3afaHHyI0 dopMynoil i = ctgx, B obaacTu on-
peaenennd (0; n) (pue. 160), To KakAOMY 3HAYEHHNK X H3 ITOTO
OPOMEKYTKA COOTBETCTBYET €AMHCTBEHHOE 3HAYCHHE J M3 MHO-
mxecTea B, HO N, HAOGOPOT, KAMKAOMY SHAYCHHIO J U3 MHOMKEC-
TBA R COOTBETCTBYeT eQWHCTBEHHOE SHAYEHHME X M3 IMPOMEeMYT-
Ka (0; n), Taxoe, yro y=cigx. HanoMuum, uT0 310 3Hauenne x
ofospavuaerca arccigy, a paBeHCTBO X =arccigy O3HAYAET, UTO
y=ctgx m xe(0; n).

Dopmyio# x = arcetgy KaXAOMY 3HAYEHMIO § M3 MPOMEKYT-
KA (—00; +00) CTABHTCA B COOTBETCTBHE ©QMHCTBOHHOE 2HAYCHHE
x u3 npomexyTka (0; n). Tem cambiM dopmyno¥t x=arccigy
3anaeTca QPYHKIHA € 00AaCTBIO ONPEAeACHHA — NPOMEKYTKOM
(—o00; +o0), T.e. MHOMECTBOM BCEX AeHCTBUTENbHBIX waucea R.
3pech y pacCMaTDHBAETCA KAK APTYMEHT (He3ABHCHMAA Iepe-
MEHHAA), & X — K4K PYHKIMA (3aBACMMAN NepeMeHHAH). Y To6H
COXPAHHTHb NPUBHYHEEE 0603HaueHus, GYKBK X u y B a1oil dop-
MyJle MeHAKIT MECTAMH M IIHINYT ¥ = arcctg x.

I'pagux dynrxyuu y=arcetgx cuMMemputer OMHOCUMERAbHO
npamoi y = x zpaury pyrxyuu y=ctgx ¢ obaacmoio onpedene-
rus (0; ) (puc. 161).

Ha pucymxe 162 rpadmk dyuxnonm y=arcetgx maobpasken
OTAENBHO,

Teopema (o ceoiicmeax gynryuu y = arcetg x).

1. Obnacrs onpememenus QyHKouu y=arcetgxy — MHO-
JKECTBO BCeX AeHCTBUTEALHRIX umcen R.

2. ObaacTs (MHOMKECTBO) 3HAYEHMIT DYHKIAR y = arcctgx —
muaTepBan (0; n). :

@yuknun y=arctgx U y =arcetgx _ 241

 m A

11T
9 8

;
R
IR rhidug s
flayt=-

L
Tt

L3 T
T

. . : . EI
i i Q s
Pnc. 162

Y
e S

3. Oyurnua y = arcetg x He ABATETCH MEepHOZHICCKON.

4. Oyurnua y=arcctgx He OpHHUMACT HH HAHMMERhIIE-
ro, 1 HauGONBLINETO 3HAYCHHHA,

b. ®ynrnua y = arcctg x He UMeeT Hyaed.

8. ®yuxuua y=arcctgx Bo Beeli ofnacTr onpemeneHns
OPHEHMAET TOJBKO MOJIOKATEIbENE SHAYCHHA.

7. ®yukoua y = arcctgx He ABNAETCH Y€THOH B He ABIA-
ercs HeueTHOMR.

8. dyrxumsa y = arcctgx yObrBalomas s ofnacTa onpene-
JAeHHA,

ioxasaTeLCTBO 2THX CBOMCTB MOJKHO IPOBECTH AHANOTHYHO
JIOKA3ATeNbCTBY CBOMCTB ANA MYHKIUK ADKCHHYC.

Onpenenenme. DYSEKHEA J=arcsiny, y=arccosx,
y=arcigx, y=arccigx BaIWBalOTCH OGPAMHUIMU MPUZO-
HOMEMPULECKUMU QYHRKYUAMU.

Hpumep 1. Pelourh ypaBHeHHe:

a) arcig(3x-8)=%;  6) arcetg(% -x)=0.

Pemenue. a) Mmeem arctg(5x - 8)=acrtgl, smaunr, 5x -
-8=1, oTRyZAa HAX0AUM X =g-.

6) Mimeem arcctg(%— n]= arcctgy, sHAUHT, 3—2"— -n=%, O

KYAa HAXONHM X =T,
Orset: 8) 1,8; 6) .
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7 ' ¥
%_ y=arctgu

T
T SL3
) "N y=3r

. 1
01 u i @
-1 lo

173
Puc. 164

x
2] Pnc. 163

IIpumep 2. Pemurs HepaBeHCTRO:
a) arctg($-5)<%;  6) arcctgBr+ <3,
Pemenmue. a) Cnoco6 1. Ilyers %-—5=u, roraa arctgu <%.

PaccMorprm Ha pucyHKe 163 usobpaskenus rpaduros Gyuk-

nuil y=arctgu u y=-. Onu nmepecexaiorca B Touke M (1 —)

Mu BEAMM, 9TO HepABEeHCTBA arctgu é —HU < 1 pasHOCHIBHEL.
Iogncrasasa B mocnaennee Bepanenc'rao u =—— 5 M pemas ero

OTHROCHTENBHO X, MOJYyYAeM:
%—5<1, OTKYyZa %46, T e x< 12,
OrseT: (—o0j 12].

Cnocot 2. TIo ycnoBuio nMeeM arctg(% - 5) < arctgl.

TTockonsky GYHKINA TAHrEHC BO3PACTAIOMIAA, TO AAHHOE
HEDABEHCTBO DABHOCHIBHO HEPABEHCTBY

%—5@1, oTKyZa x < 12,

6) PemuTe HepABEHCTBO KAMKALIM M3 ABYX CIIOCOGOB (CM. pe-

IIeHUe a)), HCHONAL3YA, HPH HeOBXOAMMOCTH, PUCYHOK 164.
OreeT: (-1; +00).

1. Hoxammure, uro rpadbuxu dpymkuuit y=arctgx n y=tgx

(x € (_E’ E)) CHMMETPHIAB OTHOCHTEALHO NpaMoll y = x.

2. Moxaxmre, 4ro rpadbuxy bymxouil y=arccigx o y=ctgx
(x €(0; 7)) cuMMeTPUYHLI OTHOCUTEABHO MPAMOMN ¥ = X.

@yaxnuy y =arctgx u y=arcctgx 243

3.115°,

3.116°.

3.117°,

3.118.

3.119.

8. CiopmynupyiiTe n SOKAKATE TEOPeMY O CBOHCTBAX PYHK-
OHE:

a) y =arctg x; 6) y=arcctg x.
4. Tlepeuncnmre ofpaTHEIE TPUTOHOMeTpHYeCKHe (yHKIUN.
anaxnenus
Cpenm wucen —2, , -1, 0 T 3% o 7

’ 5’ 15" 5
VKaKuTe TE, Ro'ropme uory'r 6BITh 3HAUEHHAMN BRIDA-
SKeHAA:

1) arctgb;
Haiinere sHaYeHUE BHIDAYKEHHA?

1) arctg(—x) + arcsin(-x) npu x =1;
2) arctg x + arcsinx npm x=-1;

3) arcctg x —arctgx ompu x=0;

4) arccosx —arcctgx npx x=0.

2) arcctgb.

Vixaxnre o61acTh onpefeNeHus K o6AacTs (MHOMKECTBO)

3Eadennii pynkoun f: vt

1) f(x) = aretg 2 5; 2) f(x) = arcetg 5=
B ) =aroctg(4- 2z ) fx)maretg(-5; +1)
5) f(x) =arctg "= 6) f(x)=arcotg—

7) f(x) = arcetg./x* - 16; 8) f(x) =arctg }ﬁ

OneHnTe 3EAYCHUA BBRIDAKEHHH:
1) %arctgzx-sn; 2) l.’aarci:g'3x+%1E

8) Barcctg3x+3;  4) Jarcctg2e-m

5) %" — 2arcctg x; 6) 3n— %arctgx.

VkaxnTe KOOPAMHATH TOUEK IepecedeHHA ¢ ocamu Ox
r Oy rpadpuxa Ppyaxuan:

1) y =arcctg(3x—/3)
3) y =arctg(x®~2x-3);

2) y =arctg(4x-3);
4) y = arcctg (x* + 3x + 2).



244

3.120°.

3.121.

3.122°,

3.123°.

Tpuronomerpuueckue pyHxuHn
KakoMy M3 YHCIOBBIX NPOMEIKYTKOB (~g; 0); (0; %),
n.
(E' rc] NPUHAJIEXKUT Kakoe U3 uyncen arctgb u arccetg b,
ecnu b paBHO:

1) -17; 2) -13; 3) —; 4) _%;
5) 0,36;  6)9,7; 7)41;  8)5J37?

Pacmonoskure B nopsnke y6hIBAHUA YUCIIA:
1) arctg 200; arctg(-10); arctg0,3m;

2) arctg bm; arctg 2,4; arctg (-8);

3) arcctg (—88); arcctg6,8; arcetg 19m;

4) arcctg 3m; arcctg(—3); arcetg (-2,1).
YeranoBHTe, YeTHON WM HEUETHON ABAAETCA DYHKIUA f:
1) f(x)=arctg x - Tarctg (—x);

2) f(x) =2arctg x — 2arctg x°;

3) f(x)=arctg®x+8cosx;

4) f(x) =arctg®x + (-4sinx)*;

5) f(x) = arctg x —5x"arcctg|x|;

6) f(x) = /arctg’x —6arcctg|x|.

®ysknuaA 3agaHa dopmysnoit y=f(x) Ha MHOcecTBe D.
YrakuTe Qa8 9TOU (DYHKIIUU:

a) HauMeHbIlee 3HaueHne; ) HanboJbilee 3HAUCHHE; B) IIPO-
MEKYTKH BO3PACTAHMA; ') IPOMEKYTKH YOBIBAaHWS; J) IIPO-
MEeXYTKH BHaKomocrosHceTBa, Tae Yy <0; e) mpomexyTru
3HAKOIOCTOSAHCTBA, TAe Yy > 0; K) HyId, ecnu:

1) f(x) = arctg x, D=[__\jl§.; 0);

2) f(x) = arcctg x, D:[o; \/§],
3) f(x) = arcctg x, D:[_\/ﬁ; \/5],

4) f(x)=al'ctgx, D:[—%; 71_5.];

5) f(x)=arcctgx, D= [_1; %]

3

6) f(x)=arctgx, D= [—ls‘i; 1].

dyurnouu y = arctgx u y =arcetgx 245

3.124.

3.125.

3.126.

Hcnons3ysa uszobparkeHus rpa)ukoB ¢yarnmit y = arctg x
u y = arcctg x (cm. puc. 159, 162), naiigure NPUOIHKEH-
Hoe (¢ TounocThio fo 0,1) 3HavYeHHe BBIDAKEHHUA:

1) arcctg1,5; 2) arctg 2,6;

3) arctg (-0,8); 4) arcctg(-1,8).

PemuTe ypaBHeHHE:

2) arcetg(x® +14x+12) = %;
4) arctg(x” +10x-23)=7;

1) arctg(x® —11x+10) = 0;
3) arcctg(16 —2x —x*) = 3

5) arctg(x? +8x+11]=-g; 6) arcctg(13—9x+x2)=%“;

7) arcctg(\/gx+6)=%‘; 8) arctg(Jﬁx—ﬁ):-%.

Hcmonbaysa nsobpanenns rpadukos byEKIuil y = arctg x
u y =arcctgx (cm. pue. 159, 162), perunre npubIHIKeH-
HO (¢ TounocThiO A0 0,1) ypaBHEeHHE:

1) arcetgx = g3 2) arctg x =—%;

4) arcctgx=2,4;
6) arctg x =0,4;
8) arcctgx =4.

3) arctgx=-1,2;
5) arcctg x =0,6;
7) arctg x = 2;

PemmuTre HepaBeHCTBO (3.127—3.128).

3.127.

3.128.

3.129.

2) arcetg(x+5) < m;
4) arctg(1-2x) > -%;

1) arctg(x+2) < 0;
3) arcctg(6—2x) < Z;

2
5) arctg(18 -12x) < %; 6) arcctg(4+4x) > %

1) arctg x < %; 2) arcctgx < %

3) arcctg(Tx+2) < %; 4) arctg(Tx+8) = —-;5;

5) arctg(8x-1)> -%; 6) arcctg (2x—5) < %5.
[Ipy Kakux BHAYEHUAX p CYIIECTBYIOT TaKue 3HAYE:
HHA X, IPH KOTOPLIX OyZeT BEPHLIM PaBeHCTBO:

2) arctgx = —E_

_p-01n,
1) arctgx-———p 3 TP
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3) arcetgx = P—;a—";

4 =P .
) arcetg x 715

8) arcctg®’x=—p-n?
Haobpasute rpadpuk dbysrnmu (3.130—3.132).
3.130. 1) y=-arctgx;
3) y = arcetg(-x);
5) y=2arctgx;

5) amtgex=p+~2’5;

2) y=-arcctgx;
4) y =arctg(-x);
6)y “—'% arcetg x;
7) y =arcetg 8x; 8) y = arctg%;
10) y = arctg(x -0,5).
2) y=arcctg(x+1);

- x, 1
4) y =2arctg(§ + 3)-1,5;

6)y= -2arcctg(% + 1) +3.

9 y=arctg(x+1);

3.131. 1) U= arctgx+2;
3) y =3arcctg(2x - 6)- 2;
5) y=-4arctg(2x - 4) + 1;

3.132. 1) y =arctg|x];
3) y = ~arcctg|x|;
5) y =|arcetgx—2[;

2) y = arcetg)|x|;
4) y =-arctg|x|;
6) y=|arctgx+1

3.10. Perenne ypasHenuit Buza sinx=a, cosx=gq

PaceMoTpuM pemenme mpocTeitmrmx TPHIOHOMETPHIECKAX |
ypaB"enulf sinx=qg u cosx =q. |

Cayvair 1. [a|>1, T.e.a<-1 wmm a>1,

Iipn Taxkux saaveHnax g YPABHEHHSA SinxX=qg w co8x=g He
HMEIOT PemeHAN (HOACHATE MOYeMYy).

Cryvali 2. a=0; |a|=1.

Ilpn Taxux snavenmax a nomyunm YPaBHeHHA, pelmeHHA KO-
TOPEIX HAM H3BECTHH, — OHH YKasaHH B Tafanie.

Baave-
Vpasrenne ¢ 4=0 a=-t a=1
sthx=g x=nn,neZ x=—§—+21m,ne2 x=%+2m, neZ
cosx=g x=%+nn, nez| X=f+2xn, neZ x=2nn,neZ

Pelense YpaBHeHRHR BHAa sinx=a, cosx=4a 247

Cayuaii 3. 0<|a|<1, T.e.-1<a<0mm 0<a<1.

Ilyers pna onpegsedensocTu () <a <1, Haiizem pemrenus
yPaABHEHHA Sinx =d.

Croco6 1 (¢ nomowbio mpuzoHOMeMpUReCKoz0 Kpyza).

Ha eauERyYHON OKpPYMKHOCTH

(puc. 165) ecrs aBe TouKE A, = 0313; <a1 e
A;,, OPAMHATH! KOTOPBIX PaBHHI 2
a — 3HaYeHHI® Sinx. ITH TOU- Agy Aoy
KA CHMMETPHYHH OTHOCHTEJILHO Gz
ocu Oy. Bee penrenus ypasEeEHa A, et Ay
sinx = ¢ MOXKHO 3alMCATE B BHAE: 0
x=a,+2nk, heZ, unnu
x=oy,4+2nm, meZ.
Puc. 165 |4-3

3
Hycrs ale[-%; %], aze[%; Tﬂ]

TIOCKONEKY O, € [—-;—; %] n sina; =4, To (M0 ompegenenuio
apKcmBEyca) o, = arcsina.

[TockoasKy TOUKA A,, CAMMETPUYHA TOUKE A,, OTHOCHTEABHO
ocm Oy, To 03 =1 - 0, =R — arcsina.

Taxum ofpasoM, pellleHHAMY YPaBHEHHA 8inx = @ ABJIRIOTCH

amea; x=arcsina + 2nk, ke Z, (1)

HIR X=7%-—arcsina +2mm, meZ. (2)

MoxHOo GHNI0 OH HA 3TOM H OCTAHOBHATbLCH, HO UAIle BCEro
9TH ABe IrpyOOM PeImeHAH ypABHEHUS Sinx =4 3a0HCLIBAIOT C
AOMOIIBI0 oAHON obimme#i dopMynn

x={(-1)Y'arcsina +nn, neZ. (3)
IIo dopmyne (3) npn n =2k, ke Z, moayunm
x=(-1)*arcsina + n+ 2k,
T, e, pemrennsa ypaBEenna u3 (1). IlIpx n=2m + 1, m € Z, noayuum
x=(-1)*"* arcsina + n(2m + 1),
T. e. peiteHna U3 (2).
Cnocof 2 (c nomouwbio zpaduros pynryuit).

B oxmoii cacTeMe KoopAMHAT u3o6pasuM rpadpukm QyHK-
npit y =sinx 1 y =a (puc. 166). PemeRuaMu ypaBHeHHA



sinx=a y
O<a<xl1
y=a 1 y=sinx

sinx=a (0<a < 1) 6yayr abCHMCCH TOYEK IepeceueHHS rpadu-
KOB PyHK1MIT ¥ =sinx u y =a. Hexoroprie U3 HEX OTMeqYeHH Ha
pucynke 166 (sro Touxm x,, X,, X3, X4 X5, Xo)
Pemennsa, oTMeYeHHBI® HA PHCYHKE KDECTHKAMH, MOMXKHO 3a-
nmeats Qopmyaok (1) (moscEMTe novemy):
x=x3+2nk=arcsinag + 2nk, ke Z.

Pemiennsa, orMeucHHRIe HA DHCYHKE TPEYTONLHUKAMM, MOMK-
HO 3amucaTe Gopmynoh (2) (moscHHTE mOUEMYy):

x=x4+2nm=n-arcsinag + 2nm, me Z.
Pemenua ypasseRMs sinx=g, 3anucaHHBIE STHMH XBYMA
bopmynamu, obbeauuaior B oAHY Gopmyy (3) (cM. cocoS 1).
Samucsy dopMysnl pemrenuii ypaBHeHHA sinx =a AAA cAyUAR

-1 < a <0 ocraerca rakoi xe — Qopmynamu (1) u (2) man dop-
myso# (3).

Ilpumep 1. PemnTe ypaBHenne

V2

ginx =<,
2

Pemenmne, llo popmyne (3) noayuaem:
J2

x=(—l)“arcsinT+ nn, neZ;

x=(-1 "%-Hm. neZ.
OrBeT: (-1)"—+1cn. nelZ.

Hpumep 2. Pewnts ypasnerEne

. x\__ 3
31n(2x+§)-?.
Pemenue. Ilo popmyne (8) nonyusem:

2x + % =(—1)“arcsin(—~‘é§) +nn, neZ;

Pemrenne ypaBHeHRH BHAA Sinx=4a, cO8X =0 249

2x = —% +(—1)"(—§) +7n, neZ;

__K i iR TR
x=-g+ ()" g+, neZ.

3pech pellleHUA BHIASAAT OPOINe, €CJAH HX 3ANKCATD ABYMA
dopuysaMu:
x=—-§+1tk npu n=2k, kcZ

x=125+1:k opu n=2k+1, keZ.

Orpem: —~—+1ck' +1:k keZ.
Pemum Temeps npu 0<a<1

ypaBHeHHe cosSX =a.
Cnoco6 1 (¢ nomowsio mpuzo- 0<8<0
HOMEMPUYECKOZ0 KDYZa).
Ha eaAMHBYHON OXDYXKHOCTH
(puc. 167) ects aABe TOUKHE A, M 4
A,,, abcnucenl KOTOPHIX DPABHH
a@ — 3HAYEHHIO COSX. OTH TO9-
KH CHMMETpMYHEI OTHOCHTENLHO
oce Ox. Bece pemeHnsa ypasHeHHdA
CO8X = 0 MOYKHO SAIHCATL B BHAE:

x=a,+2nk, keZ, una x =0, +2nm, mecZ.
Nycts o, €[0; n], a;[-n; 0]
IockonbKy o, € [0; ] 1 cosa, =a, To (Mo onpene.nenmo apK-
KOCHHYCH) o, = arccosda.
IockoabKy TOUKA A,, CHMMOTPHYHA TOUKe A,, OTHOCHTEJIBHO
ocn Ox, TO 05 = —0t) = —ATrCCO8 Q.
TaxuM 00pasoM, PellleHUAMHE YPaBHEHHA COSX =@ ABIAIOTCA

uncaa: x=arccosa + 2nk, ke Z, 4)

Paec. 1687

anm
=-—arccosa + 2nm, meZ. (5)

9T ABe rpyunsl pemeHHit o0HUYHO 3aMUCHIBAIOT oAHOH (op-

moik:
My x =ztarccosa + 2nn, neZ. ®)
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cosx=a v
O<a<l
N /Zl L~ Y=a
P\ N/ S ) NS4 S——
X1 7 x2 O X3 i xg 20 x5 *
Puc. 168 -1 Y = COSX

| Cnoco6 2 (¢ nomouwgsio epaduroe Qyrryuit).

@J B ozxmoii cucreMe KoopauHaT m3oGpasuM rpadurnm byHK-
unfl y=cosx u y=a (puc. 168). PemeHnamMy ypaBHeHUA

cosx =a (0 <g <1) 6yayr abcouccH ToYeK mepecedeHns rpadu-
KoB GyHKIMH y=cosx U y=a. HekoToprle H3 HUX OTMeYeHK Ha
pucynke 168 (a10 TOuKH x,, X5, X3, X4 Xj).

Penrenns, oTMeueHHEIe HA PUCYHKE KPECTUKAMH, MOMHO 3a-
nucartk dopmMysioi (4) (moacHUTE HoueMy):

X =Xx4+ 2nk=arccosa+2nk, ke Z.

Pemenusa, oTMeuerHbBIe HA PHCYHKE TPeYrOALHMKAMH, MOM-
HO aanucarh dpopmynoit (5) (moacEETe mModYeMy):
X=2x,+2nm =-arccosa + 2nm, meZ.

Pemienna ypasBHeHMA COSX =&, SANNCAHMEIE 3THMH JAByMs
tdbopuynamu, obberEAIT B 0AHY bopmyay (6) (cm. cmocob 1).
Sammcek GopMyaLl pemieHU YPaBHEHMS COSX =4 ANS caydasd
-1 <a <0 ocraerca Taxoit ke — dopmynamu (4) u (5) mim dop-
myaoi (6).
Opramep 3. Pemtnts ypaBHeRHe

8

cosXx = 2
Ha npoMeskyTke [-3m; 2n].
Pemenrnue. Ilo dopmyme (6) momyunm:
Js

x=tarccos~— +2nn, neZ:
x=i—e—+2nn, neZ,

IIpu ne{-1; 0; 1} monyynmm pemeHHS H3 NPOMEXKYTKA
[-3n; 2n]:

il

Pemenne ypgsneznﬂ BHAA sinx=a, cosx=a
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INpumep 4. Pemintsh ypapHeHHe
M _1
coa(Sx—-I)-—z.
Pemenne. Ilo dopmyne (6) monyunm:

1
__u-—-l- —_—— .
bx 1 _arccos( 2)+21m, HEZ,

5x-1=i( —£)+21m, neZ;

3
5x-——= —é"— +2nn, necZ; x—l:t +2—§“—, neZ.
OrBeT: :l:—+~2~;—", neZ.

1. Tpu KAKHMX 3HAYEHHAX ¢ ypapEeHHNe sinx =a (cosx = a) ge
nuteer pemenna? Ilovemy?

2. Pemure ypaBHeHme sinx =a {(cosx =a) npa: a=-1, a=0,
a=1,

3. HpounmocTpupyiiTe pemeRne YpaBHeHHA
(cosx = @) HAa TPUTOHOMETPHYECKOM KPYTe, eCJu:

sinx=a

a)-1<a<0; 6)0<a<l; B) 6=-0,7;
r)a=1,3; 5 a=-3.
4. IlpounmocTpupyiiTe pemenme YpapHeHNA ginx=a

(cosx =a) ¢ nomompio rpaduron dysknuil, ecan:

a)-1<a<0; 6)0<a<l; B) a=-0,T;
rya=1,3; 1 a =—-’25.
YunpaxHEeHHA

3.133. ViaxuTe Ha eAUBWYHON OKPYKHOCTHE TOYKH, COOTBET-
CTRYIOIINE THCIAM:

1)(-—-1)J|P +nk, keZ; 2)(—1)"—-+1tk neZ;

3)i§+21m, neZ; 4):!:-I+2nk, keZ,

Peinere ypasrenue (3.134-—3.138).

8.134°, 1) sinx(sinx ~1)(cosx +1)=0;
3) cosx(ginx + 1)(cosx - 1) =03

2) (sin® x-1)cos’ x =0;
4) (cos® x~1)sin’ x=0.
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3.135°. 1) sinx= %;
3) sindx = —%;
5) sin(x = g) - —%;

3.136. 1) sin5x=—%;

3) 5sin(x + ) =9;

Tpuronomerpuueckue dynxuun

=
2) sinx = L22—;
4)sin¥ =32,

6) sm(x + —;—): —"2(3
2)51113:3

4) 3sin(x—§):—7.

3.137. Pemmre ypaBHeHuwe u3 ympaskHenua 3.136 na npome-

KYTKe:

a) [__2_’ ?J 6) [-m; 3x].
3.138°. Pemure ypaBHeHHUeE:
i V2,
1) cosx 3 2) cosx——z—
3) cosdx = —%; 4) cos% "22 -
n\_ 3. N
5) cos(x——a-)——T, 6) cos(x+6) 5
3.139. Pemnre ypaBHeHume uM3 ynpakuenus 3.138 Ha IpomMe-
HYTKE:
-5 5 6 -2m 3.
3.140. PemuTte ypaBHeHUe:
B 2x _1,
1) cosTx= 9’ 2) cos - 7 =8

3) 5cos(x+ ) 13;

4) 3cos(x - Z) =-7.

3.141. Haitgure HauGOMBIINI OTPHIATENLHBIH W HAMMEHBIINI
TIOJIOKUTENbHBI KOPHU YPaBHEHHA:

1) 2sin(5x-2)=1;
3) 2cos(3x—2)=2;

5) V2sin(4x +1)=-1;
7) V2 cos(2x 1) =—1;

2) 2cos(4x+1)=-1
4) 2sin(3x-1)=-1;
6) 2cos(3x —2)=/3;
8) 2sin(2x + 3) =—/3.

3.142. Haifigute KOpPHU ypaBHEHHS, YAOBJIETBOPAIOIIHE YCJIO-

B a < x < b:

Pemenue ypaBHeHH# BHJa sinx=a, cosx=a 253 N

3.143.

3.144.

3.145.

1)2sm(2nx——) +/3 = 0, ecima=1, b=4;
2)2811'!(21‘(.15—*—) -1=0, ecnina=-3, b=1;
3) Jﬁcos(an——g)+1=0, ecnu a=2, b=4;
4) 2cos(21tx+%)—\/§=0, ecim a=-1, b=2.

Pemure Ha npomMeskyTKe I ypaBHeHHe:
an, w

1) 4sinxcosx++/3 =0, ecnu I =[_?; =b

2) sin? 2 —cos® 2 = ‘J{E,ecnnf [ 2,—@]

3 3 2
3) cos6xcosdx +sinbxsindx =3, ecmn I=(-F; n];
4) sin5xcos2x —cosbxsin2x =—3, ecmn I =(-%; 115);
5) sin(3x+%)+s’1n(3x—%)=_i%’ ecmu I=(-%; 5]
6) Cos(%—%)+cos[§+%)=1, ecau I=[—-i—“; %")

VraxuTe Kakuve-HuOyJbh OPOMEXXYTKH 3HA4YEeHHH Ilepe-

MEeHHOM X, Ha KOTOPBIX KasKJ0e U3 ypaBHeHUH sinx —%

U COSX :% HMeeT POBHO IO { KOpHei, ecJu:

1) t=3; 2)t=2; 3)t=1 4) t=4.
Ha npomesxyTke:

a) [m; 32; 6) [3%; 2n; 5) [~ 3x]}

r) [-n; 2x]; n [-2; 3] e) [1; 5]
VKasKHUTe YHUCJIO KOPHEeH YpaBHEHHA:

1) sinx=-0,76; 2) cosx =-0,23.

Pemnre ypasuenne (3.146—3.148).
3.146. 1) 2sin®x+5sinx+2=0;

2) 3cos®x+10cosx +3=0;

3) 2cosz(x——z~] —cos[x —%) -1=0;

4) 2sin2(x —g)+ 3sin(x - 7)+1=0;
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5) dsin’(2(3 + x)) - 2(V5 - V3) cos(2x — m) =4 - VI5;
6) 2cos”(5 — 3x) + (V5 - V2)sin(} (67 + x))=2-0,5V10.
S1478, 1) -8B .0 2) 20X _ _0;
) N ) N
3) sin2xV/4-x% =0; 4) (1-sin3x)V9-x% =0;

5) (sin%+0,5) V6+5x—x° =0;
6) (2sin % + V3)V8+7x-x* =0.

3.148+%. 1) (23inx - Jg)\f—cosx =0; 2)(2sinx+1)J-cosx =0;
3) (2cosx 4 \/E] J-sinx =0; 4) (2cosx - \fg) J=sinx =0.

3.149. 1)IIpum xakux 3HAYEHUAX 4 ypaBHEHHMe Sinx =a uMe-
er HauboJsibIIee KOJMYECTBO KOPHEH Ha IMPOMEeKYTKe

55

2)IIpn xakuxX 3HAYEHUSAX a ypaBHEHHE COSX=a HMe-
er HauOoJbIllee KOJHMYECTBO KOPHEH HA IPOMEKyTHKe

n, 4n
[‘E' 3 ]?
3.150. PemuTe ypaBHEHHE OTHOCHTEJBHO X:

1)sinx = i—;

2) cosx =% -1;
3) cosx = a’-1;

5) asin® x —cosx =0;

7) sin(arcsinx)=a®-1;

4)sinx=a’+1;
6) acos®x +sinx =0;
8) cos(arccosx)=a’+1.

3.11. Pemenue ypaBHeHHi# Buja tgx=a, ctgx=a

PaccMoTpuM pelreHHMe NIPOCTEHIIMX TPUIOHOMETPHUYECKHUX
ypaBHeHHU# tgx=a u ctgx =a.

OTH ypaBHEHHUS HMMEIOT PelleHus Npu Jio00M 3HAYEHWUU a,
TIOCKOJIBKY 00J1aCThI0 (MHOKECTBOM) 3HavYeHNH QyHKIuA y=tgx
u y=ctgx asnsaerca R.

Pentenne ypapHeHMit Buja tgx=a, ctgx=a 255
tgx=a vA
a=> 0 Mj Uy !

=Y

"‘\’."_.Xh
=2

T
E]
.

al B

(ME]

y=tgx Puc. 169

MHoOKecTBa pelleHWH yKasaHHBIX ypaBHeHHi npu a =0 cos-
IagaroT CO MHOJKECTBOM HYyJIeHf COOTBETCTBYIOIIUX (YHKIIHHA

(cm. m. 3.9, 3.10). Peurennsamn ypasHeHus tgx =0 aBagoTcs
n
2
PaccMmoTpuM Terneps pellieHue ypaBHeHus tgx=a npu a=0 ¢

nmomMompio rpapuxkoB GyHKIMI,

Ilycrs nnsa onpenenennoctu a > (0. Uzo6pasus B 0HOM cucTe-
Me KOODAMHAT TAHTeHCOUAy y = tg x U MpaAMyIo iy = a, OTMETHUM Ha
ocyn Ox pemeHUs ypaBHeHHA tg€ X = a, OHU ABJIAIOTCA abcnuccamMmu
TOYEK IepecedeHUs TAHTeHCOUALI U NpAMOH y = a (puc. 169). Ha
PHCYHKEe OTMeYeHBLl HEKOTOPble M3 HUX — X, X3, X3, X4

PaccTosHMA MeXKAY COCeJHUMH peIIeHUAMH YPaBHEeHUs
tg x = a ofMHAKOBHI U PABHLI T — HAMMEHBIIEMY IOJIOKUTEJBHO-
My mepuony GYHKIUM TaHreHC. 3Has, uro abecnucca Touku M —
YHCJIO0 X,, paBHOE arctga (o6mscHUTE rMouyeMy mo pucyHKY 169),
M MCIIOJB3YA NEePpUOAUYHOCTh (DYHKIMM TaHI'eHC, 3alullieM Bce
pelleHus paccMaTPUBAEMOI'0 YPABHEHUA B BHIE

x=arctga+nn, neZ. (1)

x=2nk, keZ, a ypaBHeHns ctgx=0 — x=-+nn, neZ.

Pemenune ypaBeHeHua tgx=a npu a <0 srum e cnocobom
NIPOMJLIIOCTPUPOBAHO Ha pucyHKe 170. @opmyna (1) mumeer mecro
npu a0000M 3HAYEHHUH d.

IIpumep 1. PeminTs ypaBHeHHE

tgx =—/3.
Pemernwne. ITo opmyne (1) nonyuaem:

x=arctg{—\/§)+nn, neZ, x:uarctg\fgﬂm, nelZz;
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tgx=a |

a<0 y=tgx

-

= a

-—-‘*}

N]Fl
____4.?.':‘.

Q

(SIE]
*'”

'—-_\w"

®Yy

Ml

Puc. 170

xX=—5+mnn, neZ.

OTrsBer: —1:;-+7m, neZ.

Paccmorpum penrenve ypaBHeHHA ctgx=a npu a #0.
Cnoco6 1. Ilpu a #0 ypaBHeHue ctgx =a PaBHOCHJBLHO YpaB-

1
HBHHK)EE;=HL KOTOpOe MOMHO IpeaCcTaBUThL B BHIE tgxn=%.

ITo dopmyne (1) umeem

x:arctgzll—+nn, neZ.

Cnoco6 2. Pemenue ypapHeHUs Ctg X =a ¢ MCHOIbL30BAHM-
' eM rpad)uKoB (PYHKIMI IPUBOAUT K (opMyJIe

x=arcctga+nk, keZ. (2)

IIpoBenuTe HEOOXOAUMEIE PACCYKIAEHUSA CAMOCTOATENbHO.
IIpumep 2. PeminTh ypaBHEHUE
1
ctgx = vk
Pemenue. Cnocob 1. lasHOe ypaBHEHHE PABHOCHJILHO YpaB-
HeHHIO tgx= —\/E.
ITo dopmyne (1) monyuaem

x=—3:;—+ nk, keZ.
OTBeT: —%-ﬁ- nk, keZ.

Cnoco6 2. Ilo ¢opmyne (2) monyuaem:

AN
- x= arcctg(—%) +nn, neZ;

Pemenne ypaBHeHHi Buja tgx=a, ctgx=a 257
=7 — 1 ;
xX=m arcctg£+nn, neZz;

b4
X=n—5+nn, neZz;

x:%ﬁ+nn, neZ.

2n

3
IlosicauTe, nouemy GopMyJsibl X = —% +nk,keZ,n x =2—3ﬁ +nn,

OTrBerT: +nn, neZ.

neZ, onpefesasOT OJHO W TO Xe MHOXECTBO pelleHull ypaBHe-
1
HUA ctgx=—F.
b=l
IIpumep 3. Pemurs ypaBHeHHE
ctg(3x+%ﬂ)=—\[§.

Pemenne. YuuTeiBad IIepHOJUYHOCTE (YHKIHH Yy =ctgu,

noJiyuaem: ctg(ax " %) B

b

2
~tg3x= —\[5; tg3x = \/ﬁ;

¢ MMOCKOJIBKY ctg(u+ )=—tg0r., TO UMeeM: ¢

3x=arctg~./§+rm, neZ;
=R 1
x=g+3 neZ.

Orser: ~+™ nelZ.

9 37
‘, 1. Ilpn xakux 3HAYEeHHUAX a ypaBHeHue tgx=a (ctgx=a) ne
_.J UMeeT pemeHuni?
2. Pemure ypaBHeHHe tg X =a (ctg x = @) ¥ IPOMIIIOCTPHPYH-
Te ero peleHue, HCIOJb3YA IrpaduK QYHKIUH, IPHU:
a) a > 0; 6) a<0;
rya="17; n) a=-5.

B) a=0;

3. Pemure ypaBHeHHe tg x = a (ctg x = a) ¥ NpOMILIIOCTPUPYH-
Te ero pelleHue ¢ MOMOIbI0 TPUIOHOMETPHYECKOro Kpyra
M JMHWAYM TAHI'eHCOB (KOTAHT@HCOB) IIPH PA3HBIX 3HAYEHH-
ax a (cMm. 3aganue 2).

4, Kak M0HO pemiaTs ypaBHeHue ctgx=a?

17 Anrefipa, 11 %a. .
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YupaxkuaeHnusn

3.151°. ¥rakuTe Ha €NUHMUUYHON OKPYKHOCTH TOYKH, COOTBET-

CTBYIOII[E YMCJIAM:

1) %+nk, keZ; 2) %+nk, neZ;

3) —X4+nn, neZ;

: 4}"’;—“+:rrk, keZ.

Pemure ypaBuenue (3.152—3.153).

3.152¢°,

3.153°,

3.154.

3.155.

3.156.

1) tgxtg(bx-1tg(x+1)=0;
2) tg’xtg(x-1)tg(2+x)=0;
3) ctg’(4-8x)tg*(8-x)=0;

4) ctg®(6x—1)ctg*x = 0;

5) ctg2x(2+sin3x)=0;

7) tg4x(-2-cos3x)=0;

6) ctg 3x(3+cosbx)=0;
8) tg%(—4—sin2x) =0.
2)ctgx = Jg;
5)tgdx=-1;

—._:!'__.0
1) tgx=—75;
x /3.

7 tg(x-5)=-1L

3) ctgdx=-1;
6) ctg X =—/3;
8) ctg(x + %)=1.

Pemnre ypaBHeHWe u3 ynpakHeHus 3.153 mHa npome-
KYTKe:

0 (55 %)

Hai#igure Hanboapiinii oTpHUIlaTeNbHBI U HaUMEHBIIHA
TIOJIOXKUTETbHBIH KOPHN YPABHEHU!

1) J3tg(5x—2)=3; 2) 3ctg(3x —1)=—/3;
3) ctg(dx+1)=-1; 4) J/3tg(2x+3)=-1.

Haiigute KOpPHM ypaBHEHMHA, V/OBJETBOPHIOINIAE YCJIO-
BUIO a < x < b:

1)3tg(2nx———) B =0, eciua=1, b=4;

6) (—m; 4n).

Z)J_tg(ZRx——) 1=0, eciu a=-2, b=1;

Pemenue ypaBHeHH# Buja tgx=a, ctgx=a 259

3.157.

3.158.

3.159.

3)\/_ctg(n:x+ )+1 0, ectu a=-2, b=3;

4)3ctg(3nx——) J3=0, ecrma=-1, b=1.

PemuTe ypaBHeHHe Ha MpoMeKyTKe I:

2tgx m\.
Do +J3=0, ecnut I = ( 3 2]

1-ctg’x 3 _ _(_3x. =,
2) = 2ctgx 3 =0, ecam I*( 2 2]’
ctgbxetg8x +1 = L_)
3) ctghx — ctg8x +1=0, ecm I“( 6’ 6

tg3x — tghx

n, 11rn
) T+ igantgse — b e I= ( 6’ )

6 /)

.
5) 73“1(3 x) :~%, ec/Iu I:(-%; %]’
1+cos(3 4x)
L) '
6)1+cos(6+ x]:‘\/g, _— [:[*1_17125; -1_1?22]

sin( ™+ 2x
s

VikauTe Kakue-HUOYIL I[POMEKYTKH 3HAUEHUH Iie-
peMeHHOH X, Ha KOTOPBIX Ka)k/joe M3 YypaBHeHHH

a) tgx=—% u 6) ctgx=-4 uMeer POBHO IO m KOpHeIl,

ecyau:

1) m=4; 2ym=1; 3y m=2; 4) m=3.
Ha KaIoM U3 IPOMEKYTKOB!

ol ol w[5)

r) [n; 2n]; n) [-2; 3] e) [1; 5]
VKaXUTe YMCJI0 KOPHeH ypaBHEHUS:

1) tgx=13,2; 2) ctgx=8,3.

Pemure ypasaenue (3.160—3.161).

3.160.

1) tg” 55500 = 10 000;

2 X o "

“
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3) ctgsmﬂ 000000;  4) tg° ;= =1000;
5) 3tg’x-1=0; 6)1-3ctg’x=
7) 2ctg’x+3etgx-2=0; .8 2tg’x +tgx—6=0.
3.161. 1)%&% 0; _ )‘\‘f"{’:x‘c 0;
S
4)3%‘%-@#“ o

3.162*.1) Ilpn kKaKkPX 3HAYEHMAX ¢ ypaBHEeHme ctg'x—(a+
+2)ctg’x—(a+3)=0 umeer pemenue?
2) Ilpn Kaxux SHAUYeHUSAX a@ ypaBhenme tgix-—(a+
+Dtg’x—(a+2)=0 nmeer pemenme?

8.163*. Pemure oTHOCHTENLHO X ypaBHeHMTe:

tgx-a_  2a . a—l )
1) a tgx a’ 2) tgx =2
3)|tgx+~tE;—3 =g-8; - 4)|tgx+-tg—x—2‘=a—1.

3.12. TpuronoMeTpHIecKHe YPAaBHCHKRA

Pemenne pazHoofpasHHX TPHETOHOMETPUYECKHX YpaBHEHWH
€ NMOMOIIBI0 NMpeobpasoBaHmil TPUTOHOMETPHYECKHX BHIPAKEHHI
CBOAMTCA K pellieHAIo mpocTedInAx ypaBHeHWit,

PaccMOTPHM HeCKONABKO IPUMEpPOB.

INpumep 1. Penmrs ypapHeHUe:

a) (3cosx+6)(28in8x-2)=0; 6) sinbx =sin 3x.

Pemenne. a) Ilponsseenue papHO HYJIO TOTHA ¥ TOABKO
TOTAA, KOrAa Xorda 6nl oHH W3 COMHOMHTeNeit paBeH HYNIO, a
OCTANbHEIE NIPH 2TOM HMEIOT cMuIch, JdaHHOe ypaBHeHHe paBRO-
CHJALHO COBOKYIIHOCTH ABYX YPaBHEHHI:

3cosx+6=0 ~ T 1

26in8x-2=0. 2)

- 261 J

Vpaseenue (1) pemenmit He uMeer (MOACHATE NMOYEMY).
K3 ypaBHeHnd (2) moxy4anm:
sindx=1;

_ &, 2rk
x=3 3,keZ.

_’!‘pnronome'rpmecme YpaBHeHUR

6) Ypasrenne sin 6x — sin 3x = 0, nenonb3ys GopMyay CHEYCA
ABOHOIO APTryMeHTa, NIpHBeAeM K BHIY
28in8x cos3x ~s8in3x = 0.

Penraa ero, moaydaem:
gin3x (2cos3x-1)=0;

sin8x =0 aan 0033x=%;

x= 3, neZ, iaA X = i-—+— keZ.

OTseT: a)% , keZ; 6) 2, neZ; tg +gﬁ keZ.

Mprmep 2. PemmTh ypanHeHne
cosbx -4cosTx cosdx=3-2cosllx.
Pemenne. Henoneaya GopMyns

coso cosf= (oos(a+|3)+eos(a By ml+cosa= 2cos® 2 39

MONYUAEM:
2cos?8x— 2(cos11x + cos3x) =4 - 2co81lx;
cos?3x-cos3x-2=0.
HOyers cos3x =y, TOrAa:
¥y -y-2=0, orkyna y,=-1, ;= 2.
Hrax,

cos3x=-1nnu cos8x=2.

BTopoe ypaBHeNHe pelneHuli He AMeeT, A K3 HEPBOrO YpasHe:
HEA TOJTYYHM

QOreerT: g-(1+2k), keZ
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IIpumep 3. Pemuurs ypaBHeHHE
2-cosx= 35in12‘-.

Pemenune. 3amenum gammnoe VPaBHEHHEe DaBHOCHJBbHBIM M
penium ero:

1-cosx— 3511132‘:- +1=0;

¢ npumeHuM ¢popmyay 1 - cosa = 2sin? ”tg'l‘ ¢

2sin2§ ~3sin~’25+ 1=0.
ITycrs sin% =y, Toraa:
2y°-3y+1=0,
OTKyIa
L2 =‘;—, Yya=1.

Hrax, nanHOe ypaBHeHMe PaBHOCHILHO COBOKYITHOCTH JIBYX
YPaBHEHHI:

i ¥
sing =5 (3)
AN
. b o _'1
sing =1. (4)
Pemas ypaBuenwue (3), mosyuaem
x=(-1)* -§+2nk, keZ.
Pemas ypaBuenwue (4), monyuaem

x=n+4nn, neZ.

Orger: (—1)*-%+2nk, keZ;n+4nn, neZ.
IIpumep 4. Pemurs ypasuerue
Tsinx - 5cosx =0.

Pemenune. Eciu x — pemenue sroro ypaBHeHHUd, T0O sinx # 0
u cosx # 0 (moscHuTE MOUEMy).

IToaromy, paspenus obe yacTé ypaBHeHUS Ha COS X, IIOJIYYUM
PaBHOCHUJIbHOE eMy ypaBHeHme Ttgx—-5=0, OTKyJa tgx= %,
T. e. x=arctg% +nn, neZ.

OrBerT: arctgg+nn, nelZ.
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IIpumep 5. Pemuts ypaBHeHUe

2tgx —2ctgx=3.

Pemenue. U3 ycioBusa cienyer, 4To X # %, me Z (nosc-
HHUTe Io4YeMy). YMHOXKHB JaHHO€ ypaBHeHHMe Ha tgx, moaydyum
(an x# %) pPaBHOCHJIbBHOE €My ypaBHeHHe

2tg?x - 2=3tgx.
Pemus nociensnee ypaBHeHHE, ITOJYYUM:

tgx:—% uau tgx =2;
x=—arctg%+nk, keZ nmm x=arctg2 +nn, neZ.

OrBer: —arctg%+nk, keZ; arctg2+nn, neZ.

IIpumep 6. Pemrurs ypaBHEeHUE
sin® x — 5sinx cosx + 6cos? x=0. (5)

Pemenue. Eciu x — perieHue sToro ypaBHeHus, T0 cosx # 0
(06bACHUTE TTOUEMY).

Pasnenus obe yacTu ypaBHeHus (5) Ha cos® x, moay4uM pas-
HOCHJIBHOE €My ypaBHeHHe

.2 . 2

s1n2x - 5smx2cosx + 60052 -0, r.e tglx-5tgx+6=0.
Cos" X Cos X cos™ x

OTKyaa HaxXoguM:

tgx=2 nam tgx=3;

x=arctg2+nn, neZ, nwim x=arctg3 + nk, ke Z.

Orser: arctg2+nn, neZ; arctg3 +nk, ke Z.
IIpumep 7. Pemute ypaBHeHHE

7sin® x — 5sinx cosx = 6.
Pemenue. Mcnonb3ys OCHOBHOE TPUIOHOMETPHYECKOE TOMK-
JIeCTBO, TIOJIYYaeM:
7sin? x — 5sin x cos x = 6(sin® x + cos® x);
sin? x - 5sinx cosx — 6 cos® x = 0.
[TosyueHOe ypaBHEeHME pelIaeTcs AHAJOTMYHO HpuUmepy 6

(vbeguTech B 3TOM CAMOCTOSITEJILHO).
b1

OTBerT: =

+nk, keZ; arctgb+nn, neZ.
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A YpaBHeHUsA BuAa (D) HA3BIBAIOTCA O00HOPOOHLIMU YPABHE-
HUAMU BTOPOH CTeleHH OTHOCHTENLHO BhIpasKeHHWi sinx u cosx.

IIpuBesgeM npUMepBl TPHTOHOMETPUUECKHUX OIHOPOIHBIX
ypaBHeHU# Apyrux creneneit. Tak, ypasuenue

3sin2x - 8cos2x=0
ABJAETCA OJHOPONHBIM ypaBHEHHMEM II€PBOil CTEHeHHM OTHOCH-
TeJbHO BBIDAXKeHU sin 2x U cos 2x; OHOPO/(HOE YpaBHEHHE Iep-
BOH CTeleHHM OTHOCHTEJILHO BHIDA’KeHWH sinx m cosx 6BLIO pe-
1IeHo B npumepe 4. YpaBHeHUe
sin'x — 3sin’® x cosx + 5sinx cos?x + 13cos*x =0
ABJIAETCA OJHOPOJHBIM YPDABHEHUEM UETBEPTOH CTelleHH OTHOCH-
TeJbHO BBIPaKeHUH Sinx U cosx, a ypaBHeHUE
sin® 5x cos® 5x + 9sin5x cos® 5x — sin” 5x + 3cos” Hx =0

ABJIAETCA OJAHOPOJHBIM YpaBHEHHMEM CeAbMOil CTeleHM OTHOCH-
TeJbHO BhIpaKeHHH sindHx u cosHx .

OaHOpO/NHBIE ypaBHEHUs OBIBAIOT HE TOJLKO TPUIOHOMETPH-
yeckumu. Hanpumep, ypasrenme 2x°—4x’y+3xy’-5y°=0 —

OJHOPOJHOe ypaBHEeHHE TpPeTheH CTeleHHW OTHOCHTEJBHO mepe-
MEHHBIX X U Y. A

‘) 1. TlosAcHUTe, KAK pelIaTh YpaBHEHHE:
_J' a) (sinx —%) (cos2x + 1)tgx=0;

6) sin7x +sin3x =0.

2. IloAcHuTE, KAK pelIaTh YpaBHEHHe:
a) acos®5x+bcosbx+c=0;
6) asinx +bcosx=0;
B) a sin® x + b sinx cosx + ¢ cos® x = 0.
YnpaxHeHHn
Pemmure ypaBuenne (3.164—3.169).
3.164°. 1)sin2x —cosx =0; 2) cos4x +sin8x =0;

3) ZSin% =3sin’® %; 4) 5sm X - 8sin® 7;,

5) cos® 3x —cos3x cosbx =0;

6) cos® 2 5x — oS 53x cos—— =0;
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3.165.

3.166.

3.167.

3.168.

3.169.

3.170.

7) cos® x — sin® x = 2cos® 2x;
8) J3cos?4x — /3 sin*4x = 2cos® 8x.

1) 6cos(2x + 6) + 163 sin(x + 3) - 21=0;
2) cos(6x—8) 32 cos(3x-4)+3=0;

3) cos(% +2%) =8+ Tcos(Z + X);

4) cos(isff ~x)= 113m(35“ -%)-5.

1) 3005-’2‘—+20003i+9:0; 2) cos- ——1051116 =5;

3) cosi{—551n +1=0; 4) cos

3 8--—3005 -+ 2=0.

5
1) tgx—-2ctgx+1=0;

2) tg x + 3ctgx =243;

3) tg(2x +m)+4) =5tg (% — 2x);

4) ctg " * + 2ctg(n - 5)=1.

1) 3+2tg*bx — =05

cos 5x

2) tg? 2% —— = 5;

cos2x

3) 2-4tg0,1x + -

.
£

0320,11::
4)4-6tg0,5x + —1—=0

cos“0,5x

1) sin2x = tg 2x;
Tn
Sll'l( 3 x)-

P ’
cos § cosx

2) ctgl,5x =cos1,5x;

CcO! In x
4) cos(g—x)=— 5—(-"4——)

sin Tsinx
6

3) sin(%

+x)=
CKOJIBKO KOpHeil Ha npoMmexyTke [—4; —2] umeer ypas-
HEHHE:

1) sinx =2sin® x — cos2x; 2) 2cos® 2x = cos2x + cos 4x;

. . s i X
3) sin2x + 2sinx =1 + cos x; 4)smx—2c031:sm§—1?

2
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3.171.

Tpuronomerpuueckne pyHKuuM

Haiignre HaMMeHBINUH ITOJOXKUTEJNbHBIH KOpeHb ypas-
HEeHHA:

1) 2cos2x +831n3?xsm% =3;

2) 6cos2x —8cos 3% > cos;+3 0.

Pemure ypasuenue (3.172—3.175).

3.172°.

3.173.

3.174%,

3.175%,

2) sinx—+3cosx=0;
4) %sinx+\/§cosx:0;

1) sinx+cosx=0;

3) 2sinx—-3cosx=0;

5)331nx+4s'm(£+

5 x]=0; 6)(:03(&+x) —5cosx=0.

1)° sin x +14sinxcos x —15cos® x = 0;
2)° cos’x-12sinxcosx —13sin®x =0;
3) 2cos? x—sin2x +4sin®x=2;

4) 6-10cos® x +4cos2x =sin2x;

5)4sin2x=3cosz(3—;—x)+4sm (—52’5+x)
6) 1,5sin2x = 2sin® (ﬂ+x) 90052(%+x).

1) \/1+2si114xc05x ~/sin3x =0;
2) V1-2sin3xsin7x —/cos10x =0;

3) S,fcos(% = :rc) o A cos% =/2;

4) . /1- cos 4 cos =V2.

1) [cosx—sinx|=1+2sin2x;
2) |cosx +sinx|=1+2sin2x;
3) 1+2|sinx|=2cos2x;

4)1-2|cosx|=2cos2x - J3;

5) ‘cosz-’zc— —£/=5cosx+1;

6) [1 . 5sin_4’£[= 8- cosZ.

TpuroHoMeTpuuecKne ypaBHEeHHUA

3.176%. Penture ypaBHeHUE OTHOCHTEIBHO X:
1) asin® x —sinx = 0; 2) acos® x +cosx =0;
3) asin®x—cosx =0; 4) acos’ x +sinx =0.
Pemure ypaBaenne (3.177—3.181).
3.177. 1)sinTx-sin3x =cosbx;
2) cos3x —cosbx =sindx;
3) sin2x—sin3x+sin8x-sinTx=0;
4) cosbx —cosdx+cosTx—cos3x=0.

sindx + sin8x  sinbx + sinl0x
3.178. 1) 3 e -2
2x°-bnx +2n 2x°-5nx+2n
cosl0x + 00525__
T 12x%-73nx + 6%

)£s5x+cos'?x
12x% - 78nx + 672

3.179. 1)sin®4x-sin®4x =sin’4xcos’4x;
2) 6sin®5xcos’ 5x —5sin® 5x + 5sin® 5x = 0;
3) sin2xcos2x -sinxcosx =0;
4) sindxcos8x— J2sin2xcos2x =0.
3.180. 1)sinxcos3x—1=sinx—cos3x;
2) sindxcos2x+1+cos2x +sindx =0;

%coszlx +cos8x + %: 0;

4) sin6x sin3x — ?lz-sin 3x —sinbx = —%;

5) 10sin9xsinbx-3cos8x—bHsinldx =4;

6) 8 sin2xsinbx—-5cosb6x+8cosl7x=3.
3.181. 1) (cos2x+2)(sin2x+1)Vsinx =0;

2) (cos3x —2)(sin3x —1)y/cosx =0;

3) Jsinx(sindx - 2)(cosdx+1)=0;

4) Jcos x (sin 2x +2)(cos2x —1) = 0;

5) Jtg x(tgdx+1)(ctgdx+1)=0;

6) (tg2x -1)(ctg2x +1) Jctg2x =0.

3) cos8xcosdx +
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A 3.13. TpAaroEOMeTpHYECKHE YPaBHEHNA
(npopomxenne)

CyliecTByeT MEOTO NIPHEMOB PEHICHHA TPUTOHOMETPHYECKHX
ypapuennii, IToxaxeM HeKOTOPEIE H3 HHX.

1. Pasroxcenue Ha MHONUMERU

IIpemep 1. PemmnTs ypaBHEHNE:

a) cos15x =-2cos bx;

6) Veosx(sinx—2)(cosx+1)=0.

Pemenue, a) lagHOe YyPaBHEHHE DABHOCH/JILHO YDABHEHHIO
cos 15x + c0s bx + cos Hx =0, pemrad Koropoe noxydaeM:

2cos10x cosHx + cosbx=0;

2cos5x(cosll)x+-;-)=0;

cosbx =0 umn cosllx= —%;

5x=12‘-+1tk, keZ, unu 10x=:|:arocos(—%)+21m, neZ;

n nk
10t 10

. w(l+ k) . 4 ®(1+3n)
OreeT: 0 keZ; i"—ls

6) Jlannoe ypaBEeHEHEe PABHOCHJILHO TOMY, UTO:

Jeosx =0 (1)

ginx-2=0ucosx=>0 (2)

x= keZ, wm x=:t%+ﬂ, neZ.

, nelZ.

AN
cosx+1=0mucosx>0. 3)

B cayuasax (2) 1 (8) pemenuit Her (NOACHHTe MoYeMy), & H3
ypaBHeHHS (1) moiywmM:
cosx=10;

x=3+nk, keZ.
Orser: 5+7k, keZ.
IIpamep 2. Pemutes ypasHeHNe
tgx+tg2x=1tgdx.

Pemenue, 3 dpopMyan tg(a+[3)=% cAeAyer, 4TO

tgo+tgp=tg(a+P)(1-tgatgp). Hcnompaya »T0 ciexcrBue
AN AGHHOTO YPABHEHHA, MOJYYACM:
tg(x+2x)(1 - tgxtg2x)=tg3dx;
tg3xtgxtg2x=0.

Pyaxnoua f(x) = tg x tg 2x tg 3x mepuozMUecKas ¢ nepHOKOM T
(y6eaurecs B sTom). Ee nysm B mpoMexKyTKe [0; n] — aT0 Te 3Ha-
YeHNA X, IPH KOTOPHX OXUH U3 MHOKATeNell paBeH HYJI0, 4 0c-
TAJNLHEIC MEIOT CMBICA, SHAYEHNS X, IPH KOTOPHIX OAMH H3 MHO-

TpuroHoMerpaecKHe YPABHEHHA (IIPOROILKEHNE)

X x 2n
’3*2’3
BCeX SHAYMCHHAX X, KpOMe % s BCeé MHOYKHTENH HMEIT CMBIC]T (IIO-

acurTe nouemy). CrenoBaTeawHo, 0, -’31, %" — Hyau byERuuM [

B nmpoMexyTKe [(; #]. YunThiBag neproguaEoCcTs, OAYyUaeM

JKHUTeNell paBeH HYAI, 3TO: (moscenTe mouemy), Ilpu

x==-n,nelk,

X,
3
OrperT: %, nelZ,

2, Hcenoavsoeanue dopmyn 060H020 U NOAOBUHHOZO ap2y-
MeHma®

Npumep 3. Pemrmrrs ypasAeHHe 28inx - 3cosx=38.

Pemenue. Hcnonbaya ¢dopMynsr ABOMHOrO apryMenTa H oc-
HOBHOE TPHTOHOMETPHYECKOe TOMAECTBO, HOJAYYaeM:

2 2sin% cos—; - S(cos”% —gin® 32‘—) = 3sin’% + 8cos? %;

3cog®X - Zsinioos% =0 cos%(Scos% - 2sin-’é‘- =0.

A 2
OTRYAA AMeeM

cos% =0 ‘ 4)
HIH
8cos} -2sin§=0. (5)

"B raape 2 gaMu OLLIN BBGLSHEI PAZIATALIe TDEIOHOMETPHUECKHE dopryne
{meofimoro yrua, mofoEmHBOrG yraa). B raage 3, rie PacCMATPABAIOTCA TPHIO-
HONETPHYeCKHe QYHKINH 9YHCIOROTO APTYMEHTA, ANA HASBAHNSA YIKE FHAKOMMX
dopuy N ecTecTBeHED YHOTPEGAATE BMECTO CAOBA «YI'0A# CAOBC $APTYMEHTS.,
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Pemenusmu ypasHeHusi (4) ABAAIOTCA YHCHA X =T+ 277,
neZ.

A pemenusimu ypaBHeHHA (5) (0OZHOPOAHOTO ypaBHEHUSA Tep-
BOH CTEIeHH OTHOCHMTEJIbHO BHIPAYKEHHMU SinX U cosx, KOTOpoe

CBOJMTCA K YPABHEHHIO 3 — 2tg% =0) ABIAIOTCA YUCTA

x =2arctg g +2nk, ke Z (ybepurecs B 9TOM).
OrBeT: n+ 271N, neZ; Zarctg-g +2nk, ke Z.

IIpumep 4. Pemuts ypaBHeHue

2 2x _5
cos” x + 3cos T =g

Pemeunwne. Ucnonbayem ¢Gopmyny IMOJOBHHHOI'O apryMeHTa
(eme roBopAT «HOPMYIY HOHUIKEHUS CTEIEHU»):

2 1+cosx _ 5,
cos“x + 3~ 55

2cos®x+3cosx—-2=0;

1
cosx=—2 UJU COSX =3

IlepBoe ypaBHeHMe He MMEeT PelleHHii, a PeHIeHHAMI BTOpO-

ro ABJAKTCA 3HAUEHHUS X = +,3. +2nn, neZ.

OrserT: J_r--a- +2nn, neZ.
IIpumep 5. Pemmure ypaBHeHHE
sin?x — cos 2x = 1,5 —sin 2x.
Pemenwe. Menonsaya Gopmyasl ABOMHOIO apryMmeHTa U oc-
HOBHOE TPUTOHOMETPHYECKOe TOXAECTBO, [IOJiydaeM ypaBHeHHE,
pPaBHOCHIBHOE JaHHOMY:

sin®x — (cos® x — sin®x) = 1,5 (sin® x + cos® x) - 2sinx cos x.
PelluB 5T0 OZHOPOAHOE YpaBHEHUE BTOPOH CTEIeHHW OTHOCH-
TeJhHO BBIPAXXEHUH SINX U COSX, MONYIUM:
"~ +nn, neZ.
A4
+ nn, neZ.

x=-arctgb+nk, keZ, umun x=
Orser: —arctgb +nk, ke Z,

3. Henoavzosarue yuueepca.mwoﬁ nodcmanosKu
IIpumep 6. Pemurs ypaBHeHHE
cosdx +tg2x=1. (6)
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Pemenue. ITo ycnoBuio x # - L “2” , neZ (obnacts onpepene-
1-tg®%

HudA pyHKnun y = tg2x). Ucnoas3osas popmMmyny cosa = —~—2§,
1+tg—=
2

NOoJyYHMM ypaBHEHHE, PABHOCHJIBHOE ypaBHeHHIO (6) (moscHure

nouemy): ke
P T +tg2x=1.
IIyers tg 2x = u, Torna umeem:
1-u?
1+u?

{1~ )u(l u) =0;
1+u?

s +u—-1=0;

u=1wumm u=0.
YyureiBasa o6o3HayeHWe, MOJIYYAEM:

tg2x=1 nau tg2x=0,
OTKYZla HAXOAWM:

xl—§+7 keZ; x,="3, meZ.
TI_ nm
5 keZ;

OrBerT: 5 meZ.

By
8
4. BeedeHue gcnomozame.ibHozo yeaa (apezymenma)
IIpumep 7. Pemunrs ypaBHeHue:

a) sinx—\/gcosx=2; 0) 2sinx — 3cosx = 3.

Pemenue. a) IIpeoGpasyem JjieByw yacTh ypaBHEHHH, HC-
TIOJIb3YA BBeJEHHE BCOOMOraTelsHOro aprymenTta (cm. 1. 2.15):

sinx -3 cosx = 2( smx—T?‘cosx)

[

. / :
0003HAYMM: 5 =COS(, ~5-=Sing,

T.e. =7

=2 (cos@sinx —sing cosx)=2sin(x — @) = 2sin(x— g)
Takum 006pa3oM, MCXOAHOE ypPaBHEHHWE DABHOCUJILHO YpaB-
HEHUIO

sin(x—%]zl.
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Pemus ero, moayuum
x=5—g+2nk, keZ.
6) IIpeoGpasyem neBylo yacTh JaHHOTO YPaBHEHHUSA, HMCIIOJb-
3ydA BBeJeHHEe BCIIOMOI'aTeJIbHOIO yria, MoJyduM:

2sinx - 3cosx = 2% +3° ( 2 _ging--2 cosx) =

~ N
=13 (cosp sinx — sing cosx) = /13 sin(x — @), rae ¢ = arcsin :f%
Takxum oOpasoM, HCXOAHOE YpaBHEHHE PABHOCHJIBLHO YpaB-

HEHUIO o
V13 sin(x — @) =3, rae ¢ = arcsin

=
v

Pemasn ero, noaydaeM ypaBHeHHe, DPABHOCHUJIBHOE JaHHOMY:
3

sin(x — )= ——-.
( (P} V13

Pemus ero, Haxoaum
x = arcsin —_—]3_:—3- (1+1)Y+nk, keZ.
OreerT: a) %ﬂ +2nk, ke Z; 0) arcsin—}l% A+ +nk, keZ.
W

Ecnu pemars ypaBHeHWe () ¢ MCIIOJIL30BAHHEM YHUBEp-
caJlbHBIX HOJACTAHOBOK, TO 3aMEHHB B JAHHOM YpAaBHEHHHU
BhIPAXKEHHA SiNX U COS X VHUBEPCAJIBHLEIMH TTOACTAHOBKA-
MU NpH X # 1+ 2nk, k€ Z, nonydum ypaBHeHHe

2tg X 1-tg2%
£ £

1+tg®% 1+tg2%
€3 £
PeII[a.ﬂ €ro, HAXO0IUM YpaBHeHHe, DABHOCHJIBHOE )Ia,HHOMy:

3
tg':.;’ = 97

x= 2arctgg+ 2nn, neZ.

IMoacraBuM Teneps B NCXOJHOE YPaBHEHUE UCKJIIOUEHHBIE TIPU

HCIIONB30BAHHMH YHHBeDCAJIBHBIX IIOJCTAHOBOK 3HAYEHHSA X =T +

+2nk, ke Z:
2sin(n + 2nk) — 3cos(n + 2nk) = 3.

IMonyunan 2:-0-3(-1)=3, r.e.3=3 — BepHOe UYUCJIOBOE pa-
BEHCTRBO.
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HUrak, sHayenus x=rmn+ 2nk, ke Z, TakKe ABIAIOTCA pellle-
HUAMH ypaBHeHUs 0).

OrBerT: 2arctg%+2nn, neZ;n+2nk, keZ.

' Ilna ypasHenu#t Bupa a sinx + b cosx =c¢ cymecTByeTr 60-
L& Jee NeCATH Pa3JIMYHBIX crocoboB pemeHus (mompobyiiTe

UX HAWTH), CpeJ KOTOPBIX CAMBIM PAIlMOHAJIBHBIM ABJA-
eTcsl BBEJeHME BCIIOMOraTeJbHOro yrijia. MHorue TpUroHOMeTpH-
YyecKHe ypaBHeHHs, B TOM 4YHCJIe W YDaBHEHHUS TAKOTr0 BHJA,
MOKHO CBECTH K PeIleHHI0 CUCTEeM YpaBHEHHIA.

IIyers sinx =u, a cosx =0, TOrJja JaHHOe ypaBHEHUE MOXKHO
samucats B Buge au +bv=c. Iockoasry sin®x+cos?x=1, To
uMeeM emie ofHO ypaBHeHue u’+v?=1. Wrak, pemeHue ypas-
HeHUud asinx+bcosx=c (¢#0) cBoguTCA K pelIeHUI0 CHUCTEMbI

au+bv=c (c#0),

2

ypaBHEHUN 3
u“+v°=1.

Ilpumenasa arorT crnoco® K pelieHu0 ypaBHeHus 06), momy-

UMM
2u—-3v=3,

u?+v?=1.

Pemrus aty cucTeMy, IOJYUINUM

uy :0, Ul :—1;
_12 __ 5
Hz-—ﬁ, Ua——ﬁ.

VuureiBaag 0003HAUEHHUA, UMEEM COBOKYITHOCTH JIBYX CHCTEM
ypaBHEHUH, PABHOCUJIBHYIO UCXOAHOMY YPaBHEHUIO:

HIN 5
COS.’CZ—I coOSX=——.

i _12
{sinx=0, smx_ﬁ,
13

Ilns mepBOM cHUCTEMBI IIOJIYYUM:
x=nk, kelZ,
x=n+2nn, ne’Z,

x=n+2nn, neZ.

18 Anrefps, ! xa. .
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Bo Bropoit cucreMe sinx = g— >0, a cosx= —% <0, nosromy

OAHO M3 SHAYEHUN X NPHHALICHKHT NPOMERYTHY (%, n). Tarpm
o0pasoM, Bee pelleHNA 3TOM CHCTEMBI MOSKHO 3aITHCATh B BHAe

x= arccos(——) +2nk, ke Z,

13
T, e.
x=x-— arccos§+21:k kelZ.
OTBeT: n+2nn, neZ; -amcos%+n+2nk keZ,

5. Henoavaoeanue ceoiicma pynxyuis
IIpumep 8. PenmTh ypaBHenne

1+ 2ctg® x =cos8x. )]

Pemenue. [TockoasKy npu JoGHX 3HAYCHHAX H3 O0JACTH
onpeseNieHns ypasHeHna (7) BepHH HepasencTea 1+ 2ctg’x > 1
n cos8x < 1, To pasencTro (7) BO3MOKHO, AHIE KOTAA

1+2ctg’x =1,
cos8x =1,

Pemrnb nepsoe ypaBHeHHE 9TOH CHCTEMEL, HOJIYIHM X = 3 T+ Tk,
k € Z. TloacTaBHUB OJIyYeRHOE PeliieHre BO BTOPoe ypamaenne cHe-

TeMbi, HMeeM cos(8(§+ nk))=l — BepPHOE YHCJI0BOE PABEHCTBO.
3uavur, x=§+nk, keZ — pemenne cmcTeMHl ¥, CleXOBa-

TeJNLHO, HCXOAHOTO YPABHEHHUS.
OTBeT: %+uk, keZ.

IIprMep 9. Penmrs ypareeHue 7sin? x + 3cos!? 2x =10,
Pemenne. YpabHenne pABHOCHIILHO CHCT€Me YPaBHeHHIN

sin*x=1,
cos'?2x=1.
Pemum nmepBoe ypasaeHme 3TOM CHCTEMBEI:

sin*x=1; sinx=-1 uan sinx=1;

x=%+rm, neZ.
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TIOACTABHE STH 3HaYeHHWA X BO BTOpOE YpABHEHME CHCTEMEI,
MOAYIAM
003122( +1m) 1, neZ2,
T, . ¢08*2 (n+ 2n) =1 — BepHOE YHCJIOBOE PABEHCTBO.
OrBeT: Z+nn, ncZ.

2
TIpamep 10. PemnTs ypaBHeHHE
tg8x+sin8x-%=0

Ha MHTEpBaNe (—%; %)
Pemenne. IIycts f(x)=tg8x+sin8x-— 0 — dyERONA ¢

ofJ1aCTHIO ONpeaeseHnst (_E —) Hazao HaliTy ee Hyan.

Pyuxnns f(x) ABAAETCA 4eTHOMN, NOCKONLKY
f(-x)=tg*(~x) + sin®(-x) - 1= = tg® x + sin® x - 33 = 1(x).

Ha npoMesKyTKe |:0; %) dyrgouy y=tg® ¥ m y =sin® x asaa-
10TCA BogpacTalomuME (ofsacHuTe modeMy). SHAUAT, HBJLACTCH
Boapacratomeit m pyRxnua y = f(x).

Jlerxo yGeanTnes, 4TO X =% ABAgeTCA HyJaeM GyHEnuH f:

8
1(3)=te() vem(3)- 5 = 1+(F) - Fo=F - f6-0-

IOpyrux Byaei# Ha NpOMEXYTHE [ ) $ysxknua f He uMeeT
(oacHUTE moueMy).
IMocxkoneky [ — uerHaa GYHRIOHUA, TO

T _ pfm)_
f-3)=13)=0
. El E
OrbeT: -3 7
Npumep 11. PemnTh ypaBHeHEME
Tetg'" x~3=4tgx

Ha TPOMEKYTHE (0; 1;-)
Pemenne. Jlerko yfeanTnes, 4To x=% ABIAETCA pemIeHn-

eM JAHHOT'0 VPaBHEHHA Ha IIPOMEXYTHKEe (0; %) Ha sTom npo-
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276
MeskyTKe dynknua f(x)=T7ctg!” x -3 y6wBalomasn (910 caemy- 5) sin10x +cos10x = JBcoulb
eT U3 yOBIBAHUS HA IPOMEKYTKE (O, ; ) byHKRIUE y=ctgx u 6) st i 1 posl B3
N - =Ny
y=ctg' x), a pyaxuua g(x)=4tg' x — Boapacrawomasn (a0 cie- 7) 2sin®2x -3+ 8sindx =2cos’ 2x;
AYEL. IR RORPACTARES Re. IDoMosy THe ( ‘ 2] PyEKIHE ¥ =tgX 1 8) 2cos’ % + J15 - 4sinx=2sin* X,
y=tg" x). < 2 ‘
Takum 06pasoM, Ha IPOMEKYTKE (0; %) x=% — exumHCTBeH- 3.186. 1) tg3x—tgbx=0; 2) tg2x+tgbx=0;
HOE pelleHue, ‘. 3) ctg3x—ctgx=0; 4) ctgTx+ctgx=0;
Orser: T, 5) tgx+tg2x—-2tg3x=0;
A 6) tghx—tg3x—2tg2x=0;
Ynpaxnenns 7) tgl-tgx-tg(l-x)=0;
Pemmure ypasuernue (3.182—3.195). 8) tg(-zﬁ = x) + tg(—; - x) —2sin2x=0.
3.182. 1) sinl18x-2sinbx=0; 2) sin2lx + 2sin7x=0; 1 "
3) 2cos3x+cos9x =0; 4) 2cosdx—cosl2x = 8,187, 1) s =3 gy c—oB% 1
; cos4x—cosl2x=0. 1-sinx =’ 1+sinx 3
3.183. 1) sin§1+2005x=2; 2) cos 2% 4 2co83x =-2; ! 3.188. 1) cos2xctg3x—sin2x—\/§cos5x =0;
2 2
3) 0,5(sin3x —sinx)=sin2xcosx—4sin® x; . 2) cos3xtg2x+sin3x+ J2sin5x =0;

4) 0,5(cos3x—cosx)=2sin”x cosx+4cos® x; i 3) cos2x tgbx —sin2x —-2sindx=0;

5) cos®x cos3x+sin® x sin3x = 4) cos3x ctgbx—sin3x+2cos9x =0.

&
6) sin® xcos3x+cos® x sin3x =— g; 3.189. 1) Sinxsin3x:%; 2) 4s1n4x31n12x—%
7) sin® xsin3x + cos® x cos3x = cos® 4x; ; 3) 0052-"0036x=“%; 4) cos3x 0039x=—%.
8) 4sin® xcos3x +4cos® xsin3x = 3sin2x. !- 3.190. 1) 4sin’x+sin’2x=3;
3.184. 1) 5sinx-12cosx=13; 2) 8sinx-15cosx=1T7; 2) 6sin’®x+2sin®2x =5;
3) V3sin2x —2cos2x =1; 4) J3sin2x - cos2x =—-1; 3) cos?3x+cos®4x +cos’5x =1,5;
5) \fr?;sin%—cosgmfﬁ; 6) \;"§sin%+ cos%:Jﬁ; 4) cos® x +cos® 2x + cos® 8x +cos® 4x = 2;
: = 5) sin®3x +sin®4x —sin®5x —sin®6x =0;
7) 2sin¥ +/2cos*=6; 8) sin% X :
= 1 ) sing + J3 cos . V3. 6) sin®2x +sin®3x +sin®4x +sin’5x=2.
3.185. 1) c032x=\/§(cosx—sinx}; 3.191. 1) 2sng+coszx:0;
2) cos2x = 1+2\"'3(cosx+sinx); 2) 3cos® x —3sin® x + cos2x =0;

o4 4 LA ;
3) sin2x:cos“%—sin‘325; 3) sin” x +sin (x+ ] 0,25;
5,

% 4 X
4) 4sinbx cosbx(cos' x —sin® x) =sin4dx; 4) sin’ g +cos F =733
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3.192.

3.193.

3.194%,

3.195%.

Tpuronomerpuueckue dyHKIMH
5) sin®x+cos® x = cos4x;
6) sin® x +cos x =sin2x;
7) cos® x—sin® x = 1—83 cos® 2x;
8) cos (X—x) sin (x—z)—%
1) 3cos4x—2sin®2x-sindx=0:
2) 5sin®2x +0,5sin4x —cos4x =0;
3) sindx+3cosdx =2sin’2x;
4) 4sin®2x+sindx =3;
5) 5sin®2x +3cosdx =2,5sindx;
6) 4cos4x+0,5sindx =sin’2x;
7) 2cosbx+3sin?3x=1 5sin6x,

8) 5sin’ —+2003 -3, 5811'1 =0.

1) sinx +tg3=0; 2) 1+cosx=ctg3;

3) 2sin’x + tg’x=2;
5 sinx -2 2

2 ax — 8

sin“x —4cos E

4) ctg’x—tgix =16cosdx;

.’.2‘_; 6) sin4x+3sin2x=tgx.

1) sinbx +cosd4x =2;
3) 5sin3x+3cos4x=8;

5) tgx+ ctgx=2sin(7x+ %);

2) cosdx—sinbx=2;
4) 3cos4x—5sin3x=8;

6) tgx+ctgx=2cos(x—%);
5

7) W

8) 13

cos(x +82, arctg2, 4)

=3sinx + 4cosx;

=bsinx +12cosx.

1) 5sin®x+8cosx+1=|cosx|+cos? x;
2) 3cos2x+2sin® x +4sin|x|=

3) 2cosx-3sinx—|sinx|=0;

4) 2cosx-3sinx—|cosx|=0;
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3.196%.

3.197*.

5) 3cos|x|+4sinx—sin|x|=0;
6) 4cos|x|-3sinx-sin|x|=0;
7) 3sin®2x-2-0,5|sin4x|=
8) Hcos®2x—2,5sin4x|-3=0;
9) cos2x +cosbx =|cosdx|;
10) |V/3 cos8x|=sin12x-sin4x.
Ilpy Kak¥xX 3HAUEHUAX TapaMerpa G HMeeT pelleHue
ypaBHeHUeE:
1) 5sin2x—-6cos2x =a;
2) Tcos4x—3sindx=a;

3n 3n

3) 5005(-2— - T) - asm(—4- - %] =6;

4) 3sin(2x + %) - acos(% + 2x) =4?

Pemmnure OTHOCHTENBHO X YPaBHEHUE!
4x
1) sin* 4; +cos’ T =a;

2) sin® x + cos* x —asin(4x + 1) =0;

3) a—cos(n—x)+sin“;” =0;

4) sin®2x + cos®2x +sindx =a.

A 3.14. CucreMbl TPUTOHOMETPUYECKHX YPaBHEHHH

PaccMoTpuM HECKOJBKO CHCTEM, COJeprKamux TPUTIOHOMET-

pHUYecKue ypaBHEHHS.
IMpumep 1. Pemurh cucTeMy ypaBHeHUH

x+y==,

10
tgxtgy=-?.

Pemenue. Cnoco6 1. Beipadum y yepes X U3 BTOPOro ypas-
HEeHUA MAHHON CHCTEMEI U IOACTABAM B mepBoe ypasHerue. Ilo-

AYYIUM:

y=3-% (1)

tgxtg(%-x)=-32. 2)
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Pemum ypaBrenne (2) orHOCHTEBHO tg X
tgx—tg®x 10,
1+tgx 3’
3tg®x-13tgx-10=0;

tgxz—g— niu tgx =5.

YuureiBag ypaBHeHue (1), mosyuyaeM pDaBHOCHJIBHBIE HCXOJ-
HOH cucTeMe YCJIOBHUA:

T
= —— k1Y
y 4 x! y:z—x’

tgx=5.

9 HINA
tgx=—§

Pemup Kaxayo M3 9TUX CHCTEM, HAXOAUM peIleHNs UCXOJ-
HOH CHCTEeMBbI YpPaBHEHUIA.

OTrBerT: x1:~arctg§+nn, y1=%+arctg§—1m, neZ

x,=arctgh + nk, y, :g —arctgh-nk, keZ.

3ameuanue. OrBer K cucTeMe ypaBHeHUH MoKeT GbITH 3a-
IucaH U B BHJe MHOKeCTBa Iap:

(—arctg%+nn; ;}+ arctg%—nn), neZz;

(arctg5 + nk, % - arctg5 - k), keZ.

@: Cnoco6 2. HanomauM opmy.ty

tgx +tgy
BED=1 grtgy”

Y4uuThiBas yCJI0BHe, MOJTYYHUM emle OJHO COOTHOIIEHHe Meix-
Iy IEePEeMEeHHBIMU X H Y

1= tgx+tgy

10
l+3

(moAcHUTe OYEMY), OTKY/Za UMeeM

tgx+tgy=13§, T € tgyzl—:—tgx.

. 251___'

CHcTeMBbl TPUTOHOMETPHYECKUX YPABHEHMH

[lockonbKy IO YCIOBHIO

10
tgxtgy=—-—,

TO
13 10
tgx(gﬁ;gx):——a 3
OrKyzaa monyuaem ypasHenue 3tg” x —131gx—10=0.
IlanbHeiilee perieHnre COBNajaeT ¢ pelreHneM crocobom 1.
IMpumep 2. Pemute cucremy ypaBEeHHUIA

JCOSXCOS!}—_— i‘.

Lsinxsiny = %.
Pemenue. CKnansiBas ¥ BEIYNTAA ypaBHEeHUA AaHHOU CHC-
TeMBbl, IPHUXOJUM K PABHOCHJILHON eil cucTeMe ypaBHEHUI
cos(x—y)=1,
1
cos(x+y)= -5
OTcioza TTONIyYUM
x—-y=2nn, nelkZ,
2
x+y:i§+2nk, kelZ.
JTa cucTeMa PaBHOCUJIbHA COBOKYIIHOCTH JBYX CHCTEM:
x—-y=2nn,nelkZ,

]x+y:'§g-+2nk, kel.

x—y=2nn,nelk,
o NN
X+y=—g +2nk, ke Z,
Pemus ux, NOAYUHM:

x1=—%+n(n+k).nez,kel, yl=—%+n(k—n),nel,kel,

x2:§+n(n+k),nez,kez. y2=%+ nk—-n), neZ, keZ.

OrBerT: (—%+n(k+ n); —%-i—:rc(k—n)];

n o B e
(3 +m(k+n); §+mnlk n)), k, neZ.

HEeH3BEeCTHBIMU?
2. IlpuBeauTe NPUMEPH! CHCTEM TPHUIOHOMETPHYECKHX Ypas-
HeHHnil.

‘) 1. Yro HassIBaeTcH pelleHWeM CHCTeMbl YPAHEHWH ¢ JABYMSA
s
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Tpuronomerpuueckue yERIHM

YnopaskHeHH A

Pemure cucremy ypasHenuit (3.198—3.208).

3.198.

3.199.

3.200.

3.201.

3.202.

x+y=1,
1"
sinx+siny=1;
x-y=g3,
cosx—cosy =-0,5;
x+ ——
5){ ¥

tgx+tgy= 2\f—

1) sin(x+y)=0,
sin(x-y)=0;

{sin[x +y)= %,

tg(x-y)=1

3)

x+y=
1)

sin®x +sin’y =1,5;
=

3) 4=
cos’x+sin’y=1;

x+y=0,75m,
1)

{smx sm = -EE*;
x+y-—

3)

Lgx tgy=

xXx—-y= 195°
smx
siny —
x- y——30°

COSX _
cosy

1)

3)

2){x‘y:%’

cosx+cosy=1,5;

T
x+y=+,
4){ ¥=3

smx+smy \/_

X - y—§',
ctgx ctgy——\@

sin(x+y)=0,5,
2) 3
cos(x-y)=-5
1) cos(x-y)=1,

cos(x+y)=0,5.

B3

) x+y
4"

2)

{ 9

x n

cosx cosy =0,5;
b4
4) {

ctgxctgy = —%.

X-Yy=+

=y
——=3,

III

2 »
x ’
sinx =\/§.
cosy 27
{ ,

sinx—-cos’y=1;

3cos’x—12cosy =15.

CucreMbl TPUIOHOMETPUYECKUX YDABHEHMIH

3.203. 1) {

3.204.

3.205.

3.206.

sinx—cosy=1,
sinx+cosy=0;

cosx+siny = %,
2)
cosx—siny = %;

6cosx+8cosy =32 -4,
10cosx—14cosy=5V2+7;

4)

4sinx+10cos2y = 53 -2,

6sinx +4cos2y = 2.3 -3.

sinx siny =0,25,
cosx cosy=0,75;

1)

sinx sin ;
3) v=4

1 y+sinx =35,
4y +2sinx=19;

3)

1)

1+2co0s2x =0,
2)

sinx S].Ily =
2)

<
'“|o5'1 "“wi

cosx cosy=

sin x cos
4) ¥=

3tgx= tgy

2)
2\f_y+sf_7t:tgx 1;

4y+\f§cosx-—~0 5,

28y+4\/_cosx 1.

{\/2y+ J12ctgx=2,
4){

4siny - ﬁ\fﬁcosx 5+4cos’y;

ﬁcosy —4sinx =2/3(1 +sin? Y);

W

)

4./3 cosx +2siny =17,

23 cosx+ 6siny =3+12sin’ x;

5+2\/— 31nx+2003y 22 cos2x-42 -53,

4)

°
|
|
|
|
|
¢
|
.

23+\;6 smx 2cosy+4\/—+3~/§ 0.

283
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sin®x + ctgy + 0,25
T
Joos(3-)
4cos’xr=1~tgy;

191 cos® x + ctgy

[ gin x+ctgy 1 =0,

3.207%. 1) | st—*x 2)
[ cos x+0,25tgy~1=0;

Bcos2x —ctgy +1,25 _ 0,

g (m(E-2)
18sin®x - 2ctgy-3=0;

Jﬁ)tgf'y: 3J§2_1!

tg25y+(3—\f§)sin(-2x)= 82 ";

cos®(~4x )+
2) F 2

=0,

4) Jsm(g_x) ='

4sin®x =2tgy+9.

sin®(-2x) -(3 -

3.208%, 1)

F e

1

tg’(2)—
J_—l

cos(—4x)= I

teg*(-2y) -
sin”3x-+{4- \/5 Jetg(-7y) =23-0,75,
ctg?(~Ty)+(4-+/8)ein3x =28 - 0,75;

lcos“(—Gx)+(J_ )ctg( 9y)-2 5 - l,

2J§1

ctg?(-9y)+ (V5 -1) cos(-6x) =

A 3.15. Pemenne HepABEeHCTB BHAA
sinx<a, sinx > a, sinx< q, sinx 2a

Cnyuan, xoraa s =01 |a} > 1, ysxe 6sum paccMoTpess 1. 3.3.
HanmoMEHM, 4TO pellleHMe THUX HepaBeHCTB mpm a=0 cBozur-
¢ K HAXOXKAGHWIO NMPOMEXKYTKOB SHAKOMOCTOAHCTBA (PYyHKIMH
y=sinx. A pellleAne 3TMX HePaBEHCTB IpM |a|=1 ocHoBaHO Ha
BHAHWHK HAMMEHLIIErO ¥ HanGoIbInero sHAYEeHUHE 9Toll yRKIHMN,

Paccmorpum caydait, xorza 0<la|<1, T.e. -1<a <0 uan
0<a<l.

IIpamep 1. Peminre HepaBeHCTRBO Sinx < —*;—.

Pemenne HepasencTs BHAA siqx <a,sinx>aq,sinx<a,sinx>a 285

_1 y:—%

y=sinx

Puc. 171

Pemenue. PeoiuM 3T0 HEPABeHCTBO, WCNOALIYR 2pauru
Qyuryuit. B ogHOll cucTeMe ROOpAWHAT M300pasHM rpadurx

byHRDMl y=sinx n y=—% (puc. 171), PelreHIAME HepABEeHC-
TRa sinx < —-;- 6yayr aGcmucehl BCeX TOUYEK CHHYCOHMARI, pac-

NOJOXEHHBIX HHXe NIpaMoil y=—%. Ha pmcyrke sTtH wacTm
CHHYCOHJLI EBIJIGJIeHE CHHHMM IOBETOM, & COOTBETCTBYIOIIWE UM
IPOMEXYTKM pemreHuii Ha ocH Ox — OMTPHMXOBKOE (KOHIBI 3THX
TIPOMEXXYTKOB OTMEUYeHL! CBeTALIMH KDPYKKAMH, TaK KaK Hepa-
BEeHCTBO — CTPOroe).

IIpoMeYTKOB pellleHnii AAHHOrO HEPABEHCTBA OGeCKOHEYHO
MHOro. 3Had KOHOL OAHOTO M3 5THX ITPOMEKYTKOB H HCIIOJIBIYS
NepHOAHYHOCT: (DYHKOWH CHHYC, MOMXKHO SAlWUCATE BCE ero pe-
wenns. OnpeAesnM KOKIH TOrO MPOMENKYTKA, KOTODHIA HMeer
ofmue TOUKH ¢ TPOMEXKYTKOM [—— —] — MHOMKECTBOM sHAYe-
Huit pynkoun y=arcsinx (Ha pucyHKe 171 — 310 mpomexsyTok
(x1; x,)). 1 1

Iocxonbky x, € [ 25 2] nsinx, =~3, 10 ¥, = arcsm(—§)=—%
(o oUpeneNeHA APKCHHYCA).

Ha pacyBKe BHAHO, UTO X, =—T+|x,| = —n + %=—%’1.

Taxum o0pasoMm, penIeHHAMH HepaBeHeTBa sinx < ——;- AB-
AAKTCA BCe X, KOTOPHe NPHHAANEKAT IPOMEEVTKAM BHAA
(—%" +2nn; —% + Znn), neZ.

B rerpaan pemenne opumMepa 1 MOMHO 3allUCaTh AOCTATOIHO
KOPOTKO.

PemeHue, sinx < —é— (BHIIONERATE pACYHOK 171),

2 +2mn < x<xy+2nn, nelZ;
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xR . 1
X, € [——2'; E] H 8Inx, =—§, 3HAYIHT,

: 1
Xy = arcsm(—E)z—%;
n 5=
x1=—1t+|x2|=—r:+3=-?.
Hrax, —%+2nn<x<—%+2nn, neZ.
. (-5 .
Orser: (— 3 +2nn; 3 +21m), nelZ.
1
20
Pemenne. PemuM gagHOE HEDABEHCTBO, LUCTIOALIYA MPUzo-
KoMempurecKuil xpyez.,
PaccMOTPHM eIUHHYHYI0 OKDPYKHOCTEH; OTMETAM Ha Heil To%-

IHIpumep 2. Pemmuth HEPABEHCTBO SiNX 3

XKH A_§ H A.g {puc. 172). IlockOABKY DO YCIOBRHIO ai.nx)—%,
TC OTMeTHM {(CHHHM I[BETOM)} OTPE30K OCH OPAMHAT, COOTBETC-
TEBYIOLIHHA SHAYeHHEAM CHHYCA OT —% mo 1. MHOXeCTBO TOUER
OKDYRHOCTH ¢ TAKHMH OPAHHATAMH TAK)Ke BHIASJIAM IourybLIM
neeroM. KoHuz coorsercreyiomedt Ayrn — A, A,,lz (orm HMe-
10T OpPOMHATH, PABHEIE —}2—) OTMETHM 3aKpPAIIeHHEIMHE KDYMKEA-

MH, DOCKOJBKY AaHHOe HePABEHCTEO — HECTDOTOe.

Tak KaK o, € [-—%; %] u sinu3=-%, TO

0y = arcsin(—%) =—%

Apurasacs 0o ronydoit Ayre oT TOUKH A,, A0 TOYKH A,,, same-
qyaeM, Yo JBHAKeHHe HANDAB-
A A JIeR0 NPOTHB XOAA4 YACOBOH
CTPENIKH, SHAYHUT, O = Clp.
Ha pucynke 172 Buamo,
qT0

sinx >—%—

a,=n+|a2|=1t+|——g-i=%".

Hrak, ¢ yueToM meproamd-
HOCTH QYHKOMH ¥ = sin X MOK-
. HO BANUCATH PeINeHHS AaHHO-
Puc. 172 2z 0 HEepaBEHCTBA:

Pemenue EepasencTe BHAA sinx < a, sinx > a, sinxSa, ginx>a 287
w+2rnsx<a,+23nn, neZ,
T. e, —%+2nn<x<7—;‘.+2m, neZz.

TaxuM ofpasoM, MHOMKECTROM pemIeHMA HepPABEHCTBa

ginx > —% HABIISIeTCA 00beANHe e IPOMeKYTKOB BHAA

= L In
[—-~6+2nn, 3 +21m], neZ,

3anmHCEk penieHAA OpHMepa 2 B TeTpagn MOXKHO odop-
MHTL TaK:

Pemernmne. sinx » —% (BamoannTE pHCYHOK 172).
Iocronsky a, <ay, TO a; + 2R S x < o, + 210, neZ.

Ilyers a, € [—%; %], TaK KaK sina, =——12—, TO
. 1 x
0y =arcsm(—§)=—~§;

Htak, ——;-+2un€x<%‘-+2nn, neZ.

Orser: [—%+21m; %+2nn], neZ.

IIpaMmep 3. PemuTs HEPABEHCTBO:

a) sinx<2; ) sing> B,

PemeHKe. a) PemuM HepaBeHCTBO MemodoM UHMEPBAROE.

9T0 HEPABCHCTEO PABHOCHALHO HEPABeHCTBY Sinx — g <0.
8

IIyern f(x)=sinx—T. PemiuTek HEpABCHCTBC 8) — 3HAYHT

HANTH Te 3HAYEHWUA X, NPH KOTOPRX f(x) < 0. ITockoAbKy PyHEK-
uusa [ onpenenesa Ha MHOXecTse R m mMeer mepmop 2nn, neZ,
JOCTATOYHOQ ONPENEeNATh OPOMEKYTKH 3HAKONOCTOSHCTBA 3ITOH
dyaROEE Ha J1060M OpPOMeRYTKe InaEoH 27,
Haitaem myau pyuxknnm f, permus ypasrenne f(x)=0:
ginx = {%;
V8

x=(~—1)"arcsinTs+nk, keZ;

x=(-1 IP§+ﬂk, keZ.
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Bemmuinem n3 mony4eHHOTO MHOKECTBa pellleHUil ypaBHEeHUSA
HECKOJIBKO €70 pelleHuH, WAYIHX noapsj (B mopsigke Boapac-
TAHMUA):

npa k=0 noxyuum x, = —f;—;

npu k=1 nonyuum x,=—g +n= -2?“-;
n

npu k=2 nonryunum x, = ; +2n= "7

Peniennsa BBITUCBIBAIOTCH nmoapAn oo Tex 1op, IroKa MOAYJIb
Pa3HOCTH MeXAy MepPBBIM M IIOCJeJHMM He CTaHeT paBHBIM 2n.
B PaccMOTPEHHOM cJy4dae paccTossHUe OT X, JI0 X3 PABHO 2m:

K ¢ < T
3”3 |" 2n|{=2m.

OrMeTuM BBITHCAHHBIE peIle-
M HHA TOUKAMU KOOPJAMHATHOH IIpsA-

= 24| =

.g_ %{f %" x moit (puc. 173). O6pasoBanuce ABa
Puc. 173 uHTepBaNa: (g %T—‘) u (%’5, 7—3“]

Onpesennm Tenepb 3HAKYA 3HAYEHUH (PDYHKUMH [ B OTMedeH-
HBIX JIBYX WHTEpBaIax.

RameTus, 4TO ;c (; 23’5-); Te (23“; 73’5_], Hailgem:

f(;)= sin®_¥3_1_¥35 0y

2 2 2
f(m)=sinm - 48 0- ¥3 <0.
2 2
COOTBETCTBGHHO, IocTaBHM 3HAK «IIJIOC» HAJ HWHTepBa-

JIoM {'3“, ?33‘-) M 3HAK «MHHYC» HaJ WHTEDPBAJIOM (gﬂ' :(3’-‘-]. Uraxk,

.\ 87
f(x) <0, ecan %" <x< 73’.‘..
YuuTeIBasg NEepUOAHMYHOCTH (DYHKIUH [, 3aNMIIEM DelleHue
HepaBeHCcTBAa:
2n - 7
T r2nmn<x< --3?‘. +2nn, neZ,
B rerpagm aT0 pemieHHe MOKHO 3allHCATh TaK:
/3
5

Pemenue: sinx <
. V3 o
sinx - 5= < 0 — mpuUMEeHHM MeToJ UHTepPBAJIOB.

Pemenne HepaBeHCTB BUAa sinx < a, sinx > a, sinx<a, sinx>a 289

IlIycts f(x)=sinx—‘%3; D(fy=R; T=2nn, neZ.

Haijigem aynu ¢yHKIuM f, peliuB ypaBHeHHe
V3.,

sinx =" x=(—1)”%+nk, keZ;
xl=% npu k= 0;
xzz% npu k=1;

.753:13iE npu k=2;

7
le—xal=\%-'3£

HailifeM NpoMeXyTKH 3HAKOMOCTOAHCTBA (DYHKIUH [ HA TpO-
MexKyTKe [x,; X3] (cM. puc. 173):

=2m.

f(B)=1-B>0; f(m=0-2<o.
HUraxk, f(x) <0, ecin 2% 2nn < x<1’5+2nn, nekZ.

3 3
OTrgBer: [2—3’t+2nn; 7—;+2nn], neZ.

3anucek pelleHus HepaBeHCTBa 6) MeTOJOM MHTepBaJOB Oyaer
IIOYTH TAKOH ke, KaK W 3alluCh PeIleHus HepaBeHCTBA a), TOJb-
KO 114 oTBeTa OyAyT BEIOpaHBI APYTHe IPOMEKYTKH 3HAKOIIOCTO-
ancrea pyuxuuu f, te, rae f(x) =0, 1. e.

[_g_+2nn; %"+2:m], nelZz.

Ha pucyakax 174—177 npouniocTpMpoBaHbl pPeIIeHUsA He-
paBeHeTBa a) U 0) ¢ moMoIsK TrpaduroB (GyHKOUHE B TPUTOHO-
Merpuuyeckoro kpyra. OnpenenuTe, KaKMMU DPHCYHKaMH IIpO-
HJIIIOCTPUPOBAHO pellleHue HepaBeHCTBa a), a KAKMMHU — Hepa-
BeHCTBa D).

.
SN
X1 Xa

Yy =sinx

Puc. 174

19 Anarefipa, 11 e
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y n
Yy =sinx I 2 V3
1

y=—2—

A% Arn
Ag, Aqg, Ag, o Ay,
oL |V3. 3
Clg ] (12
O T
o
——
A_x A
Puc. 176 2 Puc. 177 -3

IIpumep 4. Pemnurs HepaBeHCTBO

sin(83x —1) > — “’22
Pemenwue. Obosnauus 3x — 1 = ¢, monyuum sint > -2, Ber-
TMMOJTHUM pucyHOK 178.

tL+2mn<t<t,+2nn, neZ;

_n.n . N2
tle[ R sint, = 5 » SHAYMT,
/2
A T
t—arcsm( 2)_ z
- - n_ 5,
tz—ﬂ+|t1!—ﬂ+‘z—7,

——+2nn<3x 1<8n

+2nn, neZ;

Puec. 178

Pemienne HepaBeHCTB Buja sinx < a, sinx > a, sinx <a, sinx>a 291

5z , 2nn

1_rm  2mn 1
s T 3 <x<3+12+ 3 =, nelk.
. {1 _@m 2mn, 1, 5m, 2nn
OrBer: (3 3t 333T12t 3 ), nelZ.

Pemure npumep 4 ¢ NOMOmbIO TPUTOHOMETPHYECKOI'O
Kpyra u meroga uHTepBanoB. IIpu moboM M3 aTUX crHo-

cofoB pemmeHus yAoOHee TepeiTH K HepaBeHCTBY BHJA

sint > ——“"2&, HCIIOJIb3YSA 3aMeHY TePEeMeHHOH.

IIpumep 5. Pemnrs HepaBeHCTBO

4 n T 1
=
s51n X cos 7 sin 7 COsSXx # 9"

Pemenue. Ilo Teopeme cnosxeHNA MOJYIUM

. n 1
sin(x - 7) > 3.
Ob6ozHauus x~$=t, umeem sint = % Hanee, pemruB Hepa-
BEHCTBO OJHUM M3 TpexX crocoboB (caesaiiTe 3T0), MOJIYUYUM
13n 41n
43 +2mn < x <= 15 +2nn, neZ.
41n
OrBerT: [ T | 2ntn; ¥ Th +2nn|, neZ.

‘) 1. ITosicHMTe, KaK peluaTh HepaBeHCTBO sinx > a (sinx < a),
® MCIIOJIL3YA M300pa)keHusa rpapukoB GyHKIHHA y=sinx,

Yy =a, eciun:
a)-1<a<0; 6)0<a<l; Ba="; 1)a=0;
o) a=-1; e)a=1; m)a:—g.

2, TlosacHuTte, WMCHONL3YA TPUIOHOMETPHUYECKMI Kpyr, Kak
pemaTts HepaBeHCTBO sinx < a (sinx = a), ecau:

a)-1<a<0; 6)0<a<1; B) a =-0,6;

r)a=0; o) a=-1; e)a=1;
JT

?K.) a=—7.

3. IloscHuTe, Kark pelnaThk HepaBeHeTBO sinx < a (sinx = a)
MEeTOJOM WHTEPBAJIOB.
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YnpaxkHeHHA

Pemure HepaBeHcTBO (3.209—3.216).

3.209.

3.210.

3.211°,

3.212°,

3.213.

3.214.

1) (V5 -6 )sin(SE - 2x) > 0;
2) (V3 -

n)sin(% + 4x) <0

3) sin(";—“ = 4x) cos(—g— + 2x) coa( 3 4x] sm( + 2x) >0

4) 0,53111(2—” — 5—x) 005(5—x - ——) 2 0;

7 2 2
5) sin (3x - 12) + sm(Sx - —) >0
6) cos(4x i) cos(— = 4x] >0.
1) sin (?x+%] >0: 2) sinz(%‘t-—-g—)éo;
3) \/sin (33—" Zx) > 0; 4) /sin (2x + 6—5") <0
1) sinx > -4; 2) sinx < —4;
3) sinx < m; 4)sinx > %;

5) (sinx—-1)sinx > 0; 6) sinx (sinx+1) <0.

1) sinx < J‘~; 2) sinx>%,
3) sinx>——‘@; 4) sinx @%;
9) sinx = ";2, 6) sinx(%;
7) sinx > 0,25; 8) sinx = -0,6.
1) 2sindx < J3; 2) 2sin%>—\f§;
.. [(m bx
3) 2sin(°F - 4x) > 3; 4) 2sin(§ +25) <1;
5)'?Sin(?+2x)<—6; 6) Tsin(4x - %) < -3.
LI e | 2n 2,
1) sin% 3 X cos g —Cos— sm? 5
6x . 12r 6x i 12n < V3.
2) sin8 5 * cos 7 +cos?sm 7 > 5

Pemerne HepaBeHeTB Buja sinx < a, sinx > a, sinx < g, sinx Za 293

3.215.

3.217,

3.218.

3.219.

3) sm(3x B 6—“) cos(5xﬂ7—“) - cos(

3x) sm{5x - —) <%

J_ !

5 5 5
4) sin(Zx—%“) cos(%—‘?x) cos(?—2x) s1n(7x —)
5) 20sin x cos x cos2x cos4x cos8x cos16x > —0,3125;
6) 20sin £ cos % cos ¥ cos X cosx cos2x < —i
8 8 4 2
1) sin(5x - %‘] cos (%“ 5x) < -‘?—;
2) sin (2x - %) cos( % - 2x) > 2

cos(
3) 3(cos(6x - ) - cos(6x+ 7)) >~
4) %(sin(3x +47) 1 sin(3x - %ﬂ)) &L
5) sin (%% + 25) + sin (%% - ) < 3(;2-2;
oyain(g + )-sin(s - 5)>(-3)"

Pemure Ha npoMexyTke [-2; 2] HepaBeHCTBO:
Dsinne>2;  2)sinnr<2,
PemuTe HepaBeHCTBO!

1) (2sin2x ~1)Jdx—x* +5 > 0;

2) (2sin4x+/3)V2-x-x* <0.

VkaxuTe ecTecTBeHHYK o00JacTh omnpejeeHHd
KEeHHA:

BBIpa-
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3.220%. Pemnre cucTreMy HepaBeHCTB:

i) smx>-‘-2-2-, sinx>%,
7 2)
i < V3., si <.ﬁ3-
sinx < -5=; nx <o
2 Iy
) smx?—%, sinxQ——“—z“—;-,
4)
inx<i; i 2
sinx 3 sinx < 3

Pemure HepaBencTso (3.221—3.222).

3.221%*, 1)4sin®*x -3 < 0; 2)1-2sin’*x > 0;
3)25sin’x-10sinx-3>0;  4)49sin®x + Tsinx -6 > 0;
5)35sin®2x —11sin2x -6 <0; 6)15sin’ 3 +4sing -4<0.

3.222%, 1) 3sinx-2/sinx| < 0,5;

3) 4sinx —2|sinx| §2sin%; 4) sinx +|sinx| > 2sin—56£.

2) 4sinx - |sinx|> 3,5;

A 3.16. Pemienne HepaBeHCTB BHIa
cosx <a, cosx > a, cosx<a, cOSXx > a

Cayuan, xorna a=0 u |a|>1, yxe 6BUIM paccMOTpPeHEI B
n. 3.4.

Pacemorpum reneps cnyuaii, korga 0 < la|<1, T.e.-1<a<0
nmm 0<a<1.

Jls pemenus TAKMX HEPABEHCTB (KaK M NS DelIeHHs He-
PaBeHCTB ¢ CHHYCOM) HCIOJB3yeTCss OAWH W3 TpeX CHocoBoB
(em. 1. 3.15). PaccMOTpUM npuMepst.

IIpumep 1. Pemurs HEpaBeHCTBO

1
< T
cosx Tk

Pemenue. Pemum 570 HepaBeHCTBO, UCIONL3YA u300padNce-
HUA 2papuKos QYHKYUL.
B ozxnoit cucreme KoopxuHAT M300pasuM rpaduxu QYHKIHI

1 =
y=cosx, y= ) W MTPUXOBKOK OTMeTHM Ha ocH Ox NpOMEXYT-

1

KM pellleHWH HepaBeHCTBa cosx<—2 (puc. 179). Kounsr mpo-

Perienue HepaBeHCTB BUAA COSX < @, COSX > d, COSX < @, COSX za 295

1 YA
COsX <—§
Y = COSX
X1 Xy X3 X4
-7 [0] T 2n X
e 1] N y=-1
2 Pwmc. 179

MeXYTKOB pelreHuil o603HaYeHBI X, Xy, X3, Xy} OHU OTMeUYeHbl
CBETJILIMHA KPY/KKaMM (MOACHUTE MOYeMy).

Henons3ys NepuoauuHOCTh (DYHKIUH Y = COS X, PeIleHne JaH-
HOT'O HepaBeHCTBA MOXHO 3aI1CaTh B BIJIE X3 + 211 < X < X, + 211,
nelZ.

IMockoapKy x5 €[0; 1] 1 cosx, = _%, O

. 3\ 1__=®_2n
x3—arccos(_—ﬁ)—n—arccosz—n 5="3"
H e 179 BugHO, UTO X —211.'—|x|':2.‘rr—ﬁz4—’1
a pHCYHK nHO, s = | AT
Wrak, 2—3“+2r:n<x< -‘-‘-3E+2m1. nelZ.
OTBerT: (2—3“+2rcn; 4—;+2nn), neZ.

HUcnoawsysa pucysorx 180,
pemuTe npumep 1 e nomo-
Wbl0 MPUZOHOMEMPULECKO-
20 Kpyaa.

IIpumep 2. Pemunrh HepasBeH-

CTBO

cosx?—é—.

Pemenwue. Pemum aT0 Hepa-
BEHCTBO Memodom uHmepsaos.

Puc. 180

Ilepenuiiem AaHHOE HEPABEHCTBO B BHJE COSX + % =0.
IIyers cosx + -12—: f(x); D(f)=R.

®Oyarnusa [ — nepuogHYecKas ¢ HAUMEeHBIIUM TOJ0KHUTE b
HbIM Tepuomom 2n. Haiimem myam (yHKOuHM [ Ha Jg000M 1po-
MeXKYTKe JJIMHON 27 obiacTu onpefie/leHUs, PelIuB ypaBHEHUe

f(x)=0:
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cosx——-;-,

b o iarccos(—%) +2nk, ke Z;

x=i(n—%)+2nk, keZ; r= i—-+27tk keZ;

2n 2n

X == Xy=Tg npu k=0;
— 2“ 2 4r
X3=—"g +2n=— mpu k=1;
2n  4n 67
|I‘ xs‘-—— —"é"—‘~3— :‘——3— =2m.

OrMeruM 3Ha4YeHMA X,, X, X3

TOYKAMH KOODPAMHATHON NpAMOIf ] | |

(puc. 181) m ompeaenum suaku 3pa- 21 2n  4n X
yeHMIT (QYHKOHM [ Ha UHTEpBajax 3 3 8
(x15 x5) m (x5, x3): Puc. 181

f(0)=cos0+3=1+0,5>0; f(r)=cosn+0,5=-1+0,5<0.

IlocTaBumM 3HAK «IIIOC» HAJ MHTEPBAIOM (X,; X,), a 3HAK
«MHHYC» — HaJl HHTepPBAJIOM (X,; X3).

Hrak, ¢ yuyerom mepuoawyHOCTH (DYHKIUU [ TOJYYHM, UTO
f(x) > 0 npu ﬁ-zé’i +2nmn < x < ?é_“+2:rm, neZ.

Orser: [—%+2nn; 2—;+2nn], neZz.

IIpumep 3. Pemunrs HepaBeHCTBO

cos(3—x) > %

Pemenue. Obo3HauuB 3 -x =1, moaydum cost > % 9ro

HEPaBEHCTBO pelnaeM JIFOOBIM M3 TpPexX Crocob0B M MogydaeMm
—%+2nn <t<%+2:rm, neZz,

T. €. ¢ yueToM 0DO3HAUEHHU,

—%+2nn<3—x<%+2nn, neZ.

Orkyna numeem:

3—%—2nn<x< 3+%—2nn, neZ.

OTBerT: [3—-;-—2nn; 3+Z

3 +2:rcn], nelZ.

Pelrenne HepaBeHCTB BHAA cosx < a, coSx > a, cosx < a, cosx =2a 297

IIpumep 4% PemuTh HepaBeHCTBO
2 1
<=,
sin"x <4

1-cos2x

Pemenue. ITockonsky sin®x = 5

CTBO IIpUMeT BHI:

, TO IaHHOE HepaBeH-

1-cos2x < %
Pemus 2T0 HEPABEHCTBO, MOJIYUHUM:

—%+Tm<x<%+nn, nelZ.

Orser: (—5+:rtn; %+nn], neZ.

6

f‘, | 1. IlosAcHUTE, KAK pelIaTh HEPABEHCTBO cosx > a (cosx < a),
| e I HCIOJIL3YyA n300pakeHUs TrpapUKOB (QYHKIOHH Y =COSX,

y=a, ecau:

| [
a)-1<a<0; 6)0<a<l; B)a——al,
r)a=0; o) a=-1; e)a=1;
_NT
xK) a= 5

2. TloscuuTe, KaK, UCHOJB3YA TPHUTOHOMETDUYECKHMIT KpyT,
peuiatTb)  HepaBeHCTBO cosx <a(cosx >a), cosx<a
(cosx = a), ecnn:

a) -1<a<0; 0)0<a<l; B) a =-0,6;
r)a=0; n) a=-1; e)a=1;

7
}K) a——z'—.

3. IloacHuTe, KAK pemaTh HePABEHCTBO cosx < a (cosx = a)
' MeTOA0M HHTEPBAaJIOB.
YnpakHeHU A

Pemure HepaBeHcTBo (3.223—3.229).
3.223°. 1) (V3 - \/3] cos(ﬁ - 3x) >0;
2) [\/_ Zrt)cos( -0 lx) <0;

3)(::::3(10 4x)cos(m+3x] sm(?o 4x)sm(-1-6+3x] 0;

4) cos (E 5;) sin (56" ?—E)(O.
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3.224.

3.225°,

3.226°.

3.227.

3.228.

3.229,

1) 0082(% - %) >0

3) ,}cosz(%ﬂ - 5x) > 0;

1) cosx > 3;

3) cosx < _? ¥

5) cosx (cosx +1) = 0;

1) cosx < -l;

3) cosx < ié-;

V2,
2 t ]
7) cosx < -0,4;

5) cosx > —

1) 2cos3x > -1;

3) 2c03(3711t - 3x) <-1;
5) 9cos(4x — F) > ~4;

1) 003(1’3 - 4x) cos(5x _ 9

8

8

Tpurosomerpuueckue QyHKIMH

2) cos?(12X - TE) < 05

4
12n
4) \[cos® (4x & T} <0.
2) cosx < 4;
4) cosx =z -~

6) (cosx —1)cosx < 0.
2) cosx 2 —l;'

4) cosx = ﬁ;

2 !
8) cosx =-0,1.

2) 2cos§ 3 —2;
4) 2cos(§+ 57") >-J2;

6) 7cos(6x—%) <3

6) cosx < —

)+

+ sin(3x - 15) sm(— - 5x] < 3’—3

2) a::tas(i ~ Qx) cos(3x -

6

= sin(Qx = l?ﬂ) sin(

6

3) sin (4“ 5—x)—cosz(- >

5 3

4) sin (5“ 7x)—c032(

6 2

3

1) —é—(sin(‘i—TE + 5x) + sin

2) %(cos(ﬁx - "%) + cos(_ﬁx + 7—“)) . ¢

&)

11ix \,"E,
T 8x) <55

Pemenne HepaBeHCTB Buia cosx < a, cosx > a, cosx <a, cosx =2a 299

3) sm(%x —-5%)+sm( 7x) >8;
4) cos(z—x—%") +cos(2?x+?) <-1.

3.230. Pemure HepaBeHCTBO Ha npome:xyTke [-2,5; 2,5]:

l)cosnxéi;—; 2) cosmx < — "{_

3.231. Pemure HEPABEHCTBO!
1) (2cos 3 —V2) /5 +4x —x* > 0;
2) (2cos% +1),/8+2x - x* <O0.

3.232, VkakuTe eCTECTBEHHYIO 00JIACTH ONpe/IeeHUs] BhIPAKEeHUA:

1) V2cosx +3 chosx_\_ib_
2sinx-1 2sinx +v2
3.233*. Pemnre cucTeMy HEPABEHCTB:
( 5
cosXx = — 22, cosx > £
g
1)< & 2) ¢ 5
cosx < X2, <3
L 5 cosx <=5
i ;
JCOS X2 -3, cosx > —~";-§—,
3) 4) < 5
cosx <1 =3 .
| 3 | cosx < 3

Pemrnre HepaBerncTBo (3.234—3.236).

3.234*, 1) cosx < cos® x;
3) cos® x > cos® x; 4) cos® x < cos® x;
5) 2cos’x—-1>0; 6) 4cos’x-1<0.
3.235%*, 1) 3cos®x+10cosx+3 > 0;

2) 2cos® x +Hcosx+2> 0;

3) 35cos” (21: - %) + 6cos[2x - %5) -9>0;

+-%T=]—12<0.

2) cosx > cos’ x;

4) 490052& + %5) + '?cos(-:-

3.236*. 1) 3cosx —2|cosx|< 0,5; 2) 4cosx — |cosx| > 8,5;

3)\|6c05(4x——— +2'>4 4)]7003 5x+ 3'%7
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A 3.17. Pemenne HepaBencTs Buja tgx < a, tgx > a,
tgx<a, tgx >a, ctgx<a, citgx > qa,
ctgx<a, ctgx>a

Hepagenersa 9TOro BUAS MMEIOT PelIeHNA UpH JoboM a. Pe-
IIeHNe TaXKUX HepaBeHCTB OpH & = 0 GaKTHYECKN GHLAO PACCMOT-
peHo B m. 3.6, 3.7. OHO cBOAUTCA K HAXOKACHHIO IPOMEXKYTKOB
3HAKOMOCTOAHCTBA GyHrknull y=1tgx u y=ctgx.

Ha npuMepax NokaxeM PASIUYHEIE TOAXOALI K DEINEHA) He-
PaBeHCTE upH a = 0.

IMpamep 1. PemmuTh RepaBeHCTBO

tgx > — J3.
Pemenue. PemuM 570 HepABEHCTBO € UCNOLbIOBRHUEM 2DA-
puwos Qynrxyull.
Hdocraroyno peImuTs, HepaBEeHCTBO tgX 2 — J3 Ea mpomesxyTKe

(—%; %) H BOCHIOJIL3OBATECSA HePHOAMYHOCTHIO DYHKIMH y =tgx.
HMzolpasuM B OQHOH cHCTeMe KOOpDHHHAT rpaduen dyHRHA

T, &

y=1gx Ha NpOMeKyTKe (—5, 5) u y=—v3 (pmc. 182). Oru ne-
peceraroTcd B Touke M ¢ abcuuecoit x,, =arctg(-J§)=-% (nosc-

HUTe noueMy). AGcuumecH Touek rpadmka y=tgx, HAXOZAUINXCH
BeiOle npaMoii y=-+v3 (Ha DHCYHKe OHH BHENEHH KPACHBIM
LBETOM), ABRASIOTCA PeIIeHMANA HEePABCHCTBA HA HPOMEKYT-
_i=n
Ke ( 2 2)‘
STH pemeHMA MOKA3AHK Ha ocH Ox INTPUXOBKONK (cM.

puc. 182), npuwdem Touka -3

L} OTMeYeHA B3aKpallleHHEHM K -
tgx;—\(—ls_- y=tgx pam pyat
KOM, 4 TOUKA 5 — CBETJIEIM
EPY)KKOM (mOACHATE IIOYEMY).
. 1 Hrax, pemeHUAMH HepaReH-
M
 — ity > CTBa tgx}a'-\/E HA TIPOMEXYT-
_] 1 —_
21 "5 2 Ke (—%; %) HABAAIOTCH 3HAYe-
MT y=- 3‘ HHUSA X, YAOBAETBODAIIIHE YCI0-
" Tt
Puc. 182 B0 —z < x <.
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...3_1‘ i [l 3r X
2 : : 2
y=-v8
Puc. 183

HNcnoanaya NMeprognYHOCTh PYHKOUA ¥ = tg X, DoayuaeM pe-
OIeHHA HCXOAHOr0 HEPABEHCTEA:

—%+1m€x< %+ﬂ:n, neZ (puc. 183).
x
3

B Terpagu penmtenne npaMepa 1 MOKHO 34IMCAThL 3HATHTENE-
HO KOpoyYe:

Pemernne. tgx » -J3 (epmonEnTs pPRCYyHOK 182).
M — rouka mnepecevennd rpaduxoR dyHxmmi y=fgx n
Y =—-3 Ha IpOMexyTKe (—-12‘-; %) 3uaynT,

Xy =arctg(-\/§)=-%.

—§+nn€x<%+nn, neZ.

T .E
3+ 5 +1m), nelZ.

f*’ﬁ
& PemuM HepaBeHCTBO U3 mpHMepa 1 ¢ ucnoavsoeanuem
) CBOUCME PyMKYUL Y =tgX.

Ilo ycnoeHI tgx?—\fi 3HAYNAT, HA NOPOMERKYTEE
(—%; %) nMeeM tgx?tg(—lg-), T. €. tg(—%)itgx.

ITocKONBKY Ha ODOMEXYTKe (—%; %) dbyaknua y=igx pos-

pacraer, To -g»<x<%. Hemonpsya nepdogmunocTs GyHKIHK

OrEBer: (— + T %H'm), neZ.

Orper: (

y=tgx, ameenm:
—%+nn€x<%+nn, neZ.

OrBerT: (—£+ nn; %

3 +1tn), neZ.
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y /s IIpumep 2. Pemurs HepaseH-
ctgx <V3
o ctgx < V3.

Peutesue. Ucnons3ysa pUCYHOK
184, monyuum:

—%+nk<x<n+m‘z, kelZ.

OTBerT: [%+1‘[k; n+:rrk], keZ.

3amMeuanue. YpaBHeHHe BHUJA
ctgx=a MBI CBOAWJIM K YPABHEHHUIO

Puc. 184  BuAa tgx=- (a#0)(cm. m. 8.11). Ho

nogobHas 3aMeHa MOXKeT NPUBECTH K omnbKe npyu pelleHUM He-
paBencTB. Hanpumep, 661710 061 rpy0oit omubKoil 3aMeHUTH pelte-
1

\."3
Hcnoneays pucyHKu 185 u 186, ybegurech, 4TO HepaBeHCTBA

HMe HepaseHCTBa ctgx < J3 pelueHuweM HepaBeHCTBA tgx > —

ctgx<\/§ utgx= —5 He A8NMAIOMCA PABHOCHJIbHBIMH.

tgx> L
g 73 y
_E_I.[ n X3 3.1_1 X
2 2 2
Pue. 185
ctgx <V3
y=V3
- 2n x
Puc. 186
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IIpamep 3. PemunTs HepaseHCTBO: Yy

i V3
f ctgu >
a) ctg(2x-3)>¥3; =3
_V3
6) tg( + 1) e/ B, U\ =7
Pemenwue. a) Ecin obo3naunTh e
2x-38=u, To namnoe mepasemctso O | *m L L
npuMer BUjJ ctgu = *‘%3 Pemug ato
HepaBeHCTBO (M00ObIM crocoboM —
puc. 187), monyuum: Puc. 187
nk<u€§+nk, keZ.

C yueTroM 0003HAUEHHAS MMeEeM:
nk<2x-3< —+1rk keZ,
OTKY/Ja HaXOIUM
3
‘2~+nk<x< +—g+ , keZ.

OTBeT: (2+nk 3+6+—] keZ.

0) PemuTre 210 HEepaBeHCTBO CAMOCTOATENBHO ABYMA criocoba-
MHU: HCHOJIb3Yys CBOMcTBA (DyHKIMH TaHreHc (6e3 M300paskeHUsA

ee rpauKa) U UCHIONB3yA PUCYHOK 188.
OrBert: (—3 - 32—“ +3nn; -3-n+ 3rcn), neZz.

=1
tgu<-v/3 Y= Eu

ol
@]

—

|

+

—_—

—

<

1l

|

v Gl
=
o
[y
e o]
oo



Tpuronomerpuueckne GyHrumun

1. IlosicHuTe, Kak pemars HepaBeHCTBO tgx > a (ctgx < a),
HcHnoyb3ya m3obpakeHns rpaduKoB OGYHKOUI y=tgx
(y=ctgx), y=a, ecnn:
a)a=-1; 6) a=>5; B) a=0.

2. IToscHuTe, KaK pellaTh HepaBeHCTBO tgx <a (ctgx > a),
MCIIOJIB3YA cBoiicTBa QyHKIME Y =tgx (y = ctgx), ecan:

a) a=-4; 6)a=1; B)a=0.

YnpaxkHeHHA

Pemure mepaBescTBo (3.237—3.238).
3.237°. 1) (V13 - V14 tg(4* - 3x) < 0;

2) (- 8)tg(3x - ) > 0;
3) (V7 - V21 )ctg (% -5x) < 0;
4) (4n - 140 ctg (5x + 7F) > 0.

2tg(5x Ly 39’5) ctgz(zx + 38—") -3

1) ——————=—>0 <0
1-tg® (Sx B %) 2otg(2x + %’E)
4x 3?{ . (x 2m
3) 1- cos( 5 3 7 ) 0; 9) sm(E—?z] <0.
m X T
3111(5 7) 1+cos(2 5)
. Hatinure ecrecTBeHHYI0O 001acTb omnpefiejleHUs BbIpa-
KEeHH:
S
2 7 tg2x 2 J-ctg2x
2) \f\/ﬁ 6)ctg —-—)- 4) J{_z—\/ﬁ)tg(g-%).
Pemnre mepasencTso (3.240—3.242).
1)tgx<1; 2) ctgxé\/g;
3) [‘,t.gx(—\i'g; 4)tgx < ——
5) tgx?"%a; 6)ctgx > -1;
7) ctgx = 6; 8) tgx >-10.

Peme_uue HepaBeHCTE Buaa tgx < a, tgx >_§z, ctg:r_ia_,_(_:tgx_ >a 305

20 Anrebpa, 11 ra,

1) /3tg3x > -1; 2) ctg ¥ >-1;

3) 3ctgdx < J3; 4) \f'gtgﬁ <3;

5) tg (% +35)>-1; 6) Bctg(°F —3x)

7) Setg (‘g + 8x) < 40; 8) -8tg(6x - o

1) 2tg(3x-3f") - 2tg( 35x+ﬂ] "

(3x 2“) 1 1-tg (3 Bx + i’;) V3

3) i 10 %l BN AN A ;_3;‘_“_) g

2ctg(4x + E) 2(:tg(4.r - ?ﬂ)

. Pemure Ha npomexyTKe:

a) [-1; 3]; 6) [-3; 1]

HEPaBEeHCTBO:

1) tgnx?l;-s-; 2) ctgnx < /3;
3) ctgnx > -1; 4) tgﬂx<—%;
5) ctgﬁx>—%; 6) ctgr:x<71§.

. Pemure HEepaBeHCTBO:

1) (tg2x - 1)\{'4x —x2+53> 0;
2) (3tg4x +3)\2-x - x? <0;
3) [ctg%—q@)dG +5x—x2 > 0;

4) (:ctgg +1)/12+4x - 2* <0.

Vkakure ecrecTBeHHyI0 O6GJACTH OIpeAeTeHUd BhIpA-
JKEHU!

V3
ltgx— X3 i =
1) \ gx 3 2 \.'tg'x-l-'\;'% .
7% - 9x? : nf-4x% '
 NT— —
)\ctgx—x3 4) \ctgx+]
2cosx—\,§
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3.246%. Pernure cucTreMy HepaBeHCTB! I'nasa 1. IlpoussomHasn

) {tgx o 2 {ctgx o L1. Puc. 8. 6), 8), 2).
tgx <1 ctgx <1; 1.2. Puc. 9. a) [-2; 2]; 6) [-2; 2]; B) -2; 0; 2; r) (0; O);
J3 Puc. 10. a) [-3; 3]; 6) [0; 3]; B) 0; r) (0; 0);
ctgx >1, 1) tgx > -2, Puc. 11. a) [-4; 6]; 6) [-5; 2k B) —4; 1; 1) (0; —4);
ctgx < \/5; tgx < \[g Puc. 12. a) [-4; 3]; 6) [-4; 4]; B) -2; 1) (05 -3).
1.3. Puc. 13. a) [-2; 0); 6) [0; 2]; B) = 1,5; 1) 0; 1) -2; 2; e) (-2; 2);

Pemure nepasencrso (3.247—3.250). Puc. 14. a) [0; 3]; 6) [3; 6]; B) 3; r) -2; 1) 1; 5; e) [0; 1), (1; 5), (5: 61;
3.247%. 1) tgx < tgzx; 2) tgx > tg s Puc. 15. a) [0; 2]; 6) [-2; 0]; B) 4; 1) -2; 1) -1; 1; ) [-2; -1), (=15 1), (1; 2];

3) ctg’x > ctg’x;

4) ctg’x < ctg’x.

Puc. 16. a) [0; 4]; 6) met; B) 3; v) —1; 1) 1; e) [0; 1), (1; 4].

AL 4y 28 BY 6) 1—7- — o g ) )
3.248*. 1) tg’x-1>0; 2) 3tg?x—3<0; 14. 2) (—oo, 4], 4) (-8; 5); 6) [-7; —2) U (=2; 0] U [7; 13) U (13; +0).
Do o i g ; 1.5. 1) 4; 6; 3) -4; 1; 5) 1; 3; 6.

3) 3c:g x-1<0; 4)3 ::tg x = 0; 1.6. 2) Y6uBaer na R; 4) poapacraer Ha (-co; 0), (0; +00); 6) sospacraer na R:

5) tg"x-8tgx—-20=0; 6) tg“x+6tgx-27 > 0; 8) Bospacraer Ha (-oo; 0], yorrsaer Ha [0; +00).

7) ctg’x—Tetgx—18 = 0; 8) ctg’x+ctgx—6>0. 1.7. 1) (-o0; 0), (0; 2%) (2%; +oo); 3) (~00;5 —3), (~3; -2), (~2; +00):
3.249%. 1) 9tg(2x - ——) +4(=8; 2) 2tg(4x + %) = 5‘ <9; 5) (~c0; 1,64), (1,64; 2].

1.8.

3.250%.

3) J5ctg 2x— §£)—(:‘.‘ <12;

1) 4tgx—2|tgx\€2cos1’-‘,

17rr.

2)tgx+

3) 8ctgx - 5|ctg x| > 7,5,

4) 2ctg x - 6|ctg x| < 2ctgl4’!

4)‘3ctg 5x - 3% +6)>9

[

1.10.
1.13.

1.14.
1.16.

1.18.
1.19.
1.21.

1.28.

1.24.

1.25.

1.26.
1.29.

1.30.

1) r, n; 2) 6, B, e.
1) f(-2) =5, f(10) =-8, f(-7)=-9,3; f(4)=0.

2) f(-8) < f(8); 4) f( )< f(—-) 6) Takux 3HAYEHHH He CYIECTBYET.

1.15. 2) 12; 4)2 6) —-L.

1) £(29) > 1(30% 3) f(-2) < 1(-1). =

a) 1; B) -3; 1) 0. 1.17. 2)y=-4x+14;4) y= 02x+56
1) y:——éx—Z%; 3) y=11x-16.
2)y=-5x+15; 4) y=-0,8x~-1,8.

1) y=-x-1;8) y=-x+5.

1.20. 1) 1 4); 2) u 5); 8) u 6).
1.22. 2) y:—% + %; 4) y=0,1x + 2,5.

1) y=%x + 5%; 3) y=%x + 13%.
2) y=v38x-8J3 +1; 3) y=—/3x+3V3 +1,

1) y=%x~%+l; 3) y=%§-x—g{3—+l

2) -7. 1.27. 1) 45°. 1.28. 6) (0; 1); r) (-10; +oa).

1) Hanpumep, (1,8; 2,1), (1; 3), (0; 5); 3) manpumep, (-13; -11),
(-14; -10), (-20; 0).

2) Hanpuwmep, -12,9; -12,5; —-11,3; 4) nanpumep, 32; 50; 100.
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1.31.
1.32.
1.33.
1.34.

1.35.

1.36.
1.39.
1.42,
1.44.

1.46. 2) 5; 4) 1,5.

1.49.
1.51.

1.52.

1.55.

1.59.

1.63.

1.66.

1.69.
1.70.

1.71.
1.73.
1.74.
1.76.
1.77.

1.79.

1.81.
1.84.

1.86.

a) Ax=8, Af=-2.

3(Ax)

2) —3(Ax); 4) —2x,(Ax); 6) —m.
0t4o

1) -1,2; 3) 0,48; 5) 2,25.

2) Ax=3,6; Ay=-1,8; 4) Ax=2,2; Ay=- -}-—%

1) Jxg + Ax — \Jxg; 8) Jax, + 4(Ax) -1 - Jdxp — 1.

2) 4,5>-1. 1.37.1) y=-3x-5. 1.38. 2) -3; 4) 14 4.
1) 3; 3) 4. 1.40. 2) 0; 4) 0. 1.41. 1) 4; 3) -2,5; 5) -0,5.
2)-7; 4) -1. 1.43. 1) 3,5; 3) 0,8; 5) -9.

2) -11; 4) -2; 6) -2. 1.45. 1) -500; 3) 1; 5) 9,88.

147.2)y=1;8) y=2x; 1) y=-2x.  1.48.2) --g; 1) 2.
1.50. 2) 6; 4) -1.
1) Hampamep, y = 2x — 1; 3) Hanpumep, y = x° + 5;

5) manpuwmep, y = 0,5x* + x - 3; 7) nanpumep, y= Jx +2x - 2,5.

1) (-o0; -0,1]; 3) &; 5) (-o0; 1) U (~1; +o0),

2) ~40 “Tll“; 4) 110 % 1.53.1) 12; 3) 2t, +At.  1.54.2) 40 .
1)1;3)4.  1.56.2)5. 1.57.1) 2t P22. 3) 16 B%E_ 1.58.8 M,
C
12 1 rpaj M
2) —2%¢c.  1.60.1) L. 61. IPan. 62. M
) =Torid ) 7 e 161.2) 2,4 * 1.62.1) 12 M
1)5¢;2) 145m.  1.64. 714, 1.65. 1728 [Ix.

2) 6% 18/x; 4H.  167.1) (4V2-4)%.  1.68.2) y=4.

1) Munye.

6) B Touke x, 3HAaK «—», B TOUKe X, 3HAK ¢«+», B TOuKe Xz k = 0; r) B TouKe
X, 3HAK «—», B TOuKe x; k=0, B TOUKe Xy 3HAK «—».

1) -2; 2) -2; 3) 0,42; 4) 1. 1.72. 1) 10; 3) -2.

2) Ocrpeiil, pagBepHYTHIN, TYMIOI.

2)y=6x-10; 4) y=x + 2. 1.75. 1) y =5x+3; 3) y = 2x.
2)y=-4x-T;4) y=2x-11; 6) y=—-4x - 6.

1) (2-2). 178, 2) y=-4.

1) (-1,5; 0,75); 3) (0; 1); 5) (115 -‘?) 1.80. 2) (-1,25; 0).
1) (2; -7). 1.82. 2) y=—x; y=3x-8.
2)-7.  185.1) 4z% 3) -5x% 5) -5,
x

1.87.1) x2 -

1.83. 1) (0; -7).

2) 6x* - 3; 4) 2x* - 5x* - 3x. §) e,

S W
2Jx 4 Jx «x

OTBeTsl 309
1.88. 2) ""‘E; 4) x - 4Vx +16. 6) 14324,
X X x*
1. 1
189. n1-L1;3 44 L
X X

1.90. 2) 3x*— 18x + 20; 4) —%xﬁ +8x5 4 5xl — 16x3.

2 %2-83

1.91. 1 3 3

) (x +1)? ) x?

—4x? 4+ 14x + 16 x2 +2x+4 Tx? —10x + 12

1.92. 2 = i 0) —=5 :

: (x% +4)2 : (x% - 4)? : (2 -x-1)?
1.93. 1) Bepso.

11

1.94. 2) £(0)=0, £'0)=1,25; 4) [(9)=337,5, g9 =7

1.95. 1) £1; 3) £2; 5) -g 1.96. 2) -3; 0; 4) 1. 1.97. 1) (1; +o0).

1.98. 2) (-0,5; 0) U (0; +00).  1.99. 1) (-2; %) (2; —%)

1.101. a) 1) [x,; +o0); 2) (=00; x,]i 3) (xp; +00); 4) (—00; x3); B) 1) [xy; xo];
2) (o005 x,], [xa3 +00); 3) (%13 x3); 4) (—995 xy), (x5 +00).

1.102. 6) Bospacraer Ha npoMexkyTKax (—oo; 1], [2; +00), yOeIBaeT HA TPOMENYT-
ke [1; 2]; r) Bospacraer HA npoMmexyTrax (—oo; -6], [-2; 2], yOriBaer Ha
npoMexryTrax [-6; -2], [2; +oo).

1.103. a) IonoxuTenbHsl HA TPOMEXKYTKE (a; b), oTpHLIATEIbHEI HA IPOMEKYT-
Kax [m; a), (b; n]; B) nosoxkurensHel HA npoMexyTrax (b; c), (e; h); or-
puuaTenbHEI Ha npoMe)xkyTkax [a; b), (c; e).

1.104. 2) Y6nisaer Ha npomesxyTke [-4; 3], BozpacraeT Ha mpoMeRyTKax (—oo; —4],
[38; +o0); 4) yOeiBaeT Ha mpome:xyTkax (-oo; -41], [-6; 7], Bospacra-
er Ha npomexyrtrax [-41; -6], [7; +c0); 6) y6eiBaeT Ha IPOMERYTKAX
[-6; -5], [-2; 2], [5; 6], Bo3pacTaer Ha mpomexxyTKax (—oo; 6], [-5; —2],
[2; 5], [6; +o2).

1.105. 1) Bospacraer una R; 3) yObiBaer Ha R; 5) yObiBaeT Ha IMPOMENYTKAX
[7; 0], [5; +o0), BodpacTaeT Ha npomexxyTrax (—oo; 7], [0; 5].

1.107. 2) IIpomesxyTok Bospacranus [1; +00), npomesxyrok yosiBanus (-o0; 1].

1.108. 1) IIpome:xyTku Bospacranusa: (—oco; —2], [2; +00), npoMexyToKk yObIBA-
Hus [-2; 2); 3) npome:xyTku BozpacraHmusa: (—oo; —2], [0,5; +o), mpo-
MesxyTok yoeiBanma [-2; 0,5]; 5) mpomeskyTor Bo3pactaHus [1; +o9),
NpoOMeKyYTOK yosiBanus (—oo; 1]; 7) npoMeskyTkn Bodpacranua: (-o0; 0],
[6; +o0), npomeskyTok yoniBanus [0; 6]. ’
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OTBeThI

1.109.

1.110.

1.111.
1.113.

1.114.

1.115.

1.116.

1.117.

1.118.

1.119.

1!1201

1.121.

1.122,

1.124,

1.125.
1.126.
1.127.

1.128.
1.129.

2) IlpomesxyTkn Bospacranua: (—oco; 0,25), (0,25; +c0), npoMeXKyTKOB
yOpiBaHUA Her; 4) MpOMeXYTOK BospacTaHus (-00; —2), MPOMEKYTOK
yoriBaHuSA (—2; +00).

1) IIpoMesKyTKOB BO3PACTAHUSN HET, IPOMEKYTKH yOuIBauus: (—oo; —0,2),
(-0,2; +o0); 3) npomeskyTKHN BOgpactanus: (—oo; 0), (0; +00), npomemxyT-
KOB yOBIBAHUA HeT; 5) IPOMeKYTKH Bodpacranus: (—oo; —1,5], [8,5; +00),
npoMexyTok yomBanusa [-1,5; 3,5].

2) a>0; 4) % <a<3.

1) Ilpome:xxyTox BoapacTaums R, NpoOMe;XKyTKOB yOBIBAHHMA HeT, YHCJIO
HyJei GyHKUMN paBHO 1.

a) X, — TOYKa MHUHMMYMa; B) X, — TOYKA MaKCHMyMa, X; — TOYKA MH-
HUMYMa.

6)f, kyg;r)n, k, p, t.
1) - TOYKA IKCTpEMyMa, f(é)=-3— 3) -3; — TOYKH 3KCTPEMY-
6 6 12 2
ma, f(-3)=-79, f( ) 247 5) 2 — rouxa akcTpemymMma, f(2)=-4
B B\ 2T,
2) 4 TOYKA MUHHMYMA, f( 4] 256 ; 4) Her.
1) —-;— — TOYKa MaKCHMyMa, f(—-%):-g; 3) -7 — rToukra mMakcuMmyma,
‘f — ToukAa MHHMMYMA, f(-7)=-2, f(7)=2; 5) -1 — Touka Maxkcumyma,
38 — rouxa Muunmyma, f(-1)=-4, f(3)=12.
2) 1 — rouyka makcumyma, f(1)=1; 4) % — TOYK& MaKcuMyMa, f(-1—)=3

4/ 8’
1) 3—:_1}— — TOYKA MAKCHMYMA, f(a%)=2§-: 3) -1 — Touxka MMHEMMYyMa,
f(-1)=-1.

2) a) R; 6) npoMeXyTKOB BO3PACTAHUSA HET, NPOMeXKyTox yObisanusa R;
B) Het; 4) a) R; 6)upomerxkyTok Bospacranua [-1; 1], npomesxyTkn yGuiBa-
HuA: (—o0; 1], [1; +o0); B) £1 — rToukm sxcrpemyma, f(-1)=-2, f(1)=2

1) -1,2, f(-1,2)=0,072; 2) -1,2. 1.123. 1) 4,5, f(4,5]=%; 2) 4,5.

1) -2, f(-2) = 24 + J21; 2) -2.

1) 2, f(2) =48 — J5; 2) (~o0; 2) U (2; +0).

1) Foax =13, Foin=-"T3 3) Fuax =05 frin=-85 5) fruax =9, frin =0
1) Frax =0y frin=-5; 3) frax =45 frn =—104.

1) faux=1s foin == 3) foux =4 s =—14.

2) fox =325, Tuin=2; 4) fuux =1, foun =-8,875.
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1.130.
1.131.

1.133.

1.134.
1.136.

1.137.
1.138.

1.140.

1.144.

1.145.

1.146.

1.147.

2.1,
2.3.
2.4,

2.6.
2.9.

2.11.

2,12,

2.13.
2.14.

1) fmax =2§’ fmin = 2%; 3) fmnx = 2’8: fmin = _-3?5'

2)5e¢, 40%; 4)8¢c, -26%.  1.182.1) 3¢, 27-15; 3) Tc, -49 %

1) S,=25M% 5xbmM; Sp,=16m% 2x8wm; 2) S, =81u" 9x9m;
S, =65M% 5x13Mm.

1) 30 x 30 u; 2) 200 x 200 m.
1)18=1+17;2) 10=5+5.
2) V2xv2cm, S=2cm% 2) 2x2x 1 am.

1.139. 2) 23 x8 cm; 2) 3V3 x12cm.

1.135. 1) 48 =24 + 24; 2) 16 =8 + 8.

1) [Ipamoyronbubiii; 2) 48 cM.

1) 3em?; 2) 12 m° 1.142. 1) Ia; 2) na. 1.143. 1) 7%; 2) 17,5.

x4 1
1) F(x)-—— +2- 2) F(x)-—-*—lz.

4
1) F(x):x— —2x® tx+ 3— 2) F(x)— %::3 +32% —5x+ 2%.

1) F(x)= x+51 2) F(x]——x +x+2110
2
1) 120 m; 2) 27 m. 1.148. 1) S=t3 +?+2.

I'maga 2. Tpuronomerpuyeckue BhIpaKeHNs
2) 72°; 4) 30°, 2.2, 1) 30°; 60°.
2) 8in45° =cos45° = —Jé-z—. tg45° =ctgdb°=1.
1) =563°; 3) =41°; b) =22°; T) =18°, 25.2) . <P; 4) a>p,
6 - 7J‘

1) 45°, 2.7.2) ~ HESIN 28.1) 2,25; 3) 1.

2) 5-;-; 4; 5%; 4)2;2;2. 210, 1) 1; 3) cos’ .

2) Hanpumep, 3sin30° - %sin 45° + 35in60°; 4) mampumep, %cosﬁﬂ" =
19 == c0s45° — cos 30°.
1) Hanpumep, 2tg30°+tgd5°-41g60°; 3) wuanpumep, %ctgﬁO" -

—ctg45° + 2ctg 30°.

2) 3= ‘F.

1) 90°+360°n, neZ; 180°+360°n, neZ; 270°+ 360°n, neZ; 360°n,
nelZ.
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WH

218,
2.19.
2,20,
2.21.
2.23.
224,

2.25.
2.26.

2.27.
2.28,

2.29.

2.30,
2.31.
2.32.

2.33.

2.34. 1) 120°; 2—“; 8) 72° ﬁ; 5)80% 2

2'35.
2.36,

2.87.
2.38.

2.39.

2.40,

241.
2.44.

)L ILLL I 4) IV, IV, LIV, L.

1) 360° + 66°; 3) 360° (-3) + 231°; 5) 860°. 10 - 76°; T) 360° (-4) + 99°.
2) -530°, -170°, 190°, 550°, 910°; 4) —540°, ~180°, 180°, 540°, 900°,
1) 0; 8) -3; b) -1. 2.22, 2)11.

1) Haopumep, —-80°, ~440°, 640°; 3) manpumep, -15°, -375°, 705°.

a) 1) Hanpemep, —180°, 180°, 540°; 3) maupumep, -225°, 185°, 495°;
6) 2) manpumep, —330°, 30°, 390°; 4) manpumep, —120°, 240°, 600°.

2) Hanprnep, —-345°, 15°, 3756°; 4) nanpumep, —65°, 295°, 655°.

1) Afeoucca MeHLII® RYJ/A, OPAUHATA GonabIme Hyad; 8) abcmacca MeRbL-
me HYJAA, OPAHHATA MEHbIIe HYJIA.

2) Afcomcca pagga HYJNIO, OPIUHATA paBka arbo —1, maGo 1.

1) Hanpumep, —330°, 30°, 390°, 750°, 1110°; 3) manpuMep, ~120°, —60°,
240°, 300°, 660°; 5) manpumep, —540°, -180°, 0°, 180°, 360°,

2) Hanpumep, —495°, -135°, 135°, 225°, 495% 4) Hanpumep, -765°,
—405°, —45°, 45°, 405°; 6) nanpunep, -720°, —360°, 0°, 360°, T20°.

1) 120°; 3) -135% 5) 105°; T) 216°.

2) 2177,8° 4) =154,7°; 6) =573°.

1) =0,03; 3) ~0,7; 5) =-2,36; T) »17,8.

o 51: 31:
2) 45°, 45°, 90°; s 4) 150°; o1
) 4 4 2 ) s 6) 108% 5

1 6-

2){0; 1), —-+21m, neZ; 4) (0; -1), 8%

1) xh<0, Vax >0 x5 <O, yge o; %75 >0, y?_,<0; 8) x5>0,
) i

+2nn. neZ,

4 Fy d 4 4
Y5 <0 % 5x <0, y 5s <G % 310 >0, ¥ 335 >0
B 8 ¢ e 8

Dx<yx>y B x<y; 8 x<y.
1) ,<0; y,>0; 2+2rn, neZ; 8) 2 <0; y_ >0; -4+ 2nn, neZ;
B)x10<0; 11p<0; 10+ 210, neZ; Thx ;<0 y3<0; -8+2an, neZ.

R_3n, 4y n Bm,
258 V3410 ¥ 310

1) 10,61 = 27+ 5 + 0,6x; II; 8) -&=2n-(-4)+%"- Iv;

24:: . HI; 7)ﬁ—2u 0+5e"‘ II.

2.42. 1) JIa, 3) He BCeraa.

5) 228 =25 - (- 3)+

2) He'r, 4) mer; 6) 2, 243. 2)—cos a; 4) 1.

1) 8in65° = 0,9; cos65°=(,4; sin 160° = 0,3; cos160°=-0,9; sin 335°~

=—0,4; cos835°=0,9; 3) sin 410°=0,8; cos410°=0,6; sin 1705°~-1;
03 17056° = -0,1; sin 3360° = 0,9; cos3360°~-0,5.
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2.45.

2.46.

2.47.

2.49.

2.50.

2.51.
2.52.

2.53.

2,54,

2.“.
2057.

2.58.
2.59,

2.60.
2.81.

2.82.

2) sin(-—-ﬁ)as -0,3; cos(—ro*-)zl, sln(—-%—) -1 oos(——) -0,%

sm( 2;) -0,9; cos( 2;‘)» -0,5; sm( 1;")~ -0,9 coa( 14") ~0,5

3
(222}~ 1 co{-2) 08 sin(-22) 05 e{-135) .
1)sinl1~0,8; cosl~0,5;8inl,5=1:coal,5~0,1; sin2~0,9; cos2 = —0,4;
8in2,5=-0,8; c082,5~-0,8; sin8=0,1; cos83=-1; 8) sin(-4) =0,8;
cos(-4) =-0,7; sin(—4,5) = 1; cos(—4,5) = —0,2; sin(-5) = 1; cos(-5) = 0,3;
gin(-5,5) = 0,7; c0s(-5,5) = 0,7; sin{-6) ~ 0,3; coz(-6) = 1.

2) —J3; 4) 1.5; 6) —1—'2—"6.

2.48, 1) 0; 3) %; 5) ILJE__JE

17, _ﬂ. _x, 7z, 1bx:, «.&&. _13=x,

2) Hanpumep, — rularaiarhre 4.4)nanp:mep e
1111: 23n, O, bz _x, 8m, 71r
~§ 6 g 0)mempmMeD, —Tn —T —o1 SN O

14z, 8n, 4n, 2x, 21. A%, _Tm,

1) Hanpnmep, — S35 g’ T3t g0 3) manpunep, 3> 8’

_5?1‘ %"E 7‘;‘ 5) manpumep, -5x; —3n; —n; m; ;.

2) Hanpewep, —’25; 4) ner; 6) HANpUMED, _g,
1) Hanpumep, =37°; 38) met; 5) nanpunep, =-37°.
. _l0£ _51! 4!‘: n ® 21:
"3 3" 3T 300y Y
1

L 5 %
B a)S 3

E. 5 E i On 26 _28r 17z _16z 9= Tn
1) a) ry 6) "

=,

W T T T T Th

=&
494

1)-0,06; 2)+1,2. 288. 1)L IG5 Inam IIL; 7) T oo 11,

2) Buaru sina: —, -, +, +] sHaK® cosct: +, -, +, —; 4) sEAKK gina: +, +, =, =

SHAKE c081 +, —, +, = 6) sHaxy sina: —, —, +, +; IBAKH cosat: —~, ~, +, -

1) Ba; 3) wer; 5) ga; 7) mer.

2) nn, ne2; 4) un tpa Karux; 8) +1m, neZ; 8) By OpPU KAKKHX.

1) i—q» 2 rneZ; 3) -2n+8nn, ncZ; 5) 5 6 2 neZ; ) ’?.nez

2) sin(-1288%>0, sin2039°<40, coa4742° >0, co8(-2105°)>0;

4 sina—;£>o, sln(—%))(!, 1141"<o, ( %)NJ;

6) sin(-2,5) < 0, sin4d1 <0, cos4d,7 <0, cos(-81) < 0.
D+ B8+ 8- 2.83. 2) +; 4) +; 6) +.
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2.64.
2.65,
2.66.

2.67.

2.88.
2.89.

2.70.

2.71.
2,72
2.73,

2.75.
2.7.

2.78.

2.79.

281

2.83.
2.85.

2.88,
2.87.
2.89.

291,
2.94.

2.95.

2.98.
2,98,

1) cos4r, sin8r, cos3m; 3) sinl-g-’-‘-, eos%, cos29x. -
2) 5-48°, »48°; 4) =-49°, ~131°.
1) 5; -5; 3) 8; 1; 5) -8; —9; T) 0; -1; 9) %; 5

2) (n; 2n); 4) (; 321‘)U(521c 111;)

1) (25 —n); 3) ( 13x, Szﬂ)u(_g; -z).
2) 0; 4) ginw + cosa; 6) (cosc — ain a).

1) arcain%—— 3) arccos 0=1. , 5) arcs.in( 3@)=—£; 7)arocoa(71)=u.

2
3n__+2 x_A2, _L
2)(:034 2,4)005 6)0034 2,8)3111

1) [-2; 0); 3) [-1; 1k 5) [-1; 0]
2)2n; 4) 1%, 274.1) 1, g) -1, g5 5
4 12’ 12 2
2) Ha; 4) mer. 2.76. 1) 0; 3) n— 2arccosp.
2) arcsin(-1) < arccos{~1); 4) arccos{--1) > arcsin0;

) arceos(~2) > arcsin 2.
1)%-2;3)!§M )rr 7)( J-);H-SJE'

2) "‘, ) -F-- e) % 283 1)n-8; 8) 12-4x; 5) 3,5.

2) Hﬂ" 4) .qa.. 2.84. 1) Ja; 2) rer,

2) 3uavennx tga: ~0,8; ~1,4; 2,1; 1,2; onawenux ctga: »1,7; -0,7; 0,8;
0,8; 4) szawenug tga: »0,8; 1,7; -1,7; ~2,4; smavennx ctgo: »1,7; 0,0;
-0,8; -0,4.

1) INT mora IV; 8) II s IXT; §) I mam I

2) IInsoc; 4) Munye; 6) mmoc. 2.88. 1) Her; 3) aa.

2) Mumyc; 4) manye; 6) mmoc.  2.90, 1) Munyc; 3) Manrye; 5) Mpuyc.

2)%; 9l 2921 m;;l;:i)m-i-l. 2.93. 2) 0; 4) ~2tgo; 6) 0.

280.1) % ) -£: )03 7) -‘iﬂ

1) nn, neZ; 3) %+%, neZ; 5)-60+10nn, ncZ.

2)§+4m, neZ; 4) %n,nez, )%, Ly nez.

36 " 12
1) —2coac; 8) 1; 5) —tga tgp.  2.97. 2) »-34°%; 4) »-T4°,
1) ~ 68° 3) ~—24°.

Oreerrl 3156

2.100. 2) aroctgvl-:-"i; 4) arctg(-1)= -%; 6) arcctg(—jls)=—2-3’1;

8) amtg( V3 ) -‘15‘-.

2.101. 1) ctg_-_T’ 3) ctg—_J_ 5) t,g(——)—_l;

2,102. 2) la; 4) mer.  2.103. 1) f—;; 3) %; 5) V3.

2.104. 2) amtgvlg = arctgy3; 4) arctg0 < arcetg(-1);
6) arcctg(—vlg) > arctg(——"s@).

2.105. 1) 3,7; 8) -1.4; 5)-0,25.  2.108. 2) 0,06. 2.107.1) —%‘; 3 %; 5) ZSE'

2.108. 2) cosp=-2L2, tgB=-YZ, ctgp=-2/3; 4) sinp=2, tgp=-2,
ctgp=—20; 6) sinp=28 cosp--YB, ctgp=-L; 8) sinp=248 -
9 5 5 2 5
cosﬂ:—ﬁ, tgp=-2.

=8 igg=-18 - B B
2.109. 1) cosa l,tsa 3 Ctgo=-7s 8) sino o tea=3h

ct.ga=&5C; §) sina--J”C. cma-&g. tla--%.
2.110. 2) ~cos® a; 4) 2sinc; 6) 2sina; 8) cos’ .

2.111. 1) 1 -sin o 3) sin o +coacy; 5) i 7

. S
sino +cosa’  coste

2112, 2) 2+v8; 4) 0; 6) V3. 2,118, 1) sinta; 8) sinto; 5) O,

2,114, 2) cosa; 4) --—1;. 2.116. 1) Her; 8) 2; 0; 5) zer.

nk R En k]
4,nez,4) = helZ; 10+5,nez,6) +nk,hez.

n+nn, neZ; 8) _+%l’ neZ

2,118, l) LA 2 , neZ; 3) 2nn, ncZ,
2.119. 1), 2}, 3), 4). 2.120. 1), 2), 2), 4). 2.121. 1), 8), 4).
2,122, 1} tgo; 3) —sina; 5) cosa; 7) tgo; 9) ~ciga.

2.117. 2) "", keZ;

_1, cay V8. a1, _3, i3
2.123. 2) o 41; 6) 2 8)-1; 1) ik 12) 3"
2124 ) B 91,5 -1, 1) 6 9y _,_Jg; 11) —43.
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2.125. 2) 2J3; 4) —/3; 6) —%. 2.126. 1) 5‘153"3; 3)0,75.

2.127.

2.131.

2.132.

2.133.

2.134.
2.136.

2.138.

2.139.

2.141,
2.144,

2.148.

2) —sing; 4) 0; 6) 0. 2.130. 1) {%; 3) %; 5) 8.

2 2 2 2 2
J_ tga . 10 l+tga
Jatga 1 tga-1"
2+ 2tg%; 8tgo
1) —/3sine; 3) cosa—+3sina; 5 g LRt Ul SY.L L2
) ) a; B) ——— I-tg%a )1—31;:21;

4688 . 132 475, . 155 ' -
2)8) —53° 9 2937 ¥ - 493 BT

1) a) 2—73; G181 ~2§. 2.135. 2) a) %; 6) 1.

1) V8tga; 3) ~/3iga; 5) 1,5.  2.137. 2) tgutgh; 4) 1; 6) 2tga.

1)=;111105°=‘/E;”/§ cosl05°= f2- ‘/_, tg105°=—/3 - 2,

ctgl05°=-2 + \3; 3) sin(—15°)=J_—_J—_—, c08( -15°)=£‘L‘C,

18(-15°=V3 ~ 2, ctg(-15°)=-2 - V3; 5) sin “" /8 4‘/_

1112n__£+_‘/:., tg&_,/' 2, ctgll“uz -2-48,

2) Azﬂ; 4)0; 6) 1; 8) V3. 2.140. 1) sin2a.

2148, 1) °J- ‘/_,3) _85¥26 ) _ 33

2)V3; 4 1. 52

2) —+—E-, nel,

1) 2sin1,5¢ cos 1,50; cos? % — sin3 &, 1= t8228a. g
) 3 2’ Zigoba ) 28in 3w cosBa:
2tgdo,

cos? 2a —gin%20; = — .
e I Ttg%aa’

1....tg2ﬂ

— 8

2tgz.3_a )

5) 2sinZcos; cos?l - gin2%;
) snscoss oos4 sin g

8 5
2.147. 2) 2s1n(3“ -l)cos(aa T ) 4 I;EH.

2.148.

2 12 2 127

wfz-5)

4 16
1+sinl0a_ .. 1+sinl2a -
1-sinl2a’

3 0

1-cos8a .. 1-coslla,
1 ; 3
) 2 ) 1+ coslOca’

3 8)

OTReTH

2.149. 2) -‘!2@; 1) —-‘2@; 6)2++/3:8) 1.
2,150. 1) c0840°%; 8) cos10°; 5) 3ctg10°.
2,151, 2) —sin?2a; 4) cig? %; 6) 28in 16; 8) cos 2a + i-ainm; 10) -0,25.

2.152. 1) %; 3) M; 513 2158.2 ‘singl; 4 [otgBal,

2154. 1ya) 24 24 : 6) -—, B) - 24‘1-) : 3)a) - 24 : 6) —* ) -—, r) -
2.155. 2) a) -ﬁ- 6) —~—; B) gg; r)—
2.156. l)a)«—  6) -1 )24.r) 7 2.157. a) 8; 6)%-
2.158.2}a),j3+‘r;6)f"r:n)‘F;‘E:r}‘jg;‘&.

, )529

520 . 06
2.159. 1) a) gor 625 i6) 526" ™ 529°
2.161. 2) ~1; 4) 0; -1; 6) 1; -1.

46 . oy o 7. = 24
2.162. 1) 52 9) 3.J7; 5) T

2.163. 2) 3—‘?:6—&. 2.164. 1) % - —;—sinBO": 3) i - ¢0810% 5) cos 70°.

2.165. 2) lsinza —%sinﬁﬂ; 4) co86p ~ cos 4.

2,166. 1)‘/_ ;mzu, )f 3 sin2; 5) -——oos2a
2,168, 2) J_coszl“* 4) J_cos5° 6) sin42°; 8) J_sm65°.
2.169. 1) J_sm ; 8) J_cos5" 5) 2sin 50 cos 8u; 7) 2sin 20 sin 3ai.

2.170. 2) -2sin3a sin ; 4) 3sina; 6) ~2sinE ;g cos 2a,

2.071. 1) (1 - tg7a tg0a) (g16a; ) (1 N tc(a + %)tg(% - ))tsﬂa-

2172, 2) 1; 4) —-@; 8) V3.

2,178. 1) 4coa2cosaooa ; 8) 4ain 13¢. cos8a coaba.

2
2.174. 3) 2sin(%+ 20.) (—-m}, 4 2sin(—— ) ( +u.)=
T 2] x L ‘J-am(z - 50’)
6) 2008(F + Soo(2 - 3 & — 4.
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2.075. 1) datn(7% + L)oon(E - L) 8) 2/Zain(Z - )uin(Z + 2);
28 a:x;(u - E) .
2.176. 2) sin(u - E) sm(u. +Z 3) 4) eos(s + a)cos(% - a);

y 2ol o 5)

8)

cos“ ot
2.177. 1) cos44°; 3) cos 36°; 5) _______4"318;’:?2" X
2.178. 2) 22 cos Lain(% - & Sgnfe_=
) \/_coszain(4 ) 4) 2J/28in % sm(z 2

2./2 cos? -g-sin(z - a) .
cosq

2.179. 1) 2ftgec sin(—é——z)

2.181. 2)_-+’1"1', neZ; 4) "“, neZ; 6) i = neZ.

6)

2.182, l)smo.-%, eosa*—-, ctga——— S)ﬂnu-i, 080 = -l-igct‘ =l§_,

17
2183.2)-1. 2.184.1)0, 52

& 10t - o _ 520
% +10tg% 1.4)5+6tg2 51g*3

2,185,
-2 1+42% 1+tg22
2 2

- 8tgd o o
3 stg2+3tg2 g Btg%a-1 gy - Btgy -4

18tg® 3 - 3-tgla’ " ptg2S - otgl -5’
(e ez -y

2/,
go-seg-se'y

2a-1 . 1-tgt2a ‘
2.187. 2) -‘tﬁ%; 9 ‘z—:f:? 2180, 1) -1 waa .

2,188. 1)

3 21+t¢’£ g8 %y
2.190. 2) ;gg-m_m;in_: 2.101. 1) ( 7) 2

8)—,—|—

sl

|.n
t“-
mla
wln

=

2,192, 2) &sin(a + l‘_); N cos(4u + arctg—z);
3 8 2
2.198. 1) 2; -2; 3) 2; —2; 5) 6; -8,

aa|:=l
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2104 2) -L; 4) 1; ) S04E, g LecordS

2.196. 1) %aln-is 8)sinda., 2.197.2)8; 2; 4) 3;

2.198. 1) 4c0a15° cos35° con 40°; 3) 2sinT0°.

L 4 dn_ 2n 8rn,. b=
2.199. 2) 02 83, 4 lm‘“-"ms%:6) 19 _ 19
a4 n

66 T 19

- Taasa 3. Tpuronomerpaaeckue Gynsmun
8.1. 1) 2g, 4xm, 8, 10%, 125, 16n; 3) x, 2x, 8=, 47, 5, 6n, Tr, 10x, 11w, 127,
- 16x, 21n; 5) 6x, 12m; 7) % %‘, %, 2n, 87, 4%, 5=, 6n, Tx, 10x, 11x, 12x,
16x, 21x.
3.2. 2) 2n; 4) n; 6) m; 8) 2x.
3.4, 1) a) Her; 6) meT; B) HeT; T) HeT; A) Her; e) HET; JK) HeT; 8) Her; 3) a) HeT;
6) meT; B) HeT; T) HeT; A) HET; ) HeT; ) HET; 8) HeT.
35 2Ym 4)n; ) 3 8) 6n, 10) 6n.
8.7. R, 2x; 3) xa=£+:m, neZ, n; 5y x#an, neZ, 2m T) x#%n, neZ,
2n; 9) R, 2n.
38 2R, m; ) x=nn, neZ, g; 8)xxnn, neZ, x;8) R, n; 10) x=xnn, necZ, x.
89. ) Her. 3.12.2)0;4)0.
810, 6)4; 1)0; 2) 0; 8) 0; 4) 0; 5) 0; 6) 0.
3.11. Puc. 102. T=8,5; pmc. 108. T'=6. 8.12, 1) -2; 8) 2.
3.14. 1) Oa; 3) mer; §) met; 7) HeT. 8.15. 2) Her; 4) mer; 6) za; 8) zA.
8.18. 1) 335; 8) 5m; §) 2m; Ty 7. 3.17. 2)2:4)1; 8) 1,5n; 8) 2x,
8.18, 1) Hanpuwmep, i = C (conat).
3.19. 2) Hanpanep, y-tg— 4) manpumep, y-sin 3
8.21. 1) D(H=R, E(f)-[o. 2); 8) XNH =R, E{H=[-0,5; -0,25}; 5) D(N=R,
E(fy=[0; 1].
8.22. 2) (0; 1,5) 4) (0; 1, (—E +21m 0), neZ.

828. 1) sin %, sin2L, sind%, gin%; 3) sin(-4,8), sin(-0,3),

5 10
gin(~2), sin(-1.5).
Tn, Tn =
3.24. 2) sin32>ain18; 4) sin{~ 16)<sin( } 6) sin(—4 78))3111{-—-5)
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325 1) Yernan; 3) Revernan; 5) vernaq; 7) HeverHas,
3.26. 2)sinlg"<& 4 sin( 3")<o, 6) sin5,1 < 0; 8) gin(—4,9) > 0.
327. 1) a) -1; 6) 1; n)[ 2], [3" 5, [’2‘;%"

e) (0; ‘-'I). (2n; 8n); ) 0, =, 2n, 3n; 3) a) —%; 6) %; B) [—»E; EL 1) wer;

[?; ank O (% 2k

n (—5 z ; o (0 ); x) 03 5) a) —1; 6) 1; B) [-% -2} r)[ S, 2
P (~u:—— e) (-— -) %) —m; 7) a) ~sin1; 6) 0; B) [-1; Of; r) mew;
1) (-1; 0); e) mer; =) 0.

3.28. 2)0,8; 4) -0,9; 6) -0,6.

3.29. 1) ﬂ,nez; 3) —%+£+nn,neZ' 5) ~E L A0 2 T+ 3nn, neZ.

4 6% s
2.30. 2) (--w -3—+21m) neZ; 4) -%-E+2g”,nez 6) s+ 2+ an, nez.

3.31. 1) [-2n; 2x); 3) x#%-l—rm, n=-2; -1; 0; 1; §) [-2r; —n]U[0; 7).
3.32. 2)[-1; 5); 4) [-1; 0].

3.33. 1) . gy -L. 5)~o13 7 - 9)He'r

3.34. 2) a) [sgm 91:)U(101|:; 10%::]; 6) (9n; 10); 4) a) [-1.8n: —n) U (0; x);

6) (-xr; 0} U (w; 1,6m).
00 [53) (@gh 0 i o i 0 (5

(53} o3} o[ 53 o wr 053} 0-g
r) [ ] 7 a) [-Z; arceind ) 6) (aresin 5 %]; 5) [—E; arcaln%];
1) [amsin-f, E]’ 9) 2) [— : 6) uer; n) [—E E] r) mer.

8.88. 2) arcain0,6; n— arcsin,8; 4) —-arcain0,2; x + arcgin 0,2,

8.87. 1) (arcsin0,7; %~ arcsin0,7); 8) [—n + arcsin0,4; —arcain0,4].

8.88. 2)[-2; 0]; 4) [-8,5; -2,5); 6) [0: 1].

3.89. 1)( +an o) neZ, (0; 1); 3) (0; -8,7).

coe(-5)

3.40. 2) cos( 5")

¢080,8, cos0,2,

( ( 1?‘) 0 eos(—l ) coald,

341.

3.42.
3.&’

8.44.

3.45.
3.46.

3.47.

3.48,

3.49.

§

3.52.

. 1) a) [-4§n; -3l ) ( 2l 138

1) cos3 > c0s %, 3) cos(~Z) < cos(~ 2] 5) cost~1,7)> con(-3,14);

D 003( 7;) <¢08(-—-) 9 sin(-18,1) < coz(-6,28).
2) Heuernaa; 4) Heuernan; 6) sernan; 8) vernes.

1) oos%ﬂ <0; 8) coe(-gs’i) <0; 5) cos2 < 0; 7) cos(-4) < 0.

2) a) -1; 6) 1; 8) [x; 2x}; r) [0; =], [27; Snl;:l)(“ 3“) (52“: 3::]; e) [03 -;*)

2’ 2
(32,t 5;) =) 3 321: 52 4 a) 5 ) J- ;8) |~ 0]: r) [0; E]; a) mer;
e)[—E;E];s)ner;ﬁ)a)-—l;o)i;n)[m ] )[ s nl; m(rzt 76::] e)[; 12:)

) %; 8) a) cos1; 6) 1; B) [-1; 0]; r) mer; A) Her; e} [~1; 0]; ) mer.
1) -0,4; 3) 0,5; 5) -0,9.
2}-{;"2£ +5nn,neZ; 4) ~18 + 12nn, neZ; 8) 1-5—6’5 +6nn, neZ; 8) %. neZ

_2a  8mun, 2r  8Bxn X 221, 2t .2 5 rzan,
1)[5+5,5+5],nez,3)x 3+3 )

neZ.

2} [-2m; —w)U{-n; R)U(n; 2n];

4) [-2n; -1,51) U (~1,5m; ~0,57) U (0,573 0,5m)U (0,5%; 1,6m)U (1,675 2x);
6) —2x; 0; 2x.

1) [-6; 4); 3)[0; 1).  3.50. 2) :E- 4) G;6) T 8) 0;10)

2 2 ];5) (‘3_"’ 2§ ) 3) &) ('% %) Y

U1gm 23e) 0 (2 ) (2 137) Y (25 29

2) 2 (& u]; 6) [o- —); o [&a} » [0 2} 90 (58: <} o [0: 52)

2) [5", ::]; r) [ 8) a) (n—arccos0,58; xJ; 6) [0; m—arccos0,58);

B) [t - arccos0,58; n}; r) {0; n - arccos0,5); 8) a) &; 6) x# n+2xn, ne2;
B) n+ 2nn, neZ; r) R; 10} a) R; 6) &; 8) R; 1) @,

8.58. 1) arccos 0,4; 2n - arceos(,4; 3) n— arccosQ,1; n + arccosd, .
8.54. 2) (arccos0,3; 2r — arceos 0,3); 4) [0; n — arccos0,8) U(r + arccos0,8; 2x].

862 1) D(f):xqt%-i-tm, neZ; E(f)=R; 3) D(f):x#-g--l-m neZ; E(f)=

21 Amrefips, 11 w1 .

=[0; +oo); 8) Difkxwl+mn neZ; E()=[0:+o) T Dk x W2
n € Z; E(f) =(0; +00). '
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3.63.

3.64.

3.65.
3.66.

3.67.

3.68.

3.69.

3.71.

3.72.

3.73.

3.74.

3.75.

3.79.

3.80.

3.81.

3.82.
3.83.

3.84.

2) (n+2nn; 0), neZ; 4) (nn; 0), ne Z.

1) tgllh, tg X

36 9’ tg i 3) tg(-5), tg(-3), tg3, teg(-1).
2) tg(-4,75n) < tg(- 5,6:1), 4) tg4 > tg6; 6) tg(—4,78) > tg(-7).
1) Heuernas; 3) HeuerHasi; 5) HeueTHad; 7) yeTHAA.

13=n

2) tg12<0; 9) te(-2 )<0 6) tg5,1 < 0; 8) tg(~4,8) > 0.

1) a) Her; 6) 0; B) [311 21':} r) Het; 1) (3Tt 27:] e) HeT; ) 2n; 3) a) -tg 49“
6) —tg i B) [—ﬂ ——] r) HeT; x) [——— —-g]; e) Her; k) Her; 5) a) 0;
o) tg1; B) [0; 1]; r) mer; a) ver; e) (0; 1]; x) 0.

2) 1,2; 4) -1,2; 6) -2,3. 3.70. 1) Ha; 3) ner; 5) Her.

90 (-3} (68) (s S 0 (-3} (559} (5: ). (5 )
4) a) Her; 0) [—%’-‘: 2rr); 6) a) [14; 4,571), (5n; 17]; 6) (4,57 57).

3  nn
I Bioda
) 2%

2) -E; 4) ——’5-; 6) —arctg 5; 8) arctg 21.

,neZ; 3) —g~+2rm, nek.

1) (-3n + 6nn; 6nn], ne Z; 3)[1+ﬂ 1+_+rm) nelZ.

12
2) &) (-5 5k o) (3 X ow (-5
)

o gk o0 (-9
oA tfha LB D an( Sl
—g, arctgnl r) larctgrr, ) 8) a (

—arctg =~ ) 6) ( arctg2. —)

x.
2’ 9 2

n 2. n
B) (—— —arcth] r) [—arctgg 2)
1) D(f):x=nn, neZ, E(f)=R; 3) D(f):x#nn, neZ, E(f)=[0; +co);
5) D(fy:x#nn, neZ, E(f)=[-2; +o0); T) D(f):xvt-gn,nez. E(f)=
=(0; +o0).

2) ((2n + 1)m; 0); neZ; 4) (——+“" o) neZ, neb+11l, leZ.

11’
1) cth. ctg 34“, ctg 12". ctg 3375“. 3) ctg(~4), ctg4, ctg(-6), ctg(-3).

2) ctg(-5,2n) < ctg(-4,9n); 4) ctgb < ctg5; 6) ctg(-7,6) < ctg(-6,2).
1) Yernas; 3) HeuerHasn; 5) uerHan; 7) yeTHasn.

2) ctg 505 4) ctg( 3"]<o 6) ctg4,9 < 0; 8) ctg(-4,3) < 0.
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3.85. 1) a) Her; 6) Her; B) Her; T) (—? —n) ) (—-gzﬂ; -n]; e) HeT; ) Her;
3) a) —V/3; 6) —ctg%ﬂ; B) HeET; T) [-—%’1; —161-]; g ] e) [ S ]

3.86.

3.88.

3.89.

3.90.

3.91.

3.92.

3.96.

3.97.

3.98.

3.99.

T, 3 4 " X % ,E e M _?E . n
) ~ 3 5) a) otg2; 6) ctg1; 8) ner; 1) [1; 2J; n) 2, 2]. e) [1. Z); ) 2

2) -0,3; 4) -1,8. 3.87. 1) Her; 3) na; 5) uer.

2) a) (—211; —3—;] (—n: ,_rg]‘ (0; %), (n. 32“]; 6) ( 3,

2
(%5 ), (35 22} gy o) (- -3), ) (<355 —n), (-5 -2 0) ) |43 37)

2 2 6 2 2’ 2
(21‘[, 5;] (31:, 72“] 6) (3“ 21t] (%E; 3Tt), (7—2"5:12}
1)-23-+-g-+—3-, neZ; 3) _E+2L5ﬂ. neZ.

2) %; 4) %; 6) 7 —arcctg8; 8) arcctg43.

1) (3% + 6xn; 6n + 6xn), neZ; 3) [?{% %’H?%),nez;

5) (1+ﬂ;1 “+“_2"), ned;

2) a) (25 -:) 5) (0 2n). 5 [2“. n); 1) (0; 2 . ) 6 (0; z;

B) h—: nl 1) 0; %I, 6) a) (m—arcetgn; n); 6) (0; w— arcctgn); B) [n—arcctgn; n);

]ua)(

r) (0; m-arcctgn]; 8) a) (arctg%; n); 6) (0 arctg — ); B) [arctg%: rt);
r) (0; amtg%].

3n JE m T ™MW JE
T ) Tt L et oy, Taere . Ry, o 2-
D g 2’ 6" 8"54° 2 V2

2) D()=[-1: 1] B0 =105 =3 ) DY =[- 5

1) En=[-% 2}

D(f) =[-6; 6], E(/)=0; n]; 8) D(f)=[-8; -4], E(f):[-_z_; E]; 10) D(f) =
vz

1) D(H=[0; 1], E(f)=[0; %] 3) D(f) =[0; 1], E(f}:[(); _\@—E]

2
5) D(H =[-1; 1], E(f)=[0; .
2) Ila; 4) =er; 6) Her.

= (~00; ~6] U [B; +00), E(f)= [o;



324

OrBeTsl

3.100.

3.101.

3.102.

3.103.

3.104.

3.105.

3.107.

3.109.

3.110.

3.111.

3.115.

3.117.

3.118.

3.119.

3.120.

3.121.

3.122.

1) (20; 0); 8) (15 0): 5) (-1; 0), (05 2)s 7) (15 0), (0: %)

2) arcsin(—%] € (—g; 0], arccos(—%] € (%, rr]; 4) arcsm% € (0 2),
amcosi—; = (0; -;—), 6) HHKaKOMY.

i f 9 G s T i
1 _& B I T =
)arcsm( 5 ). arcsin 3 aresin i 3) arccos0, arccos( 7 ), arccos(-0,7).

2) Heuernas; 4) uernasn; 6) yernas.

1) ) 0; 6) 2 8) [ ] r) et x) wer; ) ] ) 0; 8) a) -
6) 2%; &) mer; 1) [——-. L1 5 wer; e) [—%; %J ) Her; 5) a) ~2
6) ~g—; B) [—%; % ; T) HeT; 1) [—-E—: ): e} 0 1] x) 0.

1) 0,4; 2) 0,65 3) 1,8; 4) -0,8.  3.106. 1) 1. 3)-5;3;8) 1,9, T 2.

2) -0,4; 4) -0,3; 6) -0,9; 8) 0,8. 3.108. 1) [-2; -1]; 3) 11; 5) [0: %i_]

2)[-1; —sin0,7); 4) [-1; sin 1,2}; 6) &; 8) (cos0,8; 1]: 10) |0; cos 1,6; 12) .
1) [—1;%]; 3 [-Lg) 9 (% 1} 0 (—%;IJ.

2)[0; =; 4) [ 0l; 6) (~ocs W"_n)] u [i%: roo).

H-%-1u05 X sue.2-3% 40

5" 15°
1) D(f) = (~00; -2) U (=2; +00), E(f) = ( x, 2]
3) D(f): x =0, E(f)=(0; n); 5) D(): x# +/3, E(f)= (- %g);
7) D(f) = (=00; —2| U [2; +00), E(f) = o; g]

2)( n. lzn] 4)( ) 6) (11:{ 1?‘()

1)( 6) 3) (~1; 0), (3; 0), (0; arctg3).
2) arctg(-13) e (—%: 0), arcctg(-13) e (%, rr);
4’”“(‘3?) (~230) arcote(- 11) (z3m)p (%5 )® (%5)

1) arctg 200, arctg0,3n, arctg(-10); 3) arcctg(-88), arcctg6,8, arcctg19n.

2) Heuernas; 4) ueruas; 6) uerHas.
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3.123.

3.124,
3.125.

3.126.

3.128,

3.129.

3.134.

3.135.

3.136.

3.137.

3.138.

3.139.

3.140.

3.141.

1) a) —==

3)a) % 0) %; 8) mer; 1) [—V3;3 s m) mers e) [-V3;V3 s ) mer;

5) a) %—: 6) ?T“; B) HeT; I) [—1: 1;3_]1 n) HeT; ) [—1; %] ) HeT.

; 6) mHer; B) [———~ 0) r) HeT; 1) [ J_ ); €) HeT; ) HeT;

1) 0,6; 2) 1,2; 3) -0,7; 4) 2,6.

1) 1; 10; 3) -5; 3; 5) —6; -2; 7) -2/3 - 1.

2) -0,4; 4) 0,4; 6) 0,4; 8) 14,0.  3.127. 1) (~o0; ~2|; 3) (-o0; 3]; 5) R.
_J3

_8+—J§; +oo); 6) [5 2\'3 ;+oo).

3n
» p2>3m
3 p< l_nP T

2) [1; +o0); 4) [

Np<——s P>

10—5 10 5
n? - 2n
S

3) l +nk, keZ; 2nn, neZ; 4) nk, ke Z.

5) - € p<
)2P

1) (- 1)"’—+-m neZ; 3) (-1)"! §+%. neZ;

5) (-1 L. = +%+rm, neZ.

2) 5(-1)" arcsin%— +5nn, neZ; 4) &.

1P il 4 20 i 71y I i
arcsin - + 5,neZ.ne| 3; 7l; 6) % arcsm7 5

1) a)
neZ, nE|—5; 14]; 3) @.

2) i% +2nn, neZ; 4) t-—-—+61m. neZz;6) £~ ——g-+2rm. nelZ.

6
.. bn m ., B _m m brn Tm, gy Tn
1)3) ?' 3' 3, 3:6) 33 3 3 3’ 3! )a) ]
137 11xn br 4n ,Tn 5-: L 2n n n. _ @
S, . e b e = s T e O o M 6) x=——+
6 ° 6 3 3 6 6’ 3 3 6 )

+ T bz ke|-3; 6 x=-TL +5§”—. neZ, nel-4; 5); 5) a) —%, -9%

2’ 6 6
_ & Tn 3m. 6) _‘5_“ _m Tn 3n

C R R 2’3" 2"
2) i% arccos—é— +Tnn, neZ; 4) @.

2 T, 2 n.,gy2 Tx_ 2 . g 1 = _1,5¢
D -3 5 303 1273 12°2 71 6 412’
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29 7 7 3 5 1 7
30142 2 a2 T 3at T TTITATY Ty T
)12 12° 47 12" 47 12" 4’ 12
g5 _1 10 238 438 47
24’ 24 24° 24’ 24 24
i® 18r 4n _Tn n .3 n x Tx x  5n
3.143. 1 TRt TR Y gt Tamt T T od = ' g’ o} “Ha ! 1o ?
) 3 363’63)888’5)12’12
Az 13z b5n
12° 12’ 4°
8.144. 2) Hanpuwep, (0; 2r); 4) manprmep, (—2x; 2n).
3.145. 1)a) 1;6) 1;8)4; 00 4; 1) 1; ) 1.
3.146. 2) :I:arccos(--;—) +2nn, neZ; 4) —E 4 2nk, ke Z;
n
2 +( 1)'”‘—— +xn, n€Z; 6) (-1 g +2mn, nelZ.
3.147. 1) 0; 8) £2; +75; 05 5)-1; 6; %
3.148. 2 )7"+3uk keZ, —2++1m,nez 4) -£ 4 2nk, keZ, m, neZ.
3.149. 1) [-1; _E] v [T‘ 1].
3.150. 2) Ecan a)%, TO :c=:I:m'ec«'»a1—;:;--"'i +2nn, neZ; ecm u<%, TO pe-
mernatt Hetr; 4) ecan a=0, To x:%«bzun, neZ; ecan a =0, To pete-
—f1a2
Hnil Her; 6) xs(—l)“arcainl—@ +nn, neZ; 8) ecom a=0, 10
x=1; ecan a # 0, To pemenEll Her,
8.152. 1) nk, keZ; L + 2k 1cZ; -1+nn, neZ; 8) L +-B TR Bz
5 & ’ 2 18  8° !
8+nn, neZ; 5}-—"—+%, nez; 7) -';1, neZ.
3.153. 2)—+un,nez 4)- +4nn, neZ; 6)?+31m,nez
8) —ﬁ+ﬂﬂ, nekZ.
3.154. 1) a) «-ﬂ, =z Tn &; Da)x=T31 I ncZ nel-4;6;5) a) x=
6 8 4 3
R, ,1n _ =" -
= 16+4' neZ, nel-5; 10k Ty a) x iz +an, neZ, nel-1; 2]
8-n 2n+8 5n-18 1llx-18
155, 2 ’ H s .
8.186. 2) 9 ] 9 12 12
8.158. 1) 1,5; 2; 2,5; 3; 3,5; 8) -1,5; 0,5; 1,5; 2,5.
in 2n X R n 8n Tn 111: 51t n 8rn
3157.2)-I%, _2x % W, Bn .
)6863’4888 +6) = 47 4
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3.158. 1) a) Hanpnmep, (—=#; 3n); 3) a) Hanpumep, (0; 2x).

3159. ) ;60 0; ) 1; 1) 1; @) 15 ¢) L.

3.160. 1) £10 000 arctg 100 + 10 000nr, n < Z; 3) 1 000 000 arctg 100 +
+ 1000 000, neZ; 5) t—:— +1nn, neZ; 7) -arectg2 +nn, neZ,
arctg2+nk, keZ.

3.161. 2) &; 4) arcctg3 + nk, ke Z, arcctgd +7n, neZ. 8.162. 1) a>-3.

3.163. 2) Eenma=0nua=1, ro x=arcctg2+nk, kcZ,ecrua>*0ua =1, ro
x=arcetg2 + nn, neZ, x=arctga + &l, leZ; ) npra < 28 -1 pere-
HHA HET;

Zv2a-11
upr 2B -1<a<2V3+3 x=arctgdtlt “2+2“ 1 ok keZ;

Jatr2a-1
mpua> 2/3 +3 x=arotgdt 1IN t2-11 ez,

2

- { 2_8a-—
tga ¢tya"-6a-3 +8®m, meZ.

. 2
n
8.1684. 1) (-1)*g + 7k, keZ; % +an, neZ; 8) (-1)*2 arcsm% +2nk, keZ, 2nn,

X = arc

- X, Xk an X Tz = xR
neZ; b) 6+3’ kecZ, i,nez, 7)i6+uk, keZ, 4+2,

rneZ.

3.165.2) 1 4 + X280 7y

1553 %‘+(—l}"*”-§-+2an, neZ.

J_"as
*3

8.167. 2) —+1|:n, neZ; 4) -£+2nk, keZ, 2arctg2 + 2nn, neZ.

3.166. 1) i4arooos(—%—)+8ﬂu, neZ; 8) -1y - —amsm Sun, neZ.

3.168, 1) 28k 2"" , keZ; 3) 10arcig3 + 10rk, ke Z, 25 X 4+ 10mm, neZ.

3.160. 2) % + g-é"!‘;, keZ; 4) 37“ +7k, keZ, $170.1)2; 3) 2.
3.172. 1) —%Hm, neZ 3arctgl,b+nn, n cZ; 5) -—amtg% +nn, neZ.

3.171. 2) %.

3.173. 2) —-E—H:k keZ, arcctgl3 +an, neZ; 4) nk, keZ, %Hm, neZ;
8) arctg—+xkkez arcctg3+nn, neZ. '

3.174. 2) nk, ke Z; 4) (-1)“135 +dnkkeZ, M

3475, 1) 2, ke; a}iarcsinJ_ + 1k, keZs 5) tm(—%)+2&k, keZ.
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3.176. 2) Ecmn o < -1 uwmua 2 1, 1o xz%+ nk, keZ, szamcos(—l) + 2nn,
o
neZ;ecmn-1<a<l, to x=—g- +nk, keZ.

3.177. 1 1*L nk i 2nk
) (1) +2‘k210+5,n623) , keZ.

3.178. 2) i‘—+%’?, keZ, k#0, 23i‘ leZ, 129, ?’55’1 neZ, n#15.

31791“kk2—ﬂ n o, Tk
) € 8+2,HEZ 3}6+3,kez,nn,nez.
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